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TN the foilowiug work I have tried to present the 
-*- elements of Coordinate Geometiy in a manner 
enitable for Beginnere and Junior Students. The 
present book { oalj ydeal^ with Cartesian and Polai' 
Coordinates. Within these limits I venture to hope 
that the book is fairly complete, and that no proposi- 
tions of very great importance have been omitted. 

The Straight Line and Circle have been treated 
more fully than the other portions of the subject, 
since it is generally in the elementary conceptions 
that beginners find gi'eat difficulties. 

There are a large number of Examples, over 1100 
in all, and they are, in general, of an elementaiy 
character. The examples are especially numerous in 
the earlier parts of the boolc 
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PREFACE. 



I am much indebted to several friends for reading 
portions of the proof sheets, but especially to. Mr W. 
J. Dobba, M.A. who has kindly read the whole of the 
book and made many valuable suggestions. 

For any criticisms, suggestions, oi' corrections, I 
shall be grateful. 

S. L. LONEY. 



Egeih, ScimKi. 
July i, 1895. 



PREFACE TO THE SECOND EDITION. 

For the Second Edition the time at my disposal 
has only allowed me to correct the misprints that have 
been liindly pointed out to me by many correspondents. 
Art, 180 has also been rewritten. 
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INTRODUCTION. 
SOME ALGEBRAIC RESULTS. 

1. Quadratic Equations. The roots of tlio quad- 
ratic equation 

may easily be shewn to be 

-h+ \/6' - iae -j -i' — 'J^' - ^»« 



They ai^ therefore real and unequal, equal, or imaginary, 
according as the quantity li^— iac is positive, aero, or negative, 
ie. according as 6^ = ifflc. 

2. Relations hetwesn. the roots of any algebraic equation 
and tlie coefficients of tlie terms of the equation. 

If any equation be written 30 that the coefficient of the 
highest term is unity, it is shewn in any treatise on Algebra 

(1) the sum of the roots is equal to the coefficient of 
the second term with its sign changed, 

(2) the sum of the products of the roots, taJ;en two 
at a time, is equal to the coefficient of the third term, 

(3) the sum of their products, taken three at a time, 
is equal to the coefScient of the fourth term witli its sign 
changed, 
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2 COOEDINATE GEOMETRY. 

Ex. 1. If a and (3 te the roots of the equation 

a3^^ + bx + c^0, i.e. a;« + -K + - = 0, 
wetftvo n + j3=-- and ap=- ■ 

Ex. 3. If a, §, and y be the roots of the cubic equatioi 



sily be shewn that the solution o£ the 

CLJC + h^ 4- CjS = 0, 



Determinant Notation. 

4. The quantity ■ ' ■ i is called a determinant of the 
second order and stands for the quantity aj)^ - aj),, so that 

(") |:!':f|=-3>^(-6)-(-7)x(-4) = 18^28=-10. 
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DETERMINANTS. 



5. The quantity \b^, h, h\ (1) 

is called a determinant of the third order and stands for the 
quantity 

„_ J6.,*,l_„ l»„6.i^„ |»„»,| (2,^ 



i.e. by Ai't. 4, for the quantity 

i.e. a, (62C3 - Vs) + >h (6sCi - V>) + % {!>A - ^iCj. 

6. A determinant of the third order is therefore reduced 
to three detenninants of the second order by the following 

Take in order the quantities which occur in the iirst row 
of the determinant ; multiply each of these in turn by the 
determinant which is obtained by erasing the row and 
column to which it belongs; prefix the sign + and — al- 
ternately to the product thus obtained and add the 
results. 

Thus, if in (1) we omit the row and column to which a, 
belongs, we haye left the determinant "' "I and this is the 
coefficient of a, in (2). 

Similarly, if in (!) we omit the row and column to which 
(tj belongs, we have left the determinant " * and this 
■with tho — sign prefixed is the coefficient of a^ in (2). 



The dstetminant -4, 
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-; 








-l?:1i- 


-'^|:;: 


-6 

-9 
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COORDINATE GEOMETRY. 





a„ Oa, a,, a^\ 




8. The quantity 


K, K K W\ 

Ci, Cs. >:., C4 
d„d„d„d,\ 




is called a determinant of the fourth orde 
the quantity 


and stands for 


*2, K h '>>• ^^ ^* 




d„d„d, d„d,,d. 






\b,,Kh\ 


61, h, b,\ 



\d,,d,, 



rfl , rfs, 1^ I 



and its value may be obtained by finding the value of each 
of these four determinante by the rule of Art. 6. 

The rule for finding the value of a determinant of the 
fourth order in terms of determinants of the third order is 
clearly the same as that for one of the third order given in 
Art. 6. 

Similarly for determinants of higher orders. 

9. A determinant of the second order has two terms. 
One of the third order has 3x2, i.e. 6, terms. One of the 
fourth order has 4x3x2, i.e. 24, terms, and so on. 



Bxs. Prove that 



19,8 

(4) 6,5 

|3, 2 

la, J. 



f\ = aha + 2fgh- af^-h!,^-':IA 



y Google 



ELIMINA'IION. 5 

Eiliniination. 

11. Suppose we have the two equations 

a^x + a^= (I), 

hx+h^=0 (2), 

between the two unknown quantities x and y. There must 
be some relation holding between the four coefficients ftj, «j, 
b,, and 6j. For, from (1), we have 



and, from 12), wc have - = —,— . 
Equating these two values of - 



i.e. flA-nA = (3). 

The result (3) ia the condition tliat both the equations 
(1) and (2) should be true for the same values of cc and i/. 
The process of finding this condition is called the elimi- 
nating of X and y from the equations (1) and (2), and the 
result (3) ia often called the eliminant of (1) and (2), 

Using the notation of Art. 4, the result (3) may be 

written in the form V^' ,^ = 0. 

This result is obtained from (1) and (2) by taking the 
coefficients of a; and y in the order in which they occur in 
the equations, placing them in this order to form a determi- 
nant, and equating it to zero. 

12. Suppaso, again, that we have the three equations 

UtX + a^lf + a^z^O (1), 

6i«+ %+ 632 = (2), 

and e^x + c«y + CjS = (3), 

between the three unknown quantities x, y, and z. 
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6 COOBDINATK GEOMETllY. 

By dividing each equation by s we have three equations 
between the two unkuown quantities — and - . Two of 

these will be sufficient to determine these quantities. By 
substituting their values in the third equation we shall 
obtain a relation between the nine coefficients. 

Or we may proceed thus. From the equations (2) and 
(3) we have 

"' ^ y ^ « 

6jCa — SjC, b^u, -- SjCj SjCj — SjC, ' 
Substituting these values in (1), we have 
a, {bfy - ftjCj) + Oj (fijCi - 61C3) + % (6iCj - h^Cj) = 0. ..(4). 
This is the result of eliminating x, y, and s from the 
equations (1), (2), and (3). 

But, by Art. 5, equation (4) may be written in the form 
loi, 0S3, dji 

|ci, Cj, Ci\ 

This eliminant may be written down as in the last 
article, viz. by taking the coefficients of as, y, and z in the 
order in which they occur in the equations (1), (2), and (3), 
placing them to form a determinant, and equating it to 
aero. 

13. Bx. What is the value of a so that ilie equations 

and, 5^ + 7;/ -& = 

may he simultaneously tiite ? 

Eliminating a, y, and s, we have 

Is, 7, -ej 

i.e. a[(-3](-H)-4x7]-2[2x(-8)-4x5] + 3[2x7-5>c(-3)]=0, 
U. a[-4]-2[-36] + 3[29] = 0, 

n t _73 + 87_159 
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ELIMINATION. 7 

14. If again we have the font: equatiooa 
ctjX + a^ + itjS + «,-(( = 0, 
hjx +h^-\-b^ + hfV. = 0, 

CilC + C^ + CjS + CjM — 0, 

and d^x + d^j + d^^ + (^4** = 0, 

it could be shewn that the result of eliminating tke four 

quantities ic, y, ^ and u is the determinant 



Oj, Os, <^, ((4 

6„ 6a, &3, 64 



-0. 



A Similar theorem could be shewn to be true for n 
equations of the first degree, such as the above, between 
n unknown quantities. 

It will be noted that the 1 
the above equations is zero. 



Lsht-hand member of each of 
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CHAPTER II 



15. Coordinates. Let OX and OY be two fixed 
straight lines in the plane of the paper. The line OX is 
called the axis of k, the line OY the axis of y, whilst the 
two together are called the axes of coordinates. 

The point is called the origin of coordinates or, more 
shortly, the origin. 

From any point P in the 
plane draw a straight line 
parallel to OT to meet OX 
in if. 

The distance OM is called '^ ^'. 
the Abscissa, and the distance 
MF the Ordinate of the point 
P, whilst the abscissa and the 
ordinate together are called 
its Coordinates. 

Distances measured paraUel to OX are called x, with 
or without a sufSx, {e.g-x^, x^... x', a!', ), and diftam^s 
measured parallel to OY are called y, with or without i 
suffix, {e.g. y„yi,... y', y",---)- 

If the distances OM and MP be respectively x and y, 
the coordinates of P are, for brevity, denoted by the symbol 
(«, J/)- 

Conversely, when we are given that the coordinates of 
a point P are {x, y) we know its position. For from we 
have only to measure a distance OM {= x) along OX and 
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COOEDINATES. V 

then from M measure a distance MP {= j/) parallel to OY 
and ■we arrive at the position of the point P. For example 
in the figure, i£ OM be equal to the unit of length and 
MP=^OM, then P is the point (i, 2). 

16. Produce XO backwards to form tl hn Y a d 
YO backwards to become OY'. In Analyt cal C m t y 
we have the same rule as to signs that tl tud t 1 as 
already met with in Trigonometry. 

Lines measured parallel to OX are poa ti 1 L t th 
measured parallel to OX' are negativ in d 

parallel to OF are positive and those paiaJIel to Oi are 
negative. 

If 7*2 be in the quadrant YOX' and P^M^, drawn 
parallel to the axis of j/, meet OX' in M^, and. if the 
numerical values of the quantities OM, and M^Pj^ be a 
and b, the coordinates of P are {— a and b) and the position 
of P^ is given by the symbol {— a, b). 

Similarly, if Pa be in the third quadrant X'OY', both of 
its coordinates are negative, and, if the numerical lengths 
of Oi/j and M^P^ be c and d, then Pj is denoted by the 
symbol (— c, — rf). 

Finally, if Pj lie in the fourth quadrant its abscissa is 
positive and its ordinate is negative. 

17. Ex. Lay down on paper the position of the points 

(i) (2, -1), (ii) (-3, 2), and (m) (-2, -3). 

To get the first point we Jaeaeure a distance 2 along OX and than 
a distance 1 parallel to OY'; we thus arrive at the required point. 

To get the second point, we measure a distance 3 along OX', and 
then 3 parallel to OY. 

To get the third point, we measure 2 along OX' and then 
3 parallel to OF. 

These three points are respeotively the points P^, P^, and P, in 
the Egnre of Art. 15. 

18. "When the axes of coordinates are as in the figure 
of Art. 15, not at right angles, they are said to be Oblique 
Axes, and tlie angle between their two positive directions 
OX and OY, i.e. the angle XOY, is generally denoted by 
the Greek letter lo. 
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10 COOIIDINATE GEOMETRY. 

In general, it is however found to be more convenient to 
take the axes OX and OT at right angles. They are tlien 
said to be Rectangular Axes. 

It may always be assumed throughout this book that 
the axes are rectangular unless it is otherwise stated. 

19. The system of coordinates spoken of in the last 
few articles is known as the Cartesian System of Coordi- 
nates, It is so called because this system was first intro- 
duced by the philosopher Des Cartes. There are other 
systems of coordinates in use, but the Cartesian system is 
by far the most important. 

30, To find ike distance between two points whose co- 
ordinates are gvoen. 

Let Pi and P^ be the two 
given points, and let their co- v/ 
ordinates be respectively {o^, y^) I 

and {x^, y^). I 

Draw P•^M^ and PJ^^ pa- / 
rallel to OY, to meet OX in / 
Mj_ and i/j . Draw PJi paxaUel L'', 
to ox to meet M-^P-^ 'm.R. o MM X 

Then 

P^R = M^M^ = OMi - OM^ = «i - 3^ , 
RP^ = Jf ,/*, - M^P^ - J/i - 3/3 , 
and i P^RPi = L OMjPi = 1 80° - P^M-,X = 1.80'' - «.. 

"We therefore have ITrigonometry, Art. 164] 
P^P.^ = P^R' + RP^ - 2P^ . RPi cos PJiP, 
= {«;. - a^r -H (2/. - ;/,)= - 2 (a^i - ^) (t/i - J/,) cos (1 80° - «.) 
= (Xi-Xj)2 + (yi-y2)2+2{Xi-ifcj){yi-yj5)coscu...(l). 

If the axes bej as is generally the case, at right angles, 
we have w = 90° and hence cos (o = 0. 

The formula (1) then becomes 
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DISTANCE BETWEEN TWO I'OtNTS. 1.1 

BO that in rectangular coordinates the distance between the 
two points (Xi, yj) and {x^, y,) is 

V{xi-X2)2+{yi-y2)2 (2). 

Cor. The distance of the point (x^, y^ from the origin 
is Jx^ + j/i', the axes being rectangular. This follows from 
(2) by making both x^ and j/, equal to zero. 



s of the coordinates, the formula 

As a nnmerioal example, let / jP 

P^ be the point (5, 6| and P^ / y^j 

be the point (-7, -4), so that / y^ / 

and ')/5=-4. X' 7 "y: —Tq fe 3^ 

l\B = Mr,0 + OMi = T+S p ; : ^ 

The rest of the proof ie as in the last article. 
Similarly any other ease oould be ooneiderfld. 

22. To JiTid t/ie coordinates of ihe pomt which divides 
iti a given ratio {nji : m^ the Ime joining ttvo given points 
(iCi, yj) and (a^, 1/3). 



Let Pi be the point {x^, y,), F^ ihe point (;t;,, y^), and P 
=-'d point, so that we have 
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12 



COORDINATE GEOMETRY. 



Let P be the point {r., y) so that if P,M^, I'M, ; 
PaJIfj be drawn parallel to the axis of ^ to meet the axii 
3! in jtf], M, and M^, we have 

OMj^x^, MiPi^y,, OM^'X, MP = y, QM^ = x^, 
and M^P^ = y^. 

Draw i>jfii and PS^, parallel to OX, to meet MP > 
M^P^ in B^ and fij respectively. 

Then P.R, = J)f,j¥"= OJf - OJ/", == a; - k„ 
i'fij = ^J4 = OM^ - 0M= x^-x, 
B^P = MP- M,P, = y-yj, 
and -S^, = M,P, ~MP = y,-y. 

From the similar triangles P^B^P and Pirl^P^ we hai 

7^_P,P_P,E,^ !»-X, 

m,i~ PPi" PB^' x^~x' 
.'. mi{x^-x) = mi(x-Xi), 
m^^ + m^ 



■ ■ 


m^ + rn^ 


Again 


m, P,P B,P y-y, 
m, PP, B;P, y,-y' 


BO tliat 


■'n^{iii-y)-=irh{y-yi)> 


and hence 


m.,y^ + m^. 


The CO. 
tcrnally in 


ordinates of the point which divides PiP^ in- 
. the given ratio m^ : m^ are therefore 




■».='.+ n>i^„j'n,y. + n'J. 




nij^ + nij ni]^ + m^ 


If the point Q divide the line P^P^ eauternalhj in the 
same ratio, i.e. so that P^Q : QPj :: m^ : m^, its coordinates 
would be found to be 




Sfijli^fiand^Hja-""'"! 



The proof of this statement is similar to that of the 
preceding article and is left as an exercise for the student. 



y Google 



LINES mVIDED IN A GIVEN RATIO. 13 

Cor. The coordinates of the middle point of the line 
joining {*i, y,) to [x^, y.,) are 

23. Hk. 1. In any triangle ABC prove that 
AB^ + AC^=2{AD^ + I)C^), 
inhere D is tlie middle point ofBG. 

Take B as origin, BC as tlie axia of a;, and a line through B pev- 
pendiciilar to BO as tlie asis of y. 

Let BO = a, so that C is the point (a, 0), and let ^ ije iiie point 

Then D is the point f | . ) . 

Henoe -^D^^f^i -sV + j/A and DC^^(/^ . 

Hence 3 (-1D^+ DtT^) =3 f.i^i^+Vi' -*w,+^ 

= 3^1= -Y'iy^- 2n.r, + a\ 
Also ^ C^ = (a:, - a)s 4- J/i', 

and JB^=3;i^+j(i^ 

Therefore AB^ + AC^ = a^ + 21^,= - Bas!, + a=. 
Hence AB''-VA0^=2(AI>^ + DC^. 

This is the well-imown theorem of Ptolemy. 

£x. 2. .iBC is a triangle and D, -B, aaid F are the middle points 
of the sides BC, CA, and AB ; prove that the point inhieh divides AD 
interrmlly in the ratio 2 : 1 also divides the lines SE and OF in 
the tame ratio. 

Hence prove that the medians i^f a triangle meet in a point. 

Let the coordinates of the vertices .i, B,and C be (;i!,, y,). {x^, y^, 
and (a^j. i/s) respectively. 

The eoordinates of D are therefore -^±^ and ?^lt^s , 

Let G be the point that divides internally AD in the ratio 2 : 1, 
and let its coordinates be x and ^. 
By the last article 
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X4- COORDINATE GEOMETRY. 

In the Bame raanaer wa could shew that these are the courdinales 
of the points that divide BE and OF in the n ' 
Since the point whose ot: 



lies on each of the lines AD, BE, and CF, it foUowe that these three 
lines meet ia a, point. 

This point is called the Centroid of the triangle. 



EXAMPLES. I. 

Fina the distances between the following pairs of points. 

1. (2, 3) and (5, 7). 2. (4, -V) and (~1, 5). 

3_ (_3, _2) and (-C,7|, the aies being inclined at 60". 

4. (a, o) and (o, 6). 5. (6 + i^, c + n) and {c + a, a + !.). 

7, {am^, 2ai%) and (ara^^ 2a>n^). 

8, Lay down in a figure the positions of tlis points (1, - -S) and 
( - 2, 1), and prove that the distance between them is 5. 

9, Find the yalae of x^ if the distance between the points f.if, , 8) 
and (3, 4} be 8. 

10, A line is of length 10 and one end is at the point (2, -3); 
if tlie absoissa ot ijia other end he 10, prove that its ordinate must ho 

11, Prove that the points (2a, ia), (2a, 6n), and (2o+v'3o, na) 
are the vertices of an equilateral triangle whose side is 2a. 

12, Prove that the points (-2, -^1], (1, 0). (4, 3), and [1, 2) ace 
at Ihe vertices of a parallelogram. 

13, Prove that the points (2, - 2), (8, 4). (5, 7), and ( - 1, 1) are 
at the angular points of a rectangle. 

14, Prove that the point (--fj, H) is the centre of the circle 
circumscribing the triangle whose angular points are (1. 1|. (2, 3), 
and (-2, 2). 

Find the coordinates of the point which 

15, (livides the line joining the pomts (1, 3] and (2, 7) in the 
ratio 3 ; i, 

16, divides the same line in the ratio 3 ; - 4. 
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[Bl8. 1.] EXAMPLES. 15 

18, divides, internaJlj and externally, the line joining (-3, -4) 
to ( - 8, 7) in the ratio 7 : 5, 

19, The lina joining the points (1, -2) and (-3, i) is trisected; 
find file ooorciinates of the points of trisaetion, 

20, '3^he line joining the poiuts (-6, 8) and (9, -6) ia divided 
into four eq.ual parts ; find the ooordinates of the points of seeliou. 

21, rind the eoordinatee of the points ■whieh divide, interiiallj 
and externally, the line joining the point (a + b, a-bj to the point 
{a~b,a+b] in the ratio a: b. 

22, The ooordinatea of the vertices of a triangle are (Ej. y,), 
(sTj, j/j and (Xg, y^). The line joining the first two is divided in the 
ratio t : k, and the line joining this point of division to the opposite 



24. If G be the centroid of a triangle ABC and be any other 
point, prove that 

and 0^H0£= + 0p!=Gja + GS' + GC^+3G0'. 

25. Prove that the linos joining the raiddle points of opposite 
sides of a gaadrilatei^l and the line joining the middle points of its 
diagonals meet in a paint and biseol one another. 

26. -^y B> (?. ^■-. are J» points in a plane whose coordinates are 
{^it Vil, (*a. J/a). (*ii V'slf- ^S is bisected in the point G-^•, 0-J3 is 
divided at Oj in the vatio 1:2; G^ is divided at 6, in the ratio 
1:3; O^E at G, in the ratio 1 : i, and so on until all the points are 
exhausted. Shew that the coordinates of the final point so obtained are 






+ y^+- 



[This point is called the Centre of Mean Fosition of the it given 
points.] 

27. Prove that a point can be found which is at the saina 
distance from each of the four points 

('"""^)' (™'^'^)' (""'*■ mj' ^"'^(%7i< '"^'"='".)-" 

24. To prove that the area of a trapesiv/m, i. e. a qiutd- 
"Hateral Jhavvng two sides parallel, is <ine }ialf the av/m of the 
ttoo paraUei aides nMikipUed by t/ie perpendicular d/istaaiee 
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COORDINATS GEOMETRY. 



£ 



Let ABGD be the trapeziuoi having the sides J< 
SG parallel. 

Join AG and draw AL perpen- 
dicular to BC and ON perpendicular 
to AD, produced if necessary. 

Since the area of a triangle ia one 
half the product of any side and the 
perpendicular drawn from the opposite angle, we liave 
area A£GI> = ^ABO + AA CD 

= \.BC.AL + ^.AD. CW 
=-.l{3G + AD)xAL. 

25. To Jind tits area, of the triangle, the eoordinates of 
wliose migular points are given, the axes being rectangular. 

Let ABC be the triangle ^ 

and let the coordinates of its 
angular points A, B and G be 
(a^n yi). (3%- ^3)1 and (a^, ^s}- 

Draw AL, BM, and CilT per- 
pendicular to the asia of x, and 
let A denote the required area. 

Then " ^ 

A=trapeziumjii;JVC-l-trapezium(7iV:¥5-trapezium^iJ/B 
= ^LN {LA + NG) + JiVif {NC + MB) - ILM{LA + MB), 
by the last article, 

= 1 fe - «i) fa + ».) + («'. - ''J (». + y.) - («i - "i.) (» + ».)]■ 

On simplifying we easily have 

or the equivalent form 

^=^l[o^i {y^ - y^) + iKj {y, - 2/,) + a;„ (y^ ~ ?/»)]. 



If M 

(as in Art. 5) 



3 the determinant notation this may bo written 



A-; 



■ h^, j-a, 1 1 ■ 

I ^, Vs, 1 I 

Cor, The area of the triangle whose vertices a 
'igiii (0, 0) and the points (a^ , y^, {x^, y^) is ^ (x,y^ - 
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AREA OF A QUADSILATEEAL. 



■e equal respectivt 
The area of the triangle in this case becomes 

1^1. Vi, 1| 

27. In Ordei' thai the expression, for the area in Ait. 25 may be 
a positive quantity (as all areas neoeasatily aie) the pointa A , B, and 
C must be taken in the order in which they would be met by a 
person starting from A and walMng round the triangle in such a 
manner that the area of the tHangU is always on his left himd. 
Otherwise the expressions of Art. 25 woiiltl be found to be negative. 

28. To jmd the area of a quadrilateral the coordinates 
of whose omgv.lm' poinls iwe given. 




Let the angular points of the quadrilateral, taken in 
order, be A, B, C, and B, and let their coordinates be 
respectively {iCi, j/i), (x^, y^), {x^, y,), and {x^, y,). 

Draw AL, SM, ON, sxiA DE perpendicular to tho axis 
oix. 

Then the area of the quadrilateral 
= trapezium ALED + trapezium DMNC + trapezium CJVMB 
-trayezmm ALMS 
= ^LE{LA + BB) + iEIt-lED + MC) + ^,m¥{NG + MB) 

--^LM{LA + MB) 
= h {(*4 - ^1) (s-i + Vi) + (^ - ^^4) (3/3 + 2/4) + {^- a^g) fe + 2/3) 
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18 COORDINATE GEOMETRY. 

29. The above formula may also be obtaijiod by 
drawing the lines OA, OB, OC and OD. For the quadii- 
lateral ABCD 

= /1OBG+ AOCD- AOBA- AOAD. 

But the coordinatefi of the vertices o£ the triangle OJiG 
are (0, 0), (a^, y^) and {x^, y^); lience, by Art. 35, its 
area is ^(x^g-x^s)- 

So for the other triangles. 

The required area therefore 

In a similar manner it may be shewn that the area 
of a polygon of n sides the coordinates of whose angular 
points, taken in order, are 



EXAMPLES, n. 

Find the areas of the triangles the coordinates of whose angulai 
pohits are respeotively 

1. (1, 3), {-7, 6) and (5, -1). 2. (0,4), (3, fi) and (-9, -3). 

3. (S,3), (-9, -3) and (-S, -5). 

4. K6 + e), {a,b-c) and {-a, c). 

5. (a,e+a),la,c)siiA(-a,c-a). 

6. (aooB^i, &sin*j), (acoa^, isia^ and (aaos^^, fiEin.^), 

7. ((Miii^, Sumj), (atii^, 2ani3) and (nnij'. 9ainj). 

8. {amjMij, o(tii] + ins)!, {am^m^, n (hIj + jiIj)} and 



^f ' 1"™=' ^i *'°^ l"'"^' ^ f ' 



Prove (by shewing that the area of the triangle formed by them io 
zero) that Uie foJIowing aets of tbwe points are in a straight line : 

10. (hi). (3, -3), and (-3,16). 

11. (-i.3). (-5.6), and (-8,8). 

12. la.b + c),(b,c + «.), and (c, a + 6). 
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[EXS. II,] rOLAR COORDINATBS. 19 

Find the areas of tho quadrilaterals the coordiuati^s of whose 
angular points, taken in order, are 

13. (1.1), (3,4), (5, -2), and (4, -7]. 

14. (-1,6), (-3, -9), (5, -8), and (3, 9). 

15. If be the origin, and if the coordinates of any two points 
Pj^ and -Pj be respeotively (ic,, ^|) and {x^, y^, prove that 

OPj. 0P2.C09P,0P,=3:i3;j + j/i?;2, 

30. Polar Coordinatea. There is another method, 
which is often used, for dotermiiiing the position of a point 
in . ptaa 

Suppose to be a fixed point, called the origin or 
pole, and OX a fixed line, called the Initial line. 

Take any other point P in the plane of the paper and 
join OP. The position of P is clearly known when the 
angle XOP and the length OP are given. 

[For giving the angle XOP shews the direction in which OP ia 
drawn, and giving the distance OP tells the distance of P along this 
direction.] 

The angle XOP which would be traced out by the line 
01' in revolving from the initial line OX is called the 
vectorial ajigle of P and the length OP is called its radius 
vector. The two taken together are called the polar co- 
ordinates of P. 

If the vectorial angle be and the radius vector be r, the 
position of P is denoted by the symbol {r, 6). 

The radius vector is positive if it he measured from the 
origin along the line bounding the vectorial angle; if 
mea d in th pp 'te diiect' n " " 



(«) ( ) ( ) ( « ) ( > 

(- 33 ) ( {3 2 0=) (vil 

( 3 ) 

() T tr fi p 



( ) P ad s vector revolves from OX 

throngh 150° and is then in the position OF^ ; measuring a distance 3 
along it we arrive at P^. 
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20 COOHDINATE GEOMETRY. 

(iii) For the third point, let the racliua vector revolTs from OX 
througb 45° into the positioD OL, We have now to measure along 
QL a. distanoe - 2, i.e. we have to measure e, distaace 2 not along OL 
but in the cppoeite flireotion, Produoing LO to Pj, so that OP3 ia 
2 units of laigth, we have the reqnured point Pj. 

(iv) To get the towtth point, we let the radina veotor rolata from 
OX through 330° into the position OM and measnro 011 it a distance 
-3, i.e. 3 in the direction MO produced. We thus have the point Pj, 
which is the same as the point given by (ii). 

jvj If the radius vector rotate through - 910°, it will bo in the 
position OP^, and the point required is P^. 

lyi) For the siith point, the radius vector, after rotating through 
- S0°, is in the positiou OM. We then measure - 3 tjong it, i.e. 3 in 
the direction MO produced, and once more arrive at the point Pq. 



32. It will be observed that in the previous example 
the same point 1\ ia denoted by each of the four sets of 
polar coordinates 

(3, 150°), (-3, 330°), (3, -210°) and (-3, -30°). 

In general it will be found that the same point is given 
by each of the polar coordinates 

{r, B), (- r, 180° + 6), {r, - (360° - $)] and {-r, - (180° - 0)], 
or, expressing the angles in radians, by each of tlic co- 
ordinates 

ir,e), {-r,-n- + e),{r,-{27r-6)} and {-r, -(tt - ^)|. 

It ia also clear that adding 360° (or any multiple of 
360°) to the vectorial angle does not alter the final position 
of the revolving line, so that (r, S) is always the same point 
as (n 0M- 11 . 360°), where m is an integer. 

80, adding 180° or any odd multiple of 180° to the 
vectorial angle and changing the sign of the radius vector 
gives the same point as before. Thus the point 

[-r,^ + (2>i + 1)180°] 
is the same point as [- r, 6 + 180°], l6. is the point [)■, 6\ 

33. To find the length of t!te straight line joining iuio 
points w/wse polar eoordinatea wre given. 

Let A and S be the two points and let their polar 
coordinates be (r,, Oj) and (r,, d,) respectively, so that 
0A^,\, 0£ = r^, LXOA = d„ and lXOB^O^. ' 
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POLAR COORDINATES. 



Then {Trigonometry, Art. 16i) 

A£^ - OA^ + OB' - WA . OB c( 



34. To find the wrea of a Piiangle ike coordmates of 
whose a/ngv,la/r jxmda are gi/oen. 

Let ABG be the triangle and let {t^, 6,), (r^, fl,), and 
('"ai ^a) t'S ^^^ polar coordinates of 
its angular points. 
We have 
AAEG=AOBG+AOCA 

-AOBA (1). 

Now 

A OBC - ^OB . OC sin BOO 

\T'rigonoraetry, Art. 198] o 

So aOCA=\OC .OAsinGOA=\ri 
and AOAB = lOA.OBm>.AOB--=lr^ 




Hence (1) gives 
A ABG = I [nn sin {^a - 6^) + J-jJ-, wn (^^ - O^) 

+ nr,sin{&.^eO]- 

35. 2*0 change from Cartesian Coordinates to Polar 
Coordinates, (md conversely. 

liOt P be any point whose Carteaiati coordinates, referred 
to rectangular a.xea, are x and y, 
and whose polar coordinates, re- 
ferred to aa pole and OX as 
initial line, are (r, 6). 

Draw P.3irperpendicular to OX 
so that we have 

Oif=cc, MP=^y, LMOP^e, 

and OP-^r. X' Oj x m " X 

From the triangle MOP we iv' 

a)=0Jy-t)/'co3Jft)P-rcos6' (1), 

y ^ MP =^ OP f.m MOP ^1-f^hi 6 (2), 



= OP = ^/OM^ + MP^^^'^ + f . 



..(3), 
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22 COORDINATE GEOMETRY. 

Ml' V 

•"«=m-| c>- 

Equations (1) and (2) express the Cartiesian coordinates 
in. terms of the polar coordinates, 

Equations (3) and (4) express the polar in terms of the 
Cartesian coordinates. 

The same relations will be found to hold if 2* be in any 
other of the quadrants into which the plane is divided by 
XOX'and 70 Y: 

Ek. change to Curtesian cawdiiiates ilie equatiotis 

(1) Multiplying the equation bjr, it becomes r^-areiae, 
i.e. by equations (3) and (3), x^ + y^ — ay. 

(2) Squaring the equation (3), it becomes 

i.e. 2(:r'+y') = aV^^= + »^. 



EXAMPLES. III. 

Lay doivn the poBitionB of the points whose polar coordinates are 
1. (3,15°). 2. (-3, -60^. 3. (4, I35=). 4. (9.330°). 

5. (-1, -180°). 6. (1, -210=). 7, (5, -GTo"). 8. («'|). 
9. (3.,-^). 10.(-Si). 11. (-2«,-^). 

Find the lengths of the straiglit lines joining the pairs of points 
whose polar coordinates are 
12. (2, B0°) and {4, 120°). 13. (-3, 45°) and (7, 105°). 

14. f., ;U.i fB., ;V 
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[EXS. III.] EXAMPLES. 23 

15. Prove that the points (0, 0), ( 3, ^ I , and ( 3. v ) foi'm «" equi- 
lateral triangle. 

Eind the arcaa of th.e trianglea the coordinates of whoEe angular 

16. {1,30"), (3,60"), and (3,90°), 

17. (-3, -30°), (6, 160"), and (T, SIO"). 

18. (-,0, (a,|),a„d(-9a,-^^). 

Eind tlic polar eooi'dinates (drawing the flgure in each ease) of the 

19. a;-^/S, i/-l. 20. a;=-s/3, y^l. 21. x^-1, y^l. 
ing a figure in each case) of 

aa. (_5, jj. 23. (-6.iJ- 24- (=. --,)■ 

Change to polar coordinates the equations 
25. x'^+y^^aK 26. ^^atana. 27. ^+y'' = 2«x. 

28. x^-y^^2ay. 29. :cs=!/=(3a-.r). 30. (k= + ;/=)= = n^ (,^= - j=). 

Transform to Cartosian coordinates the equations 
31. »■=«. 32. f-tan-%. 3Z. r^acosS. 

34. r=aaln2e. 35, 7-3=3800529. 36, r2ain2(9 = 2a^ 

40. )-(™33e-t-Bin3a) = 6isineoo30. 
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CHAPTER lit. 

LOCUS. EQUATION TO A LOCUS. 

36. When a point moves so as always to satisfy a 
given condition, or conditions, the path it traces out is 
called its Locus under these conditions. 

For example, suppose to be a given point in the plane 
o£ the paper and that a point F is to move on the paper so 
that its distance from shall be constant and equal to a. 
It is clear that all the positions of the moving point must 
lie on the circumference of a circle whose centre is and 
■whose radius is a. The circumference of this circle is 
therefore the " Locus" of P when it moves subject to the 
condition that its distance from shall be equal to the 
constant disttince a. 

37. Again, suppose A and B to be two fixed points in 
the plane of the paper and that a point P is to move in 
the plane of the paper so that its distances from A and B 
are to be always equal. If we bisect AB in C and through 
it draw a straight line (of infinite length in both directions) 
perpendicular to AB, then any point on this straight line 
is at equal distance from A and B. Also there is no 
point, whose distances from A and B are the same, which 
does not lie on this straight line. This straight line is 
therefore the "Locus" of P subject to the assumed con- 
dition. 

38. Again, suppose A and .S to be two fixed points 
and that the point I' is to move in the plane of the paper 
so that the angle APB is always a right angle. If we 
describe a circle on AB aa diameter then P may be any 
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EQUATION TO A LOCUS. 25 

point on the circumference of this circle, since tLe angle 
in a semi-circle is a right angle; also it could easily be 
shewn tliat APB is not a right angle except when P lies 
on this circumference. The "Loous" of P under the 
assumed condition is therefore a circle on. AB as diameter, 

39. One single equation between two unknown quan- 
tities X and y, e.g. 

« + S = l (1). 

cannot completely determine the values of x and y. 



Such an equation has an infinite number of solutions. 

Amongst them are the following : 
(C = 0,1 x^\,\ x= 2,1 fli= 3,1 
y=l/' 2/ = 0/' y = -l]' y = -2\'- 

j/= 2/' y= 3/'- 
Let us nmrk down on paper a number of points whose 
coordinates (as defined in the last chapter) satisfy equation 

(1)- 

Let OX and OF be the axes of coordinates. 
If we mark off a distance OPi{—\) along OY, we have 
a point J", whose coordinates (0, I) clearly satisfy equation 

If we mark off a distance OPf^ (=1) along OX, we have 
a point JPj whose coordinates (1, 0) satisfy (1). 
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26 COORDINATE GEOMETRY. 

Similarly the point Pj, (2, — 1), and P^, (3, ~ 2), satisfy 
the equation (1), 

Again, the coordinates (—1, 3) of P^ and the coordinates 
(—3, 3) of Pj satisfy equation (1). 

On maiing the measurements carefully we should find 
that all the points we obtain lie on tho lino P,Pa (produced 
both waja). 

Again, if we took any point Q, lying on PiPj, and draw 
a perpendicular QM to OX, we should find on measurement 
that the sum of its x and y (each taken with its proper 
sign) would be equal to unity, so that the coordinates of Q 
would satisfy (1). 

Also we should find no point, whose coordinates satisfy 
(1), which does not lie on -Pi^a- 

All the points, lying on the straight line P-iP^, and no 
others are therefore such that their coordinates satisfy the 
equation (1). 

This result is expressed in the language of Analytical 
Geometry by saying that (1) is the Equation to the Straight 



Line PyP^. 






40. Consider again the equation 






= + / = 4 


(1). 


Amongst an infinite number of solutions of this equa- 
tion are the foUowing: 


J. or yi.1 ]• 


»-V2i' 


»,= ! 1 


.=0, . = -1,1 
!/.2}' S-Ji}' 




. = -V3,l 
y-l 1' 


a/.o J' y=-l J' 




^ = -1, 1 




«=73, 1 , 
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.5- 


'% 


V 


6 M :!; X 



All these pointe are respectively represented by the 
points Pi, Pj, F^, ... P-,^, and they 
will all he found to lie on the 
dotted circle whose centre is 
and radius is 2. 

Also, if we take any other 
point Q on this circle and its 
ordinate QM, it follows, since 
OM'' + Mg>^OQ' = i:, that the x 
and y of the point Q satisfies (1). 

The dotted circle therefore 
passes through all the points whose ''i^a 

coordinates satisfy (1). 

In the language of Analytical Geometry the equation 
(1) is therefore the equation to the above circle. 

4X. As another example let us trace the locus of the 
point whose coordinates satisfy the equation 

2/= = 4cc (1). 

If we give x a negative value we see that y is im- 
possible; for the square of a 
real quantity cannot be nega- 
tive. 

We see therefore that there 
are no points lying to the left 

of or. 

If we give a; any positive 
value we see that y has two 
real corresponding values which 
are equal and of opposite signs. 

The following values, 
amongst an infinite number of 
others, satisfy (1), viz. 




= 1, 



-21' y = 2V2o 



- 2V2i 



The origin is the fi 
Aand §s, i'^and fc,.. 



t of these point* and P^ and Qi, 
t the noxt pairs of points. 
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* took a large numbec of values of x and the 
iding values of y, the points thus obtained would 
be found all to lie on th.e curve in the figure. 

Both of its branches would be found to stretch away to 
infinity towards the right of the figure. 

Also, if we took any point on this curve and measured 
with sufficient accuracy ite x and y the values thus obtained 
would be found to satisfy equation (1). 

Also we should not be able to find any point, not lying 
on the curve, whose coordinates would satisfy (1). 

In the language of Analytical Geometry the equation 
(1) is the equation to the above curve. This curve is called 
a Parabola and will be fully discussed in Chapter X. 

42. If a point move so as to satisfy any given condition 
it will describe some definite curve, or locus, and there can 
always be found an equation between the x and y of av^ 
point on the path. 

This equation is called the equation to the locus or 
curve. Hence 

Def. Equation to a ciirve. The equation, to a 
ev/rve is the relation which exists between the coordinates of 
any point on, the curve, and which holds for no other points 
eaxepi those lyvug on the curve. 

43. Conversely to every equation between x and y it 
will be found that there is, in general, a definite geometrical 

Thus in Art. 39 the equation is x + y = l, and the 
definite path, or locus, is the straight line PiPi (produced 
indefinitely both ways). 

In Art. 40 the equation is 3? + y'' = 4, and the definite 
path, or locus, is the dotted circle. 

Again the equation y = \ states that the moving point 
is such that its ordinate is always unity, i.e. that it is 
always at a distance 1 from the axis of cc. The definite 
path, or locus, is therefore a straight line parallel to OX 
and at a distance unity from it. 
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44. In tho next chapter 16 will be found bhib if the 
equation be of the fir'.b degree (i e if it contain no 
products, aquiires, or highei powers of r tnd v) the Ioi,ua 
corresponding is always -i, itiaight hne 

If the equation be of the second or highei degree the 
corresponding locua is, in general, 1 curved bne 

45. We append a few simple examples of the forma- 
tion of the equation to a locus 

Bx. I. A point moaes so tMt thi ilijebruf, stini of its dtetanLes 
from two given perpendicalat vcea ts equal to a onstant qvanhty a; 
find the equaMaa to its locus. 

Take the two straight lines as tta aies o[ coordinates. Let (a;, y) 
be any point satiefying the given condition. We than have a; 4-1/ — n. 

This being the relation oonneeting the coordinates of any point 
on the locus is tlie equation to the looua. 

It will be found in the next oliapter that this equation reprsBenta 
a straight line. 

Ex. 3. The mm, of the squares of the Metaneet of a moving point 
from the two fixed points (a, 0) and {-a, 0) is eq-aal to a constant 
qaanti^ 2c'. Find the equation to its locus. 

Let (e, y) be any position of the moring point. Then, by Act. 20, 
the oonoition of the question gives 

i.e. x'^+y^=c^-a''. 

This being tho relation between the coordinates of any, and every, 
point that satisfies the given condition ia, by Art. 42, the equation to 
the required loGus. 

This equation tella us that the square of the distance of the point 
[<C y) from the origin is constant and equal to c'^ - a", atad therefore 
the locus of the point is a circle whose centre ia the origin. 

Ex, a, A point moves so that its distance from the point (-1, 0) 
is always three times its distance from the point (0, 2), 

Let (i, y) be any point whioh satisfies the given oonditiou. We 

then have ^^ 

V(^ + l)= + {!/-0)'=3^(a;-0)H(!/-2)=, 
Eo'that, on squaring, 

x^+2x + l+y'=9[a^ + y^-4i/ + 4), 
i.e. 8 {ic^+i/^ - 2a - 361/ + 35 = 0. 

This being the relation between the coordinates of eaeh, and 
every, point that satisfies the given relation is, by Art, 13, the 
required equation. 

It wiil be found, in a later ohaptor, that this equation n 
aoirole. 



y Google 



COORDINATE GEOMETRY. 



EXAMPLES IV 



By taking a nv nbe of ol t on i n Arts. 30~4I, sketch 
the loei of the follow ng eq. it o B 

1. 3« + 3!/ = I0. 2 4ai / 3, "i-2-a!3: + !/= = 0. 

4, x^-iax + y'^ + a -0 5 J- 6, 3.t^(/^-9. 

A anS B being tl e fl ed i o nt (o 0) i 1 ( - n, 0) respectively, 
obtain the equations gi n the 1 at, of P hen 

8, P^=-P£==aoon9fantiiuaiitity = 3i, 

9. P4 = iiPJS,ji being conatant. 

10. P^ + i*B = c, a constant qnantity. 

11. F^+PC^=2PA\ C being the point {c, 0). 

12. Find the loous of a, point whose difitanoe from the point (1, 2) 
is eqtaal to Its dletancs from the axis of y. 

Find the equation to the loous of a point which is always eqai- 
distant from the points whoso eoordinates are 

13. (1, 0) ana (0, -2). 14. (2, 3} and (4, 5). 

15. {o + 6, a-6) and {a-6, o + 6). 

Find lie equation to the loons of a point which moves so that 

16. its distaneo from the axis of n is three times its distance from 
the axis of y. 

17. its distance from the point {a, 0) is always four times its dis- 
tance from the axis of y. 

18. the sum of the squares of its distances from the axes is equal 
to 3. 

19. the square of its distance from the point (0, 2) is equal to 4. 

20. its distance from the point (3, 0) is three times its distance 
from (0, 2). 

21. its distance from the asis of a; is always one half its distance 
from the origin, 

22. A fised point is at a perpendicular distance a from a fixed 
straight line and a point moves so that its distance from the fixed 
point is always equal to its distance from the fljed line.. Find the 
equation to its locus, the axes of coordinates being di'awn through 
the fixed point and being parallel and perpendicuW to the given 

23. ^ the previous qi 
and (2j, always twice, tl: 
respective loei. 
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CHAPTER IV. 

THE STRAIGHT LINE. KECTANGULAR COORDINATES. 

46. To find the equation to a straight line which is 
•pwralUl to one of the coordinate oases. 

Let CL be any line parallel to the axis of y and passing 
through a point C on the axis of x such that 0C= e. 

Let P he any point on this line whose coordinates are 



«-« (1)- I 

This being true for every point on o 
the line CL (produced indefinitely both 
ways), and for no other point, is, by 
Art. 42, the equation to the line. 

It will be noted that the equation does not contain the 
coordinate y. 

Similarly the equation to a straight line parallel to the 



Cor. The equation to the axis gf ck is ji = 0. 
The equation to the axis of y is a; = 0. 

47. To find iihe equation to a straig/U line which cuts 
"■ ' ' ' nCTS of y <md is inclined at a 



giveih wngle to the axis ofx. 

Let the given intercept be o and let the given angle be a. 
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32 COOKDINATE GEOMETKY. 

Let C be a point on the axis of y Ruch tliafc OG is c. 
Through C draw a straight 
line iCi' inclined at an angle y 

a (= tan"^ to) to the axis of x, ^,.5-^L 

so that tan a = m. „ ^,.^^ \ 

The straight line ZC£' is ^^ '" Nj 

therefore the straight lino ^^ I : 

required, and we have to -'H.' O MX 

find the relation between the 
coordinates of any point P lying on it. 

Draw FM perpendicular to OX to meet in N a line 
through C parallel to OX. 

Let the coordinates of P be 3; and ij, so that 0M= ai 
and MP = y. 

Then MP = NP-i-MN--CNUno. + OC^.vi..x + c, 
i.e. y = mx+C. 

This relation being true for any point on the given 
straight line is, by Art. 43, the equation to the straight 
line. 

[In this, and other similar cases, it could be shewn, 
conversely, that the equation is only true for points lying 
on the given straight line.] 

Cor. The equation to any straight line passing through 
the origin, i.e. which cuts off a zero intercept from the axis 
of y, is found by putting c = and hence is y = -nix. 

48. The angle a vhich is nsed in the previous article is the 
angle through whioh a straight line, originally parallel to OX, would 
have to turn in order to ooinoide wili the given direction, the rotation 
being always in the positive direotion. Also m is always the tangent 
of this angle. In the case of suoh a straight line as AD, in the figure 
of Art. 60, m is equal to the tangent of the angle XAF (not of the 
angle PAO). In this case therefore m, being the tangent of an obtuse 
angle, is a negative quantity. 

The student should verify the truth of the equation of the last 
article for all points on the straight line LCL', and also for straight 
lines in other positions, e.g. for such a straight line aa A^B^ in the 
figure of Art. S9. In this latter case both m and c are negative 
quantities. 

A careful consideration of all the poasihla cases of a few proposi-. 
tioDS will soon satisfy him that this verification is not always 
neoessary, but that it is sullieient to consider the standard figure, 
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THE STRAIGHT LINE. 33 

49. E3C The equation to the straight line oatting off SM 
intercept 3 tiom tlie negative direetion of the axis of y, and iuolined 
at 120° to tlic asia of x, is 

i/ = .rtanl30'J-(-3), 

i.e. yix^!^ + ^ = 0. 

50. To find the equation to the straight line which outs 
off given intercepts a wnd h front the axes. 

Let A and .B be on OX ajid OY respectively, a,nd be 
such that OA = a and OM = 6. 

Join AS and produce it in- 
definitely both ways. Let F be 
any point {x, y) on this straight 
line, and draw PM perpendicular 
to OX 

We require the relation that 
always holds between x and y, so 
long as -P lies on AB. 

By Euc VI. 4, we have 

OM _PB Mr_ 

01 ~TB' ^'^ 'OB " 
OM MP 



O M 



OA OB 



^-^f-'- 



This is tliorefore the i-equired equation ; for it is the 
relation that holds between the coordinates of any point 
lying on the given straight line. 

Bl. The eq.uation in the preceding article ma; be also obtained 
by exprcaaing the fa:et that the aum of tiie areaa ot the triangles OPA 
and OPB IB eqnai to OAB, bo that 

audhenoa - +^=I. 

02. JSx. I. Mnd the equation to ike straight Une pasHng 
through the point (3, -4) and euiting off intereepta, eqnal but of 
c^poHte eigns, from the tioo axes. 

Let the intercepts cut off from the two axes be of langtha n and 
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= 1. 



i.e. «:-y = <i (1). 

Since, in addition, the straight line is to go through the point 
(3, - 4), these ooordinales must aatisfy (1), so that 

3-[-l)=a, 
and therefore a=7- 

Tho required equation ia therefore 
x~y = l. 

Ex, 2. Find tlie eqiuition to tfte straight line vrMch paseei through 
tfte point (-5, 4) omd is tuck that the fortion of it between the axes is 
divided b^ the point in the ratio ofl:2. 

Lot the required stuaight line be - + t = 1- This meets the ases 
in the poinls whose ooordinates are {a, 0) and (0, 5). 

The coordinates of the point dividing the line joining these 
pointa in the ratio 1 : 3, are (Art. 32) 

2.a + 1 .0 a.O + l.S .2a 6 

If this be the point ( - 5, 4) wa have 



The required straight line is therefore 

i.e. 5y-Sx = eo. 

S3. To find Hie equation to a straight line in terms of 
the perpendicular let Jail upon if from, Hm lyrigin and the 
angle that this perpendicular nuiJcea iviOi tlie axis of a;. 

Let OR be the perpendicular from and let its length 

Let a bo the angle that OR makes ^ 
with OX. 

Lot P be any point, vhoso co- 
ordinates are x and y, lying on AB; 
draw the ordinate PM, and also ML 
perpendicular to OR and PN perpen- 
dicular to ML. 
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Then OL=OM<iosa (1), 

and LR = NP^ MP sin NMP. 

Bub I NMP^ 90° - L NMO = z MOL ^ a. 

ZS^MP sina (2). 

Hence, adding (1) and (2), we have 

OMcosa + MP sin a^- OL + LJi=OJi^p, 
i.e. X COB a + y sin « = P- 

T})is is the required equaition. 

54. Ill Arts. 47^53^6 have found that the correspond- 
ing equations are only o£ the first degree in x and y. We 
shall now prove that 

Ani/ equation of the first degree in x and y always repre- 
sents a straight line. 

For the most general form of each an equation ia 

A'e + Sy + G^O (1) 

where A, B, and ate constants ; e quantities which do 
not contain x and y and Mhich remain the same for all 
points on, the locus 

Let (xi, y{) {>. yi) and (-»,, j/,) be any thiee points on 
the locus of the equation (1) 

Since the point (ii y,} lies on the locus, ita coordinates 
when substituted foi i. and y m (1) must aati'.fy it 

Hence Aj^ + £y^+O = (2 ) 

So Ax +£y +C = (3) 

and Ai^ + By^+C^O (i) 

Since these thiee equations hold between the thiee quanti 
ties A, B, and C, we can, as m Ait 12 eliminite them 

The result is 



But, by Art. 25, the relation (5) states that the area of the 
triangle whose vertices are (a^, y,), {x^, y.^, and {x.^, y^) ia 

Also these are any three points on tho locus. 

3—2 
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The looua must therefore be a straight line ; for a curved 
line eould not be such that the triangle obtained by joining 
aivy three points on it should be zero. 

65. The proposition of the preceding article luay alEo be deduced 
from Art, 47. For the equation 

may be written '' ~ ~ R * ~ B ' 

and this in the same as tlie straight line 



" = s -* - s 

But A t 47 t wa 1 n that y^ + w th (i t n t 

a atra ht I tt g fi u nt pt f m th f ff a I 

anclirt d at n a gl I to th a f 

Th quati n A B +C=0 

theref p nt a t ajght Im tt ng ff an t j t ~l 

the asis of y and inolined at an angle tan~' I - g ) ^" the asia of a:. 

56. We, can reduce the general equation of the first 

degree Ax + By^C = (1) 

to the form ot Art. 53. 

For, if -p be the perpendicular from the origin on (I) 
and a ijie angle it mates with the axisj the equation to the 
straight line muist be 

a!OOB. + !,.m«-y.O (2). 

This equation must therefore be the same as (1). 



Hence 




The equation (1) ma y theref ore be reduced to the form (2) 
by dividing it by JA^ + B^ and arranging it so that the 
constiint term is negative. 
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B1. Bx, Eediics to ths perpendicular form the 

x + y^3 + 7^0 

Here ^A^ + B^^ ,Jl + W->J4:^2. 
Dividiag (1) by 2, we Lave 


(1)- 


i.+.f+i=o, 




i-'- M-J)+?(-#)-^=o, 




iV. 3:ooB240^ + j/Bin3iO»-J=0. 




68. To traae tlie straight line given hy 
theji/rsl degree. 

Let the equation he 

Ax+.ny + G = 


cm equation of 

(!)■ 



(a) This can be written in the form 
'^^ ^ y ~^ 
~^ 1 
A B 

Comparing this with the result of Art, 50, we see that it 
represents a straight line which cuts off intercepts — j and 

— -jz from the axes. Its position is therefore known. 
If C be zero, the equation (1) reduces to the form 
A 

and thus (by Art. 47 Co ) epre^ents a straight line 
passing through the onj, n n 1 ne 1 at an angle tan"' ( — ^1 
to the axis of k. Its po t on i therefore Itnown. 

(^) The straight li le may also be traced hy fkiding 
the coordinates of any two pou ts o t 

If we put J/ = in (I) we have x = — — . The point 
therefore lies on it. 



i-'r") 
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If WO put x = 0, we have 2/ — — „ > so that the point 
^0, - -^\ lies on it. 

Hence, as before, wo have the position of the straight 



Trace the straight lines 

(1) Sx-i<j + 1 = 0; (3) 7x + 8y + 9=0; 

(3) 3y=(»; (i) x = ^; (6) j,= -2. 







^< 









<5) ^ 


B, ' 





(1) Putting j) = 0, -we have 3;= - \, 
and putting 3;=0, wa have y~\. 
MenBnring OA^ ( = - 1^) along tha a: 



i of X 



e have one point c 



the line. 

Measuring OB^ (=^) along the aiie of y we have another point. 
Hence A-fi-^, produced both waya, is the required line. 

(2) Putting in suooBBaion 1/ and x eq.ual to zero, we have the 
intercepts on the as.ea equal to -^ and -%. 

If then 0A^~-^ and 0J};= -|, we have ^jBj the required line. 

(3) The point (0, 0) satisfies the equation so that the origin is on 
Ihe line. 

Also the point (3, 1), i.e. Cj. hea on it. The required line is 
therefore OCj. 

(4) The line 3:= 2 is, by Art. 46, paiaUel to the asis of ji and passes 
through the point A^ on the asis of x such that OA^ — 2. 

(5| The hne jf= -2 ia parallel to the axiaof x andpassea through 
flie point Bj on the asia of y, such that OB^^ - 2. 

60. Straight Line at Infinity. We have seen 
that the equation Ax + By + (7 = represents a 
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STRA.IGHT LINE JOINING TWO POINTS, 39 

which «uts off intercepts — - and — from thp ixes of 
coortlinates 

If A vanish, but Dot £ or C the i fce ept o iho axis 
of K is infinitely gieat The equation of the straight line 
then 1 educes to the form y = constant anl hence is in 
Art. 46, lepre'ients a straight line parallel to Or 

So if 5 vanish, but not A or 0, the straight line meets 
the axis of y at an infinite distance and ia therefore parallel 

If A and B both vanish, but not C, these two in- 
tercepts are both infinite and therefore the straight line 
O.x + 0.f/ + C = 0is altogether at infinity. 

61. The multiplication of an equation by a constant 
does not alter it. Thns tie equations 

2a>-3y+5 = and lOa;^ 15^ + 25 = 
represent the same straight line. 

Conversely, if two equations of the first degree repre- 
sent the same straight line, one equation must be equal to 
the other multiplied by a constant quantity, so that the 
ratios of the corresponding coefficients must be the same. 
For example, if the equations 

«,a; + &iy + c, = and A^x + B,i/ + 0^ = 
represent the same straight line, we must have 

%_ J, __Ci 
A^" £,~ C:,' 

62. To Jind the equation to the straight line which 
passes through tJie tvx> given points i^, y") and {of', y"). 

By Art. 47, the equation to any straight line is 

>"«+<■ «• 

By properly determining the quantities m and c we can 
make (1) represent any straight line we please. 
If (1) pass through the point (a/, y"), we have 

y'-m^+« (2)- 

Substituting for c from (3), the equation (1) becomes 

y-y' = m(x_x') (3). 
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This is the equation to the line going through ix', y') making 
an angle tan"' in with OX. If in addition (3) passes through 
the point (ar", y"), then 

y"-y' = m.{ic"~af). 

Substituting this value in (3), >ve get as the required 



63. E^. Find the equation to the atraiyht line whick pus: 
through the points (-1, 8) and [i, -2). 
Let the req^uired eq.uatioti lie 



(3 through the first point, we have 



y=-s: + 2, i.£.a: + y-2. 
Or, ^ain, using the lesnlt of the last article the equatioa i:j 
^ -3-3 , n , 

64, To fix definitely the position of s, straight Hue we 
must have always two quantities given. Thus one point 
on the straight line and the direction of the straight Inie 
will determine it; or again two points lying on the straight 
line will determine it. 

Analytically, the general equation to a straight line 
will contoin two arbitrary constants, which will have to be 
determined so that the general equation may represent any 
particular straight lina 

Thus, in Art. i7, the quantities m and c which remain 
the same, so long as vje are eonsidering the stvme straight 
line, are the two constants for the straight line. 
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Similarly, in Art. 50, the quantities a and 6 are the 
constants for the straight line. 

65. In any equation to a locus the quantities x and y, 
which are the coordinates of any point on the locus, are 
called Current Coordinates ; the curve may he conceived as 
traced out by a point which "runs" along the locua. 

EXAMPLES. V. 

Pind the equation to the straiglit line 

1. outting <M an intercept unity from the poaitive direction of the 
axis of ^ and inclined at 45° to the asia of a. 

2. cutting o3 an intercept -6 from the asia of y and being eqnally 
inclined to the ases. 

3. cutting oft an intercept 3 from the negative direction of the 
asis of y and inclined at 30° to OX. 

4. cutting off an intercept - 3 from the axis of y and inclined at 
an angle tan-i jf to the asia of x. 

Find the equation to the straight line 

5. cutting oft intercepts 3 and 2 from the axes. 

6. cutting off intercepts - 5 and 6 from the axes. 

7. Find the equation to the straight line which passes through the 
point (5, 6) and has intercepts on the axes 

(1) equal in magnitude and both positive, 

(2) equal in magnitude bnt opposite in sign. 



8. Find the equal ' 
the point (1, -2) and 


t 
t ft 


th 
1 


t *ght lin hi 1 
1 ciist f th 


p thi 


9, Find the eqnai 
the given point ix', y 
pait intercepted betwi 


and 
th 


ti 


tr ghtl 
h th t « 


h h 
g> P 


th 

t b t 


10. Find the equa- 
the point (-4, 3) and 
is divided V the poin 


to th 
hth 
jith 


t ght h 
tth p 
5 3 


wh h p se tl 
f t b t tl 


Trace the straight lines w 


ose 


equations a 


re 




11. :. + 2i, + 3 = 0. 






12. 


5x~ly- 


n=o. 


13. Sx+ly^O. 






14. 


3a- % + 


4=0. 


Find the equations 
following pairs of poin 


to the 
is. 


traight lines pae^in 


through 


15. (0, 0) (md {2, - 


2)- 




16. 


(3, 4) an 


d (S, 6). 


17, (-1.3) and (6, 


-^) 




18. 


(0, -a.) 


mil (6,0) 
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19. (a,b) and(« + 



20. {at,\ 



) and («(j^. 



«i). 21. (at„^^ B.nd (^ai^,'^^. 



22. (a COB ^, . 1 sin .(.i) and (if cos ^ , a sin ^j)- 

23. (aoos^i, 6 sill ^) and (a ooa 0,, i sm ^^j. 

24. (« SCO ^ , Z. tan ^) and (a ebo ^ , 6 tan i,^). 

Find ttte equations to tho eidoa of tlie triangles the ooordinatoH of 
whoBe angnlar points are respeotively 

25. a, *)- {3. -3). and (-1, -9). 

26. (0, 1), (3, 0), and (-1, -3). 

27. Find ttia equations to the iljagonals of tlia reutangle tie 
equations of whose sides ace 3! = a, x = a', y — b, and y — h'. 

28. Find tlie equation to the straight line which bisects the 
distance between the points (a, 6) and (a', b') and also bisects the 
distance between the points (-a, 6) and [a', -h'). 

29. Find the equations to the straight lines wbiuh go through the 
origin and trisect the portion of the straight line Sx-i-y^Vl which 

neeu the axes of coordinates. 



Angles between straight lines. 

66. To find the angle hetzueen two given straight lines. 
Let the two straight lines be AL^ and AL^, meeting the 
' 1 L, and L,. 




I. Let their equations be 

By Art. 47 we therefore have 

ii^nAL^X=1ll,^, and t&n AL^X =m^. 
Now LL^AL^^i-AL^X-LAL^X. 

tan L^AL^ = tan [AL^X-AL^X] 
t3,nALiX—iaXiAL^X _ m,~m, 
1 + tan.d//,X. tan AL^X 1 + mima' 
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Hence the required angle = L L^AL^ 



[In any niimerioal example, if the quaDtity (2| be a positive quaa- 
tity it is the tangent of the acute angle between tie lines ; it negative, 
it is the tangent of the obtuse angle.] 

IT. Let the equations of Uie straight lines be 

a,nd ^5!c + 52y + Cj = 0. 

By dividing the equations by 5, and B^., they may be 
■written 

A, O, 

^ — A^'-B,' 

and 2, = __«.__. 

Comparing these with the ecjuations of (I.), we see that 



Hence the required angle 






-'"° zstsa ''''■ 

III. If the equations be given in the form 
0! C03 a + »/ sin a — pi = and fl;coa)8 + ysin^-ps = 0, 

1 make angles a and (8 

Now that angle between two straight lines, in which 
the origin lies, is the supplement of the angle between tbe 
perpendiculara, and the angle between these perpendiculars 

[For, if 0R^ and Oli^ be the perpendiculars from the origin upon 
the two lineB, then the points O, iij, R^, and A lie on a circle, and 
hence the angles BjOB, and fljill!! are eitiec eq.ual ot supplementary.] 
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67. ■ To find the condition that two stredght lines inay 
he parallel. 

Two straight lines are parallel when the angle between 
them is zero and therefore the tangent of this angle is zero. 

The equation (2) of the last article then gives 
mj = nij. 

Two >!tiaight hues whose equations are given in the 
"m. form are therefore parallel when their "tn's" are the 
same or, m other woids, if their equations differ only in 
the confatant tPim 

The straight Ime Aa,-i-By + C^O ia any straight line which ia 
parallel to the atraight line Ax + Bij + C—O. For the "m'a" oi the 
two equationa are the same. 

Again the equation A {i:-x')+B(y-ff') = clearly represecta the 
straight line whioh pasees through the point {x', y') and ia parallel to 
Ax + By + C^O. 

The result (3) of the last article gives, as the condition 
for parallel lines, 

^1 ^ A, 
*'*■ A^ £^' 

0B. Ex, Find the egaation to the straight line, ivhieh paia^ 
tJiroTigh the point (i, - 5), and which ie parallel to the straight Une 

3x + iy + 5 = iy, (1). 

Any straight line which ia parallel to (1) has ita equation of the 

Sx+4.y + G~Q (2). 

[For the "m" of both (1) and (2) is the aarae.] 

This straight line will pass through the point (4, - 5) if 
Sxi + ix{-5) + C = 0, 
i.e.i! C=30-12 = 8. 

The eq^uation (2) then becomes 

3x + iy + S—0. 
69. To find the condition that twa straight lines, tchose 
equations rare giiien, may he perpendicular. 
Let the straight lines be 

and y — m^oi + o^. 
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If B be the angle between them wo have, by Art. 66, 
tan^==,^^L:^^ (1). 

If the lines be perpendicular, then d = 90°, and therefore 
tan6 = o:>. 

The right-hand member of equation (1) m.ttat therefore 
be infinite, and this can only happen when its denominator 

The condition of perpendicularity ia therefore that 

The straight line y — in^x + Cj ia therefore perpendicular 

to y — tn^x-v^i^, if ma = . 

It follows that the straigbt lines 



A^x^B, 


2/ + (7, = and A^c -^ B^y ^ C ., = % 


for which ?«i = - 


-^ and ma = --y , are at right angles if 




(4;) (4:)=-. 


U. if 


A^A^^B^B^^d. 


70. l"'rom i 


the preceding article it follows that the two 


straight lines 


^3i + iJ,»/ + Ci = (1), 


and 


A^-^,y+f7, = (2), 


are at right ang] 


ies ; for the product of tlieir m's 



Also (2) ia derived from (1) by interchanging the C' 

of X and y, changing the sign of one of them, and changing 

the constant into any other constant. 

Kx, Tlie straight line through (a^, ;/') perpendicular to (1) is (2) 
where B\3! -A^y'■vC^-<i, so that C^ = A-g-'B^s'. 

This stmigbt line ia therefore 
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71. H3£. 1. Fijid the equation to the straight line which passes 
ihrov^h the point (4, -5) and is perpendiculaT to the straight line 

3a:-|-4y + 5=0 (1). 

First Method. Any straight iine perpendicular to (1) is by tlie 
last article 

ix-Sy + C=Q (2). 

[Wg should expect au arbitrary constant in (3) because there are 
an infinite number of straight lines perpendicular to (1).] 
The straight line (3) passes through the point (4, - 5) if 
4!<4-3x(-5) + a=0, 
i.e. it C=-16-1S=-31, 

The required equation is therefore 

ix-Sy^Si. 
Second Method. Any straight line passing througb the given 

This straight line is perpendionlar to (1) if the product of their 

"a ' «x(-!).^i. 

U.il ^ m=4. 

The required equation is therefore 

i.e. 4k-% = 31. 

Third Method. Any straight liua ia y = !jiE + e. It passe a through 
the point (4, -5), if 

-5 = 4m + c (3). 

It is perpendicular to {!) if 

mx(-f)=-l (4). 

Hence m=^ and then (3) gives e = — ^. 

The required equation is therefore y — ^z --V-, 
i.e. ix-iy^Sl. 

[In the first method, we start with any straight line which is 
perpendicular to the given straight line and pick out that particular 
straight line which goes through the given point. 

lu the second method, we start with any straight line passii^ 
through the given point and pick out tliat particular one which is 
perpendicular to tjie given straight line. 

In the third method, we start with any straight line whatever and 
determine its oonstante, bo that it may satisfy the two given 
conditions. 

The Btudent should illustrate by ^ures.] 

Esc 2. Find the eqitation to the straight line which passes thrrragh 
tlie point (x", y') and is perpendicular to the given straight line 
yy' — 'ia {x-\-z'). 



y Google 



1'HE STRAIGHT LINE. 47 

The given Etcuight line is 

yy' - lax - iti^ — 0. 
Aia/ straight line perpeudicniar to it is (Art. TO) 

2ay-\-xy' + G=(i (1). 

This will pass through the point (ic', if) anil iheraforo will be the 
atraiglit line required if the coordioateB x' and y' eatiaty it, 
i.e. if 2a?/'+ai'!/' + C=0, 

i.e.it C=-iay'-x'y'. 

Substituting in (1) for G the required equation ia therefore 

2ai^-y-) + y'(x~x-)^Q. 
72. To find ike eqttations to the straight lines whieh 
pass through a given point {so', y') and make a given angle a 
■with the gvBen straight line y — mx + c. 

Let P be the given point and let the given straight line 
be LMN, making an angle d 
with the axis of x such that 

In general {i.e. except when 
a is a right angle or zero) there 
are two straight lines PMR and 
PNS making an angle a with 
the given line. 

Let these lines meet the axis of x in It and 8 and let 
them make angles ^ and ^' with the positive direction of 

The equations to the two required straight lines are 
therefore {by Art. 62) 

y-y' = txa4,x{x-x') (1), 

and 2/-2/ = tan^'>i{M-a,') (2). 

Now ^ = LLMM+LRLM=a + 6, 

and 4,'=LL!^S+LSLN={l^Q°-a) + 0. 

Hence 

, .. tan a + tan 6 tan a + m 

tan A = tan (a + 6) = ^ -t- — -. = ;r — — , 

^ ' ' 1 — tan a. tan 6 l—ra tan a 

and tan .^' = Un ( 1 80° + - a) 

. , tan d — tan a m - tan a 
' 1 + tan $ tan a 1 + m tan a. ' 
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48 coordinate; geometry. 

On substituting these values ia (1) aiid (3), we hai 
the required equations 



EXAMPLES. VT. 

Find the angles between the pairs of straight lines 

1. c-i;^3 = 5 and V33;+y = 7. 

-2. a:-iy-S andi&x-y^n. 3. 3/^31 + 7 and 3j; -!L'=8. 

4. !J=(2-s/S}^ + 6 and j, = (3+v'3]^-7. 

5. {m^-mn)y = {mn + n^)x+n'> acd {7<in+m^)y = {iim-n^)^+m'. 

6. Find the tangent of the angle between the lines whose inter- 
cepts on the aiea aie respectively a, -b and 5, - a. 

7. Prove that the points (2, -1), (0, 2), (2, 3), and (4, 0) are the 
coordinates of the angular points of a parallelogram and find the 
angle between its diagonals. 

Find the equation to the straight line 

8. passing through the point (2, 3) and porpendiculii to the 
straight line ix-Sy — 10. 

9. passing throngh the point ( - 6, 10) and peipendii-ular to the 
straight line 7x + 8y = 5. 

10. passing through the point (2, - 3) and perpendioular to the 
straight line joining lie points (5, 7) and (-6,3) 

11. passing through the point (-4, -3) and perpendioulai tj the 
straight line joining (1, 3) and (3, 7). 

12. Find the equation to the straight line dra'i'in at right angles to 
the straight line — 1 = 1 through the point where it meets the asi? 

13. Find th 1 t n to ih tra ght I n wh h b t d 
perpendi la t tl tra t,ht 1 ] ning th p t ( 6) d 
(a', b'). 

14. Pr th t tl q tl n t th t ght 1 whi h l 
through th p t ( e 6) 1 IS 1 p d I t tl 
straight 1 8 j C— e j 6- 2$ 

15. Find the equations to the straight lines passing through (,r', 'if) 
and respectively perpendicular to the straight lines 
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EXAMPLES. 



and x'y + Ky'=a''. 

16, Find the equations to the straight line') whioll divide internally 
and externally, the line joining ( - 3, 7) to (6, - 4) ju the ratio of 4 7 
and which, are perpandioalar to thia line. 

17. Through the point (3, 4} are drawn two stiaight Imea each 
inclined at 45° to the straight line x-ij^i Find their eqnatioas 
and And also the area included by the three lines 

'■■ IS.^^Bhew that the e([nationa to the straight lines paaaing through 
the point (3, - 2) and inclined at 60° to the hue 

^Zx + y = l are y + %-Q and i/-^3j + 3 + 3^5 = 

19. Find the equations to the straight linea nhich pa^ thiougli 
the origin and are inclined at 75° to the straight line 

^ + !/ + s/3{i/-^)=«. 

20. Find the equations to the straight lines which pass through 
the point {h, k) and are inohned at an angle tan~'in. to the straight 
line y-mx+e. 

21. Find the angle between the two straight lines Sjt— 4i/ + 7 and 
(iy — 12x + S and also the equations to the two straight lines which 
pass through the point (4, 5) and make equal angles with the two 
given lines. 

73. To shew that ike poiM (a/, )/) is on one side or the 
other of the straiffhi Une Ax + By + G = (i OGGording as the 
qiumtitff Ax' + By" + is positive or negative. 

Let LM be the given straight line and P any point 
(':■.«■)■ 

Through F draw PQ, parallel to 
' I of ;/, to meet the given 



straight line in 


Q> a 


ad let 


the 


ordinatea of Q be {x' 


n 




Since Q Ues 


Dnthe 




line, 


have 













,, Ax'+G 



..(1). 



It ia clear from the figure that PQ is drawn parallel to 
the positive or negative direction of the axis of y according 
as P is on one side, or the other, of the straight line LM, 
i-e. according as y" is > or < y", 
i.e. according as y" — y' is positive or negative. 
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Now, by (1), 

Tho point («', y') is therefore on one side or fclie other of 
LM according as the quantity Ax' + By' + C is negative or 
positive. 

Cor. The point {x', y') and the origin are on the sEwne 
side of the given hne if Aa^ + By' + and A xO + Bx04-(7 
have the same signs, i.e. if Avi + By' + C has the same sign 
flsC. 

If these two quantities have opposite signs, then the 
origin and the point (a:', y') are on opposite sides of the 
given line. 

74. The ccnidition that two points may He on the 
same or opposite sides of a, given line may also be obtained 
by considering the ratio in which the line joining the two 
points is cut by the given hne. 

For let the equation to the given line be 

Ax + By + C=0 (1), 

and let the coordinates of the two given points be (%, y,) 
and (iKai y^)' 

The coordinates of the point which divides in the ratio 
m, : *«j the line joining these points are, by Art. 22, 
mjx^ + m^ and "Wa + ^W i ,3, 

«li + Jlij )«i + Wia 

If this point lie on the given line we have 
m^x^ + m^ m,y^ 






-(3). 



m^ AXj,+ 

If the point (2) be beiween the two given points (x^, 3/,) 
and (sK,, y^), i.e. if these two points be on opposite sides of 
the given line, the ratio m^ -.m^is positive. 

In this case, by (3) the two quantities Ax^ + By, + C 
and Ax^ + By, + C have opposite signs. 

The twopoints(a:i,^,) and (a;^, ^a) therefore lie on the op- 
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LENGTHS OF PERPENDICULARS. 

posite {or the same) sides of the straight line Ate + j 
according as the quantities Ax^ + £p, + G and Ax^ 
have opposite (or the same) sigos. 

Lengths of perpendiculars. 

75. To find the length of the perpendicular Ut fall fro- 
a given point -upon a given atrwight line. 



"'-••?Sf^y) 



-0). 



(i) Let the equatioa of the Btraight line b 

iCcoaa + ysina-p^O 

so that, if p be the perpendicular on it, we ha' 
OiV-^ and i.XON'^a. 
Let the given point P be (x', -i/). 

Through. P draw PR parallel to the given line to meet 
ON produced in R and draw PQ the required perpendicular. 
If OR be p', the equation to PR is, by Art. 53, 

Since this passes through the point (a/, i/), we have 



= 0, 



But the r 



required perpendicular 
^PQ^NR = OR-Ol!/'^p'-p 

= x'cosa + y'8ina-p (3). 

The length of the required perpendicular ia therefore 
obtained by substituting x' and j/ for x and y in the given 
equation. 

(ii) Let the equation, to the straight line be 

Ax-i-By + G=(i (3), 

the equation being written so that (7 is a negative quantity. 
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52 COORDINATE GEOMETRY. 

As in Art. 56 this equation is reduced to the, form (1) 
by dividing it by '\JA' + E', It then becomes 

_Am ^ -Sy ^. ^. =0 

V^+^ 'JA^ + B' '/A^ + M'' 
Hence 

A . £ ^^^ _ G 



The perpendicular from the point {(c, y') t' 
= a;' cos a + j^ sin a-;) 
^ Ax- + By' + O 
VA^ + Bii 
Tiie length of the perpendicular from {x, y') on (3) is 
therefore obtained by substituting x' and j/ for a; and y in 
the left-hand member of (3), and dividing the result so 
obtained by the square root of the sum of the squares of 
the coefficients of x and y. 

Cor. 1. The perpendicular from the origin 

Cor. 2. The length of the perpendicular ia, by Art. 73, 
positive or negative according as (x', y') ia on one aide or 
the other of the given line. 

76. The length of tiie perpendicular may also bo 
obtained as follows ; 

As in the figure of the last article let the straight line 
meet the axes in L and M, bo that 

0L= -J and 0M= - ^ . 

Let PQ bo the perpendicular from F {x', y') on the 
given line and I'S and PT the perpendiculars on the axea 
of coordinates. 
We then have 

A PML + A MOL = A OLP + A OPM, 
i.e., since the area of a triangle is one half the product of 
its base and perpendicular height, 

PQ . LM+ OL . 0M= 07. . PS+OM. FT. 
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since (? is a negative quantity. 
Hence 

so that PQ = ^.'±±M^, 

JA^ + I? 

EXAMPLES. VII. 

Find the lengtli of the perpendicular di-awn ftoin 

1. the point {4. 5) upon the straight line 3a; +4^ = 10. 

2. tha origin upon the straight line ^ - ^ — 1, 

3. the point ( - 3, - i) upon the straight line 

12(.r + 6) = 5{j/-2). 

4. tlie point (i, a) upon the straight line — j= 1. 

g. Find the length of the perpendioulat from the origin upon the 
Btraight line joining the two points whose coordinates are 
(«cosa, asino) and (aoosft aunp). 

6. Shew that the product of the perpendiculars drawn from the 
two points ( ± \/a^ - 6^, 0) upon the straight line 



aoose-i/BinS^aoosaS, 
prove that 4p^+;i'^ = a^, 

8, Find the distance between the two parallel straight lines 

y=7ia-^c and y^nix-i-d. 

9. What are the points on the axis of x whose perpendicular 
distance from the straight line - + |^ = li8o7 

10. Shew that the perpendiculars let fall from any point of the 
straight line ix + lly — b upon the two straight linea 3*3; + 7^ = 20 
and 43;-3i/=3 ace equal to each other. 
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54 COORDINATE GEOMETllY. [EXS. VII,] 

11, Find the perpendicular distance from the origin of the 
l>Grpeadioular from the point (1, 3) upon the straight line 

77. Tojmd the coordvnatea of thepoint of interaeetion 
of two given straight lw.es. 

Lei the equations of the two straight lines be 

(iiic + &j2/ + ej = (1), 

and a,ic + % + «a = (3), 

and let the straight lines be AL^ and AL^ as In the figure 
of Art. 66. 

Since (1) ia the equation of ji£i, the coorclinates of amy 
point on it must satisfy the equation (1). So the coordi- 
nates of any point on AL2 satisfy equation (2). 

Now the only point which ia common to these two 
straight lines is their point of intersection A. 

The coordinates of this point must therefore satisfy 
both (1) and (3). 

If therefore A be the point {a:^, j/i), we have 

a,a;, + J^, + ., = (3), 

aud Ojic, + 6j?/i + Ca — (4). 

Solving (3) and (4) we have (as in Art. 3) 

a^I ^ j/L l___ 

b-fii — b./:, c.Oj — c^Oi afi^ - afi^ ' 
so that tlie coordinates of the required common point are 

\ — V *"d ~ir i. ■ 

78. The coordinata* of the point of intersection found 
in the laat article are infinite if 

aji,, - 0^6, = 0. 

But from Art. 67 we know that the two straight lines 
are parallel if this condition holds. 

Hence parallel lines must be looked upon as lines whose 
point of intersection is at an infinite distance. 
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79. To find the condition thai three straight lines may 
meet in a point. 

Let their equations be 

a,cc + h,y^-c, = (1), 

a,x + b,^ + c,^0 (2), 

and a^x + b^ + Cj-O (3), 

By Art. 77 tlie coordinates of the point of intersection 
of (1) and (2) are 

—,-■ -j- and —j— =-■ 4 . 

If tlie three straight lines meet in a point, the point of 
intersection of (1) and (2) must lie on (3). Hence the 
values (4) must satisfy (3), so that 

% " — i r +03" — I r + "'s = "> 

i. s. Oj (6iCa - h^e^) + &3 (Cifflj - o^a^) + Cj {a^i^ - aj>^ = 0, 
i. e. % (fijBs - 6363) + 61 (Cift - CaOj) + c^ {afi^ - afi^ = . . . (5). 
Allter. If the three straight lines meet in a point let 
it be (a;,, y-^t so that the values a^ and y^ satisfy the 
equations (1), (2), and (3), and hence 
a^3\ + 6jT/| + Cj =^ 0, 
«jiCi + ijJ/i 4- lis = 0, 
and «a3;i + ftsj/i + c, = 0. 

The condition that these three equations should hold 
between the two quantities x^ and y^ is, && in Art. 12, 

I %, ^a. «^ I 
which is the same as equation (5). 

80. Another criterion as to whether the three straight 
lines of the previous article meet in a point is the following. 

If any three quantities j), q, and r can be found so 
that 

p (aix + b-^y + Ci) + g (ojW ■¥b^ + c^) + r (a^ + % + c,) = 
identically, then the three straight lines meet in a point. 
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56 COORDINATE GEOMETRY, 

For in this case we have 

a^x + b^y + C.^= -'^ ia^x + \y + c,) - 1 {a^x + h^y + Cj) . . .(1). 

Now the coordinates of the point of intersection of the 
first two of the lines make the right-hand side of (1) vaiiiah. 
Hence the same coordinates make the left-hand side vanish. 
The point of intersection of the first two therefore satisfies 
the equation to the third line and all three therefore meet 

ai. Ex. I. Shew that the three straight lines 2x-Si/ + &=0, 
3a + 4y-7 = 0, and 93;-5j/ + 8=0 meet in a point. 

e multiply these three aqufttions by 6, 2, and -2 we have 

•ly 

6(2ii-3S/ + 5) + 2(33i + %-7t-2{93!-5y-l-8)=0. 
The coordinates of the point of interseetion of the first two lines 
mate the ^rst two brackets of this equation vanisli and henee maks 
the third vanish. The common point of intersection of the first two 
liierefore satires the third equation. The three straight lines 
therefore meet in t, point. 

Bx. 2. Prove that the three perpendiculars draien from the 
vertiixs of a tnangle upon the opposite sides all mee( in a point. 
Let the triangle be ABC and let its angular points be the points 

W,!/!). Ki2'a). and K- Ss)- 
The equation to £C is ?/ - J/g = ^^^^(a; - x^). 
The eiiuatiun to the perpendicular from A on this straight line ia 
y-y,= — ^ — ^ Ix - X, I, 

i-e. viii3-y^-^^{'=s'^i)=yibi3-y!i+^ii^s-''^ W- 

So the perpencliculars from B and C on CA and AB are 

y{y]-V3)+^l'^-''»)-yilVi-yi)+^i^i-''^ (^h 

and yhli-yi) + ^iH-^i) = ysiya-Vil + H{''i-'^i) (3)- 

On adding these three eijuations their sum ideutioallj vanishes. 
The stra%ht lines represented bj them therefore meat in a point. 
This point is called the oTtliocentzQ of the triacgle. 
82. To jind the equaiion to amy strmghl line nMclt 
passes tlwough the intersection of tlie two straigM lines 

«,^ + % + c,^0 (1), 

omd a^ + b.^ + e^^O (3). 
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If (aij, ^i) be the common point of the equations (1) 
and (2) we may, as in Art. 77, find the valuea of a^ and ^/j, 
and then the equation to any straight line through it is 

where m is any quantity whatever. 

Aliter. If A be the common point of the two straight 
lines, then both equations (1) and (2) ai'e satished by the 
coordinates of the point A. 

Hence the equation 

«jic + 6,^ + 111 + X {a^x + 6j2/ + Cj) = (3) 

ia satisfied by the coordiaates of the common point A, 
■where X is any arbitrary constant. 

But (3), being of the first degree in x and i/, always 
represents a straight line. 

It therefore represents & straight line passing through A. 

Also the arbitrary constant A maybe so chosen that (3) 
may fulfil any other condition. It therefore represents 
any straight line passing through A. 



2x-Sy + i=0, Sx+^- 
and ie per^endimtlaa- to the straight line 

ex-7y + S=0 



(_3)(-5)-4>.4 4«3-3x(-5) 2x4-3x(-3) "■ 
BO that a;i= -iV ai'i 2'i=f?- 

The equation of any straight line through tMs common point is 
therefore 

This atraigbt lice ia, by Art. 69, pecpeadicular to {2) if 

mxf=-l, i.e. ifm=-i. 
The required equation is therefore 

i.e. 119i + 102« = 126. 
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8 COOBDINATE GEOMETRY. 

.aliter. Any atrMght lice ttrougli the interseotio 

nes (1) ia 

e. (2 + 3X)a: + i/(4\-3) + 4-5\ = 0.,,. 

This straight line is petpendiculor to (2), if 
6(2 + 3A)-7(4\-3)=0, 
e. if X=» 

The equation (3) is therefore 

^(2 + *I)+!/(W-3) + 4-JtV-=1>, 
e. 1133; + 102!/- 125 = 0. 



Bisectors of angles bet^veeii straight lines. 

'jf the bisectors of the angles 



84. To find the equations 
hetween the straight lines 

a,,x + h,y 



■ (1), 

.(2). 




I^t the two straight lines be AL^ and AL^, and let the 
bisectors o£ the angles between them be AMj_ and AM^. 

Let P be any point on either of these bisectors and 
draw PN-i and PJ^^perpendicular to the given lines. 

The triangles PANi and PAN^^ are equal in aU respects, 
BO that the perpendiculars PN^ and PN^ are equal in 
magnitude. 

Let the equations to the straight lines be written 
so that Ci and c^ are l)oth negative, and to the quantities 
Ja,i + h^ and Ja^ + b^ let the positive sign be prefixed. 
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EQUATIONS TO BISECTORS OF ANGLES, 59 

If P be the point (Ji, k), tlie iiumerioal values of MTj 
and PN^ are (by Art 75) 

ajh + bjk + Ci aji + bjc + Cj 

"T^T+P" ^" 'J'^tt^' ^ '■ 

If P lie on AMj, i.e. on the bisector of the angle 
between the two straight lines in which the origin lies, the 
point P and the origin lie on the same side of each of the 
two lines. Hence (by Art. 73, Cor.) the two quantities (1) 
have the same sign as c, and Cj respectively. 

In this case, since c, and o^ have the same sign, the 
quantities (1) have the same sign, and hence 
a^h + bjc + c, _ aji + 63^ + 03 
Ja^ + Si' >Ja^ + b^ 

But this is the condition that the point {!t, !c) may lie on 
the straight line 

a^ic + biy + Ci _ a^x + b^y + c^ 
Jai' + 6,^ •Ja^ + h^ 

which is therefore the equation to AMy 

If, however, F lie on the other bisector AM^, the two 
quantities (1) will have opposite signs, so tha,t the equation 
to AM,^ will be 

(tiic + Jjy + Ci _ a^ + h^ 4- Ca 

The equations to the original lines being therefore 
arranged so that the constant terms are both positive (or 
both negative) the equation to the bisectors is 
a^x +l)ir + Ci _ ^ agX + bgy + Cg 
V^TbP" - W + bjS ' 
the upper sign giving the bisector of the angle in which 
the origin lies. 

85. Ex. Find the equations to the hieecloi-a of the angles 
between the straight Hues 

Ss>-bj + 7=0 and 12ai-^-8 = 0, 
Writing the equations bo that their constant teems are buth 
positive they are 

!ix-,iy + 7-0 and -12a: + 5i/ + 8==0. 
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tte bisector of the angle in whicli the ori^ 



33, -41/ + 7 ^ -12^+6y + 8 

i.e. lS{3x-4:y + 7)^5{-12x + ^-i-S), 

l.e. 993^-779 + 51 = 0. 

Thx e<iiiation to the other bisector is 

3^j-4^+7_ _ -12j; + % + 8 

i.s, 13{Sic-4i/ + 7) + 5(-13ai + Sj/ + 8) = 0, 

i.e. 2lB+27!/-131 = 0. 

86. It will be found useful in a later chapter to have 
the equation to a straight line, which passes through a 
given point and makes a giveno angle 6 with a, given line, in 
a form different from that of Art. 62. 

Iiet A be the given point {h, k) and L' AL a straight 
line through it inclined at an 
angle tf to the axis of x. 

Take any point P, whose 
coordinates are {a;, y), lying on 
this line, and let the distance 
AP be r. 

Draw PM perpendicular 
to the axis of x and AN perpendicular to PM. 

Then x-h = AN'=AP cos ^ = t- cos 6, 

and y-k = I<fP=APsine = r sin 6. 




Hence 



cosp sind 

This being the relation holding between the 
of any point P on the line is the equation required. 
Cor. From (1) we have 



The coordinates of any point < 
/i + J- COS 6 and k + r 



L the ! 



87. To find the Irnigth of the straight line dratim 
tiwough a given point in a given dvrection to meet a given 
sVra/ight line. 
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EXAMPLES. til. 

Let the given straight line be 

Ax+By + C = (1), 

Let the given point A be (A, i) and the given direction 
one making an angle with the axis oi a!. 

Let the line drawn through A meet the straight line 
(1) in P and let AP be r. 

By the corollary to the last article the coordinates 
of i' are 

h + roosd and k + rsinO. 
Since these coordinates satisfy (I) we have 
A{h + rcoiie)-iB{k + rsin6) + C = 0, 
- Ah + Bk+C 

■•'■'■ ^eos(3 + fisinfl ^ '' 

giving the length AP which is required. 

Cor. From the preceding may be deduced the lengtli 
of the perpendicular drawn from (K, k) upon (1). 

For the "m," of the straight line drawn tlirough A ia 
tan S and the "m" of (1) is — ^. 

This straight line is perpendicular to (1) if 
t.,^, (__) = _!, 



SO that 
and hence 


A 


B J-FHl-' 


Aa 


■}fie-^Bs\ 





Substituting this value in (2) we have the magnitude 
of the required perpendicular. 

EXAMPLES. Vin. 

Find tha ooordinates of the jiointa of interaeotion of tlia straight 
linea whose equations are 

1. 2B-3y + g = and Ix + iy^'i. 
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4. xcos<Pi + ysmi>, = a and xeosip^+ysmip^^a. 

5. Two atraight lines cat the asis of x at distancea a and - a and 
the axis of y at distaneea 6 and 6' rpspoetively ■ fiiirl tiie coordinates 
of tiieir point of intersection 

6. Find the distaBOe f the i at of inte sect n f ti two 
straight lines 

3.T-3!; + 6 and 3 +iy 
from the straight line 

5j- "j 

7. Shew that the pe pend ula f om h c u n the 
atraight line joining the pom s 

(«eoaa,oaii a) an! ( osp ^an^) 
bieeots the distance between tl en 

8. Find the equations ot the ho st a i; t 1 n d aw thiough 
the point (0. a) on ■which 11 e perpend o la let tall f o he point 
(2a, 2a) ara each of length 

Prove also that the eqaat on of th b a ght ne ]o n^ the feet 
of these perpBcdiowlars is y 2 So 

9. Find the point of tersect oa and t e no ua f e two 

Ax + By^A+h and t{T: y +B i ) '>B 

10. Find the coordinates of the point in whiuh the line 

2y-3j + 7 = 
meets the line joining the two points (6, - 2) and ( - 8, 7). Find also 
the angle between them, 

11. Find the coordinatee of the feet of the perpendiculars let fall 
from the point (5, 0) upon the aides of the triangle formed hy joining 
the three points (i. 3). {-4, 3), and (0; -S); prove also that the 
points so determined lie on a straight line. 

12. Find the coordinates of the point of inlerseotioa of the 
straight lines 

2x-Sy — l and Sy-x = S, 
and determine also the angle at wMoh they out one another. 
13 F nd tl an 1 h tw n the tw 1 n 

3 +j + li and ^j 1=0. 
F n 1 al th d nat f th ir point of intersection and the 

q t 3 f 1 n d awn p p nd culor i them from the point 
(3 2) 



yGoosle 



EXAMPLES. 



Prove that the following sets o£ three lines meet in b. point. 

15. 2x-3y^7,Sx-iy = 13, s.ix6.Bx-lly = i3. 

16. 3a + % + 6 = 0, 61 + 5^ + 9 = 0, and 8i + % + 6 = 0. 

17_ - + | = 1, | + ?i^l, and j/ = 3!. 

18. Prove that the three straight lines whose equntions are 
15a;-l^_/ + l = 0, 19E+iO?/-3 = 0, and 63: + 66y~Il=0 
all meet in b. point. 

Shew also that the third line bisects the angle between, the other 

18, Pind the conditions that the straight lines 

y = iniX+a-„ y—m^+a^, and y^iit^ + a^ 
may meet in a point. 

Find the ooordiQates of the otthooentre of the trianglea whose 
aagulaf points ace 

20. (0. 0), (2, - 1), and {- 1, 3). 

21. (1,0), (2, -4), and (-5,-2). 

22. In sny triangle ABG, prove that 

(1) the biseotoca of the angles A, B, and C meet in a pomt, 

(2) the medians, i.e. the lines joining each vertex to the middlo 

point of the opposite side, meet in a point, 
and (3) the straight lines through the middlo points of the sides 
perpendicular to the sides meet in a point 
Find the equation to the straight line passing through 

23. ■tlie point (3, 2) and the point of intersection of the hnta 

2x + Sy = l and Sx-4y = S. 

24. the point (2, - 0) and the interseotion of the lines 

2x + S!/-e = and S.-e-iy = S5. 

25. the origia and the point of intersection of 

x-y~i = li and 73^ + J/ + 20 = 0, 
proving that it bisects the angle between them. 

26. the origin and the point of interseBtion of the lines 

- + ^ = 1 and ^ + ^ = 1. 

27. l^e point (a, b) and the intersection of the same two lines. 

28. the interaecliion of the lines 

E-2jf-a=0 and x + 3y-2a = 
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64 COORDINATE GEOMETRY. [Ezs. 

and parallel to the etraight line 

29. the mteraeetion of the lines 

ic + 2y + S = Q and Sx + 4y + 7=0 
aad perpendicular to the straight line 

30. the inlerBeotion of the lines 

3a:-4i/ + l = and 5x + y-l=^0 
and cutting off equal intereeptB from the axes. 

31. the inteisection of the lines 

33T-3j/ = 10 and x + 2y = & 
and the intersection of the linos 

16i-% = 33 and 121 + 141/ + 29 = 0. 

32. If through the ar^ular points of a triangle straight lines be 
drawn parallel to the aides, and if the intersections of these lines be 
joined to the opposite angular points of the triangle, ahew that the 
joining lines so obtained will meet in a point. 

33. Find the equations to the straight lines passing through the 
point of interseotion of the straight lines 

Aa! + By + C-0 and A'x + B'y -i- C ^0 and 

(1) passing throagh the origin, 

(2) parallel to the asis of y, 

(3) cutting oft a given distance a from the axis of y, 
and (4) passing through a given point (a;', y'). 

34. Prove that the diagonals of the parallelogram fonned by the 
four straight lines 

.y3a!+j(=0, ^Sy+:s = 0, JSa: + y^l, and ^Sy + x-1 
axe at right angles to one another. 

35. Prove the same property for the parallelogram whose sides 

"" !+!='■ !+'-'■ i+l""' "■^5+i-'- 

36. One aide of a sq^uare ia 
and one of its extremities is a 
to its diagonals are 

and y (sin a + cos n) + a (cos a - sin a) = o. 

Find the equations to the straight lines bisecting the angles 
between the following pairs of straight lines, placing first the biaeotor 
of the angle in which the origin lies. 

37. a: + 1/^/3 = e + 9^3 and ai-yVa^S-SVa- 
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38. lajT + 5y-4 = and Sx + 4:y + 7-0. 

39. 4ai+3!/-7=0 and 24:^ + 7;;- 31 = 0. 

40. 3e+s=4 and y + S3: = 5. 

II . 2m , , , , 2m' , , 

41. y-b=^—^^(x-a) a,ad y~b = ^—;^{x-a]. 

rind tlie eciuations to tlia biBeotors of the inteiaal in'les rf the 
triacglea the equations of whose aides are lespectnelj 

42. S-e + iy-e, 12j: 011=3 and 4c 3(/ + 12-0 

43. St + 5y-lo, s + y = i ancl 9 +(^ = 6 

44. Find the equations to the itiaighc Ime^ iia&iino {hi3iij,li the 
foot of the perpendioulav from the point (ft, k) upon the straight hne 
Ax+By + C=6 and bifleoting the angles between the perpendiealac 
and the given straight Una. 

45. Find the direction in which a atrsight line must be drawn 
through the point (1, 2), so that its point of intersection with the line 
a + !/ = 4 may bs at a diBtanee \^6 from this point. 
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CHAPTEK V. 



THE STRAIGHT LINE 
POLAR EQUATIONS. OBLIQUE COORDINATES. 
MISCELLANEOUS PROBLEMS. LOCI. 

88. To find the general equation to a siraigkt line, in 
•polmr coordinates. 

Let p be the length of the perpendicular Y from the 
origin upon the straight line, and 
let this perpendicular make an 
angle a. with the initial ]ine. 

Let F be any point on the 
line and let its coordinates be r 

The equation required will 
then be the relation between r, 0, p, and a. 
Prom the triangle YP we have 

The required equation ia therefore 




89. To find the polar equation of the straight line 
^ovnvng ike points whose coordinates are \i\, 6^ a/iid {r^, 6^. 
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THE STRAIGHT MNE, OBLIQUE COORDINATES. 67 



Let A and B be the two given points and F any point 
I the line joining them 



Tlien, since 
i\AOB-^t.AOP^t.J'OB, 

\r^e.,&\n.AOB^\r^r 
U. nr,sin(^,-6,) = 




90 



BLIQUE COORriNAlES 
I tl 6 previous ohapte we t ok t! 



a\ei t I c 
majoiity of cases rect'in lai 
1 e c<». es 1 hque axes n iy Ije 



rectangulai In the ^ 
axes are employe i i ut ii 
used with ad int^^e 

In the folio vmg arfcicka we si all coi side tl e piopos 
tions m which the retulte for obhque axes aie difFeienfe 
from tho!>e for reebangt lai ^s.es The propositions of Aits 
50 and 62 are tiue foi oblijue as ell m rectangulai 
coordinates 



91 



t to 



b( ai ht h u 



Ui 



Let LPL be a stiaight line t 
a d sta ice from tl e oii_,in and 
II elined at in an^le & to the 
of a: 

Let P be any point on the 
stiii gl t line DiawP V Vp-wallel 
to the axii of y to meet OX m J/, 
and let it meet the straight line 
through (7 parallel to the axis of x 
in the point JV. 

Let i* be the point (a;, y), so that 

CH^OM^x, and NP = MP-00=y- 
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COORDINATE GEOMETRY. 



Since z CPN^^ iPNN'-iPCN'^u>^&, we have 
y-~c FP_ miirC P_ sine 
x "ON' sin GJ'J/'^ sin {«>-$)' 

^^"^^ y^^i^e)^" <"^>' 

This equation is of the form 

y = mx + c. 



and therefore tan 6 - j— ; . 

Ill obliquo coordinates tho equation 



therefore repj-esents a straight line w 
angle 

- m sin a 



1 +jncosoi 

to the ajds of cc 

Cor. Prom (I), by putting in succession $ equal to 90° 
and 90° + 01, we see that the equations to the straight lines, 
passing through the origin and perpendicular to the axes of 

iK and y, are respectively y~ — - — - and i/ = — le cos (o. 

92. The axes being oblique, to Jtnd the equation to the 
straight line, smcA iliat the per^endieular on it from, the origin 
is of length p and makes angles a and y3 mth the aoses of a: 
and y. 

Let ZM be the given straight lin 
dicular on it from the origin. 

Let P be any point on the 
straight Une ; draw the ordinate 
PJ^ and draw JV^Ji perpendicular 
to OK and PS perpendicular to 

Let P be the point (x, y), so [ 
that 02f =xan.A NP^y. 



md OK the perpen- 



L?^ 
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TirS STRAIGHT LINE. OBLIQUE COORDINATES. G9 

The lines JfF and Y are parallel. 

Also OK and SF are parallel, eacli being perpendicular 

Ttus LSPIf^i-KOM^p. 

We therefore have 
^ = 0^-Oie + ^7'=OiV^cosa + i\^i'oos/3 = ^tosti + ^coa/3. 

Hence ^icpsa + y cos ;8 ~y =.0, 

being the relation which holds between the cooi^linatea of 
any point on the straight line, is the required equation. 

93. To find fite angle between the straight lines 
y — mx + c and y = jji'a: + c', 
(/ie axes heing oblique. 

If these straight lines be respectively inclined at angles 
and 6' to the axis of x, we have, by the last article, 





tan6=pp^j^ 


— and tan 6' 


■iT;;.';s^ 


The 


1 angle required 

,v tan (0 - 


■"O^I 


tan^- 


tan e' 
.tane' 




1 + m' 


COS.U 








« 1" + ^ 


JH"^;, 






'■ ' 1+m.cos. 






Msinu)(l+m 


I'COSO)) 


-m'sii 


'"(l+'»«»" 




(l+mcoso>)(I+i 


m'coso) 


) + W.ta'. 




(m-m') 


sinu) 








l+(v. + ^> 


08 0l + « 


WJ'' 




Tht 


i required angle 


is therefore 






-1 


{■»- 


-)™ 


w 



Cor, 1, The two given lines are parallel if m = m'. 

Cor. 2. The two given lines are perpendicular if 

1 + (m + m') cos w + mm' = 0. 
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To COORDINATE GEOMETEY. 

94. If the straight lines have their equations in tlie 
form 

Ja:4-% + (7 = and A'x -\- B'y + C" = 0, 

tlion ia = ~-^ and in' = - -^i - 

Substituting these values in the result of the last article 
the angle between the two lines is easily found to be 

A A' + £JS' -{A£' + A' B) COS ,d'^""^' 
The given lines are tlierefore paraDel if 

A'S-Air = 0. 
They are perpeni^icular if 

AA' + £B' ^{AB' + A'B) cos <... 

06. B«. Tlie axes being inclined at an angle of 30°, obtain the 
eqwitioni to the stTaight lines which pass throagk the origin and are 
jnclined at iS" to the straight line x + i/=l. 

Let either of the requited Btraigtt lines he y =tikis. 

The given straight line isy= -x + 1, so that m' = - 1. 

We therefore have 

l + {m+m')coE~ii 
where m'= - 1 and 10=30°, 

Tailing the upper sign we obtain jra ^~—.^. 
Taking the lower sign we have i!i= -^3. 
The required equations are therefore 

y=-^Sx and ;,= --^.r, 
U. y + ^s.r = and JSy + a^=0. 

96< To Jmd the length of the perpendiouleer from the 
point (a/, y') upon the strmght tine Ax + By + C = 0, the axes 
being vnclvned at an angle u, mid the equation being ivritten 
so that C is a negative quamdty. 



,n(±45°), 
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THE STJIAIGHT LINE. OBLIQUE COOKDINATES. 71 

Let tlie given straight line meet the axes in L and M, 

=Othat Oi = -^and 0J/=-^. 

Let P be the given point (a/, y'). 
Draw the perpendiculars FQ, PR, 
md PS on the given line and the / ^ 

Taking and P on opposite sides o 
of the given line, we then have 

A LPM + A MOL = A OLP + A OFM, 

i.e. PQ.LM+OL.OMsmo,= OL.PR + OM. PS. ..{!). 

Draw PU and PV parallel to the axes of y and x, si 
that P(7=2/ and TT-^'. 

Hence PR = PUsin PUB = /sin to, 

and PS=PVs.mPVS = x-&m<^. 




-^/a'^B" "AB""^"^ W A' If ' AE 



nee C is a negative quantity. 
On substituting these values in (I), 



so that I'Q = , ,. . sin cu. 

VAS + B3 - 2 AB cos w 

Cor. If u^90°, ie. if the axes be rectangular, 
have the result of Art. 75. 
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EXAMPLES. IX. 

1, The axes being inolifled at an angle of 60°, find the iuuiination 
to the axis of x of the straight lines whose equations are 

(1) y=2x + 5, 
and (3) 21/^(^3-1)1 + 7. 

2, The ases being inclined at an angle of 130", find the f angeot 
of the angle between the two straight lines 

8x + 7y = l and 38.1:- 73i/ = 101. 

3, With oblique eoordinatea find the tangent of the angle 
between the straight lines 

y = mx + c and my + 3: = d, 

4, liy~x tan — - and y — xten -j|— represent two straight lines 
at right angles, prove that the angle between the axes is j . 



8. Prom eaoli comer of a parallelogram a perpendicular is drawn 
■apon the diagonal which does not pass through that comer and these 
are piodnced to form another paraJlelograni ; shew that its diagonals 
are perpendienlat to the sid^ of the first parallelogram and that they 
both have the same centre. 

9. If tiie straMht lines y=rai3; + 
angles with the axis of x and be not 
that iJij + JHj + 2)iij)iij cos (ii=0. 

10. The axes being inclined at an angle of 30°, find the ejiuation 
to the straight line which passes through the point (-S, 3) and is 
perpendicular to the straight line y + 3a: = 6. 

11. Find the length of the perpendicular drawn from the point 
(4, -3) upon the straight line 63: + 3(/-10 = O, the angle between the 
axes being 60°. 

12. Fiad the equatiou to, and the length of, the perpendicular 
drawn from the point (1, 1) upon the straight line 3iC+4jf + 6=0, the 
angle between the ases being 120". 
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[EXS. IX.] THii STRAIGHT LINE. PROBLEMS. 73 

13. The coordinates of a, point P referred to axes meeting at an 
angle bj aro (ft, Ic) ; prove that the length of the straight line joinicg 
the feet of the perpendiculars from P upon the axes is 

14. From a given point {It, S) perpendiculars are drawn to the 
axes, whose inolication is tu, and their feet are joined. Prove that 
the length of the perpendicular drawtt from (h, h) upon this line is 

_ ftftsin ^u 
"Vft^ + r + 2ftfceosw' 
and that ita ey nation is kx- ky = h'-k^. 

Straight lines passing through fixed points. 

97. If ike eqiMJiiioih to a straight line he of the form 

OI+6J + = + ».(.-»!+ S's4..') = (1), 

where \ is any arhibrcery constant, it alwaj/s passes thro'ugh 
one fixed poiiU whatever be the value ofk. 

For the equation (1) is satisfied by the coordinates of 
the point which satisfies both of the equations 



aiKl 




ax 


+ 6V + c- = 0. 


Thi: 


5 point i\ 


,, by Art 


.77, 

h'e ca' - e'a\ 
■ a'b' ah'^abj' 


and these cooi-dinates an 


s independent of A, 



Bx. Givsa the verticid angle <tf a Mangle in magnitude and 
position, and also the sum of the reciprocals of the Hden which contain 
it; shea that the base always passes through ajixedpoint. 

Take the fised angular point as origin and the directiocB of the 
sides containing it as asea ; let the lengths of these aides in any such 
triangle be a and h, ■which are not thei'efore given. 

We have - -1- t = const. = - (saj) (1). 



^(:.-!/)-^^-1^0. 
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i.f. through thejixed point (*, k), 

98. Prove that flie coordinates of the centre of the 
circle inscribed i/n tlie iricmgle, tvfwse vertices a/i-e the points 
(ah) Vi), ('^a, ya), ar>d (ie^, y^, are 



where a, h, and c 



5 wnd - 



tngihs of the sides of the triangle. 

Find also the coordinates of the centres of ike esa-ibed 
circles. 

Let ABC be tlio triangle and let AD and CE be the 
bisectors of the angles A and C 
and let them meet in 0'. 

Then 0' is the required point. 

Since AD bisects the angle 
BAG we have, by Euc. VI. 3, 
BD DC BD + DG a ^ //^ '^'"'''^' 



BA AG BA + AC b+~a 



e CO' bitieets the angk 
A&_AC_ h 
0'D~ CD~~n'~ 



The point D therefore divides BG in the ratio 
BA : AC, i.e. o : h. 
Also 0' divides AD in the ratio b + c : a. 
Hence, hy Art, 32, the coordinates of D are 
cxg + bXi cys+bi/:^ 

+ 6 ^ c + b ' 
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THE STRAIGHT LINE, PROBLEMS. 75 

Also, by the same article, the coordinates o£ 0' are 

— WTTTT. — "■• — w^Tpr. — ■ 

ax^ + 6a^ + ex, , aJ/i + hy^ + cy^ 

Again, if Oj be tlie centre of the escribed circle opposite 
to the angle A, the line CO-^ bisects the exterior angle of 
AGB. 

Hence (Euc. VI. A) we have 

AO,_AC__ S+_c 
0,i> ~ CD" a ' 
Therefore Oi is the point ■which divides AD externally in 
the ratio b + c : a. 

s (Art. 22) a 




Similarly, it may be shewn that the coordinates of the 
mtres of the escribed circles opposite to .5 and G are 

y 



/BiC, + hx 



'ii/,±h^--m\ 



99. As a, numerical example consider the case of tlie 
triangle formed by the straight lines 
Sx + iy~7^0, 12a! + 5y-ir=0 and 5^+12y-3i = 0. 

These three straight Hues being £C, CA, and A£ 
respectively we easily obtain, by solving, that the points 
A, B, and C are 

/2 19\ /-53 67\ , ,, ,, 
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■'" V VI * k) *\1 16/1 " V 112' 



_85 2^170 _85 19_m5 

^^'"16'' 7~ 113' *^'"1G ^ 7 ■ 112' 

_13 -52 _676 _I3 67 871 

429 , 429 

Tlie coordinates of the centre of the incirelo aro therefore 

170 _ 676 429 1615 871 439 

112 112 "^112 llii "^ 112"*" 112 

^ 1i 429' ^^ 85 13 429 ' 
16"^ 7 "^112 16"^ 7 "^ 112 

-1 , 2G.T 
T6 ""'' 1T2- 
The length of the radius of tlie incircle is the perpen- 
cular from (— I'^i y-io) ^V""^ ^"^^ straight line 
■Ax + 4;/ - 7 - 0, 
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-21 + 106Q- 784 255 _ 51 
5x112 "" "5x112" 112" 
The coordinates of the centre ot the escribed 
which touches the side BC externally are 

'" 112 ~ 112 "^ IB " TlT "'" ll2 "^ 112 

85 13 429 85 13 429 ' 



100. Ex. Find tfte radius, asA the eoiM'diwttes o/ (7te ceaWe, of 
the circle circuirtecnbing the triangle formed by the poind- 

(0, 1), (2, 3), and (3, E). 
Let (iiij , J)]) he the requireiJ aentre and R the radius. 
Siaoe the diatanea of the eantro from eaeh of the t]irea points is the 

W+{i/i-i)'=h-!')'+(!/,-«)"-(«,-»l"+b,-i!f-Ji"-.(i)- 

From the firet two vfe have, on reduction, 

From the first and third equationB we obtain 

63Ti + 8!/i=33, 
Solving, wo have Xj= - f and yi=^. 
Substituting theaa values in (1) we get 

101. Tsx. Prove that the middle points of the diagonals of a com- 
plete qiiadrilateral lie oa the same straight line, 

[Complete quadrilateral. Sef. Let OACB be acy quadrilateral. 
Let AG and OB he produced to meet in E, and BC and OA to meet in 
F. Join AB, OC, and EF. The raanlting figure is called a complete 
quadrilateral ; the lines AB, OC, and EF are called its diagomtla, and 
the points E, F, and D (the intersection of AB and OC) are called its 
vertices.] 
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78 COORDINATE GEOMETRY. 

Take the lines OAF and OIIF. an tho a: 




F X 



Let 0A = 2a and Oi? = 26, 90 that A is the point (2a, 0) and B is 
the point (0, 36] ; also let C be the point (2ft, 2ft). 

Than X, the middle point of 0(7, ia the point (ft, ft), and M, the 
middle point of AB, is (o, 6). 

The equation to LM Ik therefore 

i.e. {k-tt)y-{li^l,)x = bh^ak (1). 

Again, the equation to BG is )/ - 26 = ■■ .— e. 

Putting ); = 0, wa have x = -r — t , so that ii'is the point 

Similarly, E ia the point [0. - j-^j ■ 

Hence N, the middle point of EF, is [^^ , -^] . 

itisfy (1), i.e. N lies on tho straight 



EXAMPLES. X. 

1. A straight line ia such that the algebrwo sum. of tlia pecpan- 
dioulara let fall npon it from any namher of fixed points is zero; 
shew that it alirays passes ihrongb a Hxed point. 

2, Two fixed straight lines OX and 07 are cut by a variable line 
in the points A and B respeotively and P and Q are the feet of tha 
perpendioulara drawn from A and B npon the lines OBY and OAX. 
Shew that, if .1 B pass through a flsed point, then PQ will also paaa 
through a lixed point. 
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[EXS. X.] Q'HE STRAIGHT LIN]<;. PHOBljEMS. 79 

3. If tlia equal sides AB ani AC of an isoscelea triangle be pro- 
duced to K ana F so that BE . CF ~ AB\ shew that the line EF ^vill 
alwa.ys pas9 through a fsed point. 

4. If a straight line move bo that the aum of the perpendiculars 
let fall on it from the two fised points (3, 4) and (7, 2) is equal to 
three timea the perpendicular on it from a third fixed point (1, 3), 
prove that there is another fixed point through which this line always 
passes and find its eoordinates. 

Pied the centre and radius of the circle whioh is inscrihed in the 
triangle formed by the straight lines whose equations are 

5. 33T+4?( + 2 = 0, 33!-i]f + 12~0, and 42-3t/ = 0. 

6. ix + iy + S^O, 43 + 3y + 3 = 0, and 3; + 1 = 0. 

7. y = 0,12!>:-5y^0, anA Sx + iy-T-O. 

8. Prove that the coordinates of the centre of the circle inscribed 
in the triangle whose angular points are (1, 3], {3, 3], aad (3, 1) are 

Find also the coordinates of the centres of the escribed circles. 

9. !Find the coordinates of the centres, and the radii, of the four 
circles whioh touch the sides of the triangle the coordinates of whose 
angular points are the points (S, 0), (0, 6), and (7, 7). 

10 I'ind the position of the centre of the oirole circumaoribing 
the triangle whose vertices are the points (3, 3), (3, 4), and (6, 8). 

Find the area of the triangle formed by the straight lines whose 
equations are 

11, y — ^j y=^, and y = Sx-i-i. 

12, y + x=0, y = x-i-%, and y — 7x + 3. 

13, 2y + a:-5 = 0, y + 2x-'?=0, and x-y + 1^0. 

14, 3x-iy + ia=0, 23; - 3^ + 4a = 0, and 5a;-i; + (1=0, proving also 
that the feet of the perpendiculars from the origin upon them are 
coUinear. 

15, y — ax — bc, f/^bfB^ca, and y^cx-ab. 

16, V=nH3! + — . !/=ms^+^i an'f !/='n3^ + — ■ 

17, j/=iu,3; + c,, y=Ta^x + c^, and the axis of j. 

18, y—mjse + c-,, y^m^ + c^, and y — m^x + c^, 

19, Prove that the area of the triai^le formed hy the three straight 
lines ajij; + 6ji/ + Ci=0, a^ + b2y + Ci=0, and a^ + bgy + ci = is 
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20, Prove that the area of tlie triangle formed by the three straight 

and xcoBy+ynin.y-p^=^ 0, 

21, Prove that the area of the parallelogram contained by the 

4:y-Sx-a=0, S-ij--ix + a = 0, iy-Sx-3a = 0, 
and Sij-ix-i-2a=0 is fa'. 

22, Prove that the area of the parallelogram whose aides are the 
straight lines 

ajU + b^y-^-Ci-O, a^x + h^ + dj-d, a^ + b^y + c^^Q, 
and a^x + b0 + d^=(i 

23, The verlioBS of a quadrilateral, talien in order, are the points 
(0, 0), (4, 0|, (6, 7), and (0, S) ; find the coordinates of the point of 
intecaection of the two lines joining the middle points of opposite 

24, The lines a: + !/ + 1 = 0, k-j + B^O, 43: + 2y + 3 = 0, and 

x + 2y-i=CI 
are the equations to ths si^ea of a quadrilateral taken in order ; find 
the eqaations to ita three diagonals and the equation to the line on 
which their middle points lie. 



y=!n,x4 — , ii^iiinX-^ , and y—nhx + — 

is the point 

23, A and B are two fitted paints whose ooor^nates are (ii, S) and 
(5, 1) respectively ; ABP is an equilateral triangle on the aide of AB 
remote from the origin, Find the coordinates of P and the ortho- 
centre of the triangle ABP. 

102. Ex. The base of a tnangle is fixed ; fimd the 
locus of tlie vertex when one base aingle is double of tite 
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81 



Let AB be the fixed base of the triangle ; take its 
middle point as origin, the direc- 
tion of OB as the axis of x and a 
perpendicular line as the axis of y. 

Let AO^OB^a. 

If F be one position of the 
vertex, the condition of the problem then gives 
^PMA = 2^FAB, 

i.e. — tan ^ = tan 20 (1). 

Let I' be the point (A, &). "We then have 



Substituting these values in (1), we have 

VhVa) 
i.e. -{h + ay + /i?^2{¥-a?), 

i.e. k^-3h''-2ah + a^ = 0. 

But t}iis ifi the condition that the point {h, k) should lie 
on the curve 

This is therefore the equation to the required locus. 

103. Ex. From a pomt F perpendiculars FM mtd 
FN are drc^wn upon Uoojk^d lines wkidt are inclined at an 
angle <i> and meet in a Jixed point ; if P move on a fixed 
straight lim,e,Jmd tlie looue ofUte middle point of MH". 

Let the two fixed lines be taken as the axes. Let the 
coordinates of P, any position of tJie 
moving point, be (A, i). 

Let the equation of the straight 
line on which P lies be 

Ax + By + € = (}, /, f^A/ . 

so that wo have 

Ah+Bh + C = (1). 
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Draw PL anrl PL' parallel to the axes. 

"We then have 

OJf = 0£ + iif - 0£ + i/* cos <o = A + ^ COS «>, 
and 0N= OL' + L'N--^LP + L'P cos w - A + A cos <o. 
M is therefore the point {A + A cos <o, 0) and iV is the point 
{0, ;£ + 7tc(B0)). 

Hence, if (a^, y'') be the coordinates of the middle point 
of MIH, -we hfbve 

2a/-A + /coos(o (2), 

and 3j/=;fc + Acoa«) (3). 



Also li and h are the quantities which by their variation 
cause Q to take up different positions. If therefore between 
(1), (2), and (3) we eliminate h and h we shall obtain a 
relation, between le' and y' which is true for t^l values of /* 
and h, i. e. a relation, which is true whatever be the position 
that P takes on the ^ven straight line. 

From (2) and (3), by solving, we have 

Substituting these values in (1), we obtain 

2A (a/ - y' cos «) + 2J5 ()/ - x' cos «,) + (7 dn= <u = 0. 
But this is the condition that the point {x', y') shall 
always lie on the straight line 

M{x-y cos a.) + 25 ()/ - a; cog <o) + C sin= «> = 0, 
L e. on the straight line 

a!(^-.Scos«)) + 3/(5-^ cos o.)+^Csin^o) = 0, 
which is therefore the equation to the locus of Q. 

104. Bx. A straight Ime is dravm pa/raUd lo the 
base of a given tria/ngle and its extremities are joined trans- 
versely to those of the base ; Jmd tlie locus of the point 
of irdersention of flie joining lines. 
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THE STRAIGHT LINE. I'RO 

Let the triangle be OAB and take 
the directions of OA and OB 
as the axes of x and y. 

Let OA^a and OB=b, 
so that a and 6 are given 
qnantitiea 

Let A'B' be the straight 
line which is parallel to the 
base AB, so that 

OA' OB' . , , 

and hence OA' — ka and OB' — XB. 

For different values of X we therefore h; 
positions of A'B'. 

The equation to AB' is 




and that to A'B i 



'X6 



-1,. 



..(1), 



^ + |-I.. 



;2)- 



Since P is the intersection of AB' and A'B its coordi- 
nates satisfy both (1) and (2). Whatever equation we 
derive from them must therefore denote a locus going 
through P. Also if we derive from (1) and (2) an equation 
which does not contain A, it must represent a locus which 
passes through P whatever be the value of A.; in other 
words it must go through all the different positions of tlie 
point P. 

Subtracting (2) from (1), we have 



lO-MS 



■1 .». 



This then is the equation to the locus of P. Hence P 
always lies on the straight line 
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84 COOEDIKATE GEOMETRY. 

which is the straight line OQ where OAQB is a parallelo- 

Aliter. By solving tlie equations (1) and (2) we 
easily see that tbey meet at the point 



(-- 

U+I 



x + 17" 

Hence, if P be the point (A, h), we have 

Hence for all values of X, i.e. for all positions of the 
straight line A'B', we have 

h_k 
«." V 
But this is the condition tliat the point (/*, k\ i.e. P, 
should lie on the straight line 



The stra,ight line is therefore the required locus. 

105. Ex. A variable straight line is dra-um. through 
a ffiven point to cut two fixed straight lines in B and S ; 
on it is taken a point P suoh that 

_2__ l_ \_ 
OP'OS'^ OS' 
shew tlhat tlie loaus of P is a third fixed straight line. 

Take any two fixed straight lines, at right angles and 
passing through 0, as the axes and let the equation to the 
two given fixed straiglit lines be 

A<e + By + C = 0, 
and A'x + B'y + 0' = 0. 

Tpansforming to polar coordinates these equations are 
1 ^co8^ + .B8in^ ,1 ^' cos + fi' siii fl 
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If the s.. 


igle XOS be e 


the 


values of -y^ 


therefore 












A c( 


^sS + Ji: 


iinO 


lid - 


A'<:< 


Ds6 + J5's: 




C 






c 


We therefore have 








2 


Aco: 


iff + £ 


sine 


A' 


COS fl + if ' 


OP 




C 




C" 




-(^ 


-i'\ 

c>^ 


sS- 




i:)... 



The equation to the locus of P is therefore, on again 
transforming to Cartesian coordinates, 

/A A\ /B B'\ 

and this is a fixed straight line. 

EXAMPLES. XI. 

The base BC (=2a) of a triangle ABC is flxea; the axes being 
BG and a perpendicular to it through its middle point, find the locua 
oi the verteK A, when 

1, the difference of the base angles is given ( = b.). 

2, the product of the tangents of tliebase angles is given (=X). 

3, the tangent of one base angle is m times the tangent of the 
other. 

i, ni times the sq^uare of one side added to n times the square of 
the other side is eijual to a constant guiintity r^. 

From a point P perpendiculars PM and PN are drawn upon two 
fised lines which are inclined at an cngle iii, and which are taken as 
the ases of coordinates and meet in ; find the loeaa of P 

5. if 0M+ ON ba equal to 2o. 6. if OM- ON be equal to fti. 

7. ifPJU + PWbeeqnalto 2c. 8. if PM-PiV be equal to 20. 

9. !f MN be equal to 2c. 

10, if MN pass through ths fixed point (a, i) . 

11. if UN be parallel to the given line i/ = i!n. 
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86 COOKDINATE GEOMETRY. [Exa. 

12. Two fixed pointB A and B ace takea tm the ases sueh that 
OA = a and OB — b; two variahle points ^' and B' are taken on the 
same ases; find the locus of the intaraeotjon of AB' and A'B 
(1) when 0A' + 0B' = OA + OB, 



and (3) when 



"Off OA OB' 



13. Through a fixed point P are &awn any hvo straight hnea to 
out one fixed straight Une OX in A and B and another fised straight 
Una or in C and I) ; prove that the loena of the intecaetttion of the 
straight lines ^C and £D is a straight line passing throagh 0. 

14. OX and OY are two straight lines at right anj^les to one 
another; on OY is taken a fixed point A and on OX any point B; 
on AB an equilateral triangle is described, its vertex C being on the 
side of AB away from 0. Shaw that the loous of C is a straight 

15. If a straight line pass through a fixed point, find the loous of 
the middle point of the portion of it which is intercepted between tsvo 
given straight lines. 



16. A and B are two fixed points; if PA and PB ii 
constant distance 2c from a given straight line, find the locus of P. 

17, Through a fixed point are drawn two straight lines at right 
angles to meet two fixed straight lines, which are also at right angles, 
in the points P and Q. Shew that the loous of the foot of the 
perpendicular from on FQ is a straight line. 



19. Find ilia loons of a point which moves so that the difference 
of its distances from two fixed straight lines at right angles is equal 
to its distance from a fixed etraight line. 

20, A straight Kne AB, whose length is c, slides between two 
given obliiiue axes which meet at 0; find the locus of the orthocentre 
of the triangle OAB. 

21, Having given the bases and the sum of the areas of a number 
of triangles which have a common vertex, shew that the loous of this 
vertex is a straight line. 

22. Through a ^ven point a Btraight lino is drawn to cut two 
given straight lines in R and S; find the locus of a point P on this 
variable straight line, which is sueh that 



(1) 20P = Ofl + 05, 

(2) OP^=OR.OS. 
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shew that the loona of B ia a straight h 

24, A variable straight line outa If f m t 

straight lines intercepts the sura, of tl eo [ 1 f h h 
1 t Sh th t 't 1 T P th gh fl 1 p int 

25 It tl gl JB m m Iwa m 1 to g t gl 
adftlpt^bfid dthpintBlym !& 
gl t aaglit h hdthl fthptc 

26 A ght gled t 1 iBC h g O It 1 f 
g mgtd ath felariotJ ilBli Igt 

gl I p 1 1 h that th 1 f 1 p f 

t £,Iit h h q t ^ = * 

27 T g t fehtli ti dthi (.1 fe It 
P d t ght 1 t et th ra Q 1 B f tl 
parallelograra OQSH be completed find the eciuatioii to the locus 
of S. 

28. Through a given point O is (Irawn a straight line to meet two 
given parallel straight lines in P and Q ; through F and Q are drawn 
straight liuea in given direBtiocs tomeelinB; prove that the loons of 
B is a straight line. 
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CHAPTER VI. 



106. Suppose we have to trace the locus represented 
by the equation 

S'=-3icy + 3ai' = (1). 

This equation is equivalent to 

(j,-,)(i,-2x)-0 (2). 

It is satisfied by the coordinates of all points which 
make the first of these brackets equal to ;iero, and also by 
the coordinates of all points which make the second 
bracket zero, i.e. by all the points which satisfy the 
equation 

H-'^'O P>, 

and also by the points which satisfy 

y~2x = (4). 

But, by Art. 47, the equation (3) represents a straight 
line passing through the origin, and so also does equa- 
tion (4). 

Hence equation (I) represents the two straight lines 
which pass through the origin, and are inclined at angles of 
45° and tan"^ 2 respectively to the axis of te. 

107. Ex, 1. Traoe the locus xi/-0. This equatio 



-d by all the points which satisfy the equation 

and by all the points which satisfy i/-0, i.e. by 
)ints which lie either on the axis of y or on the 



all the points which lie either 
axis of 
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EQUATIONS REPRESENTING STRAIGHT LIKES. 89 

The required locus is tlierefore the two axes of coordi- 
nates. 

Ex. 2. Tra,ee tJie locus a:^ — 5a; + 6 = 0. This equation 
is equivalent to (x — 2) (ic — 3) = 0. It is therefore satisfied 
by all points which satisfy the equation x-2-0 and also 
by all the points which satisfy the equation » - 3 = 0. 

But these equations represent two straight lines which 
are parallel to the axis of y and are at distances 2 and 3 
respectively from the origin (Art. 46). 

Es. 3. Trace the Iocub xy-Ax — 5y + 2(i = Q. This 
equation is equivalent to {«— 5)(y-4) = 0, and therefore 
represents a straight line parallel to the axis of y at a 
distance 5 and also a straight line parallel to the axia of a: 
at a distance 4. 

108. Let us consider the general equation 

fl!Lc' + 2to/ + 6i/= = (1). 

On multiplying it by a it may be written in the form 
(aV + %altxy + hY) - {h^ - ah) y^ = 0, 

Aa in the last article the equation (1) therefore repre- 
sents the two straight lines whose equations are 

ax + hy + yJk^—ab — Q (2), 

and ax+hy-y Jh" — ab = (3), 

each of which passes through the origin. 

For (1) is satisfied by all the points which satisfy (2), 
and also by all the points which satisfy (3). 

These two straight lines are real and different if Ii?>ah, 
real and coincident if k^ ~ ab, and imaginary if h?<ab. 

[For in the latter case the coefBcient of y in each of the 
equations (2) and (3) is partly real and partly imaginary,] 

In the case when h^-^ab, the straight lines, though 
themselves imaginary, intersect in a real point. For the 
origin lies on the locus given by (1), since the equation (1) 
is always satisfied by the values x-H and »/ = 0, 
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109. An equation sueh as {1} of the previona article, 
which is such that in each term the sum of the indices of x 
and y ie the same, is called a homogeneous equation. This 
equation (1) ia of the second degree; for in the first term 
the index of a: is 2 ; in the second term the index of both x 
aad y is 1 and hence their sum is 3 ; whilst in the third 
term the index of y is 2. 

Similarly the expression 

33^+40^-63™^ + %= 
is a homogeneoua expression of the third degree. 
The expreasiott 

Sm' + ia^y - 5x\f +9y^-7a^ 

is not however homogeneous; for in the first four terms 
the sum of iho indices is 3 in each cEise, whilst in the last 
term this sum is 2. 

From Art. 108 it follows that a homogeueoua equation 
of the second degree represents two straight lines, real and 
different, coincident, or imaginary. 

110. T/te axes being recta/ng^dar, to find the angle 
hetvmen tJus straight lines given hy t/ie equation 

ax^ + 2liim/ + by' = (1). 

Let the sepai'ate equations to the two linea be 

y ~ OTiiC = and y — vi^o: = (2), 

so tliat (1) must bo equivalent to 

h{y-w.,w){y-m^)^0 (3). 

Equating the coefficients of xy and v? in (1) and (3), wo 
- 6 (jWi + w,,) = 2/s, and hm,m^ = a, 
so that nil + »ia = — -^ , *iid mjtn^ — j . 
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CONBXTIONS OF PERPENDICULARITY. 1 

If 6 be the angle between the straight lines (2) ' 

have, by Art. 66, 

tone- "^ ~"^ - »/('^i + w%f-^'^i" ^ 

1 + OTiJ«3 1 + Tli,jm,j 



/4/i= _ ia 
W IF b 



2Vli3-ab 



Hence the requu d nn^le i^ found. 

111. Comhhon tJiM the straighi lines of the previous 
article ma/y be (1) perpendicular, and (2) coincident. 

(1) If a + 6 = the value of tan S is co and hence $ is 
90° ; the straight lines are therefore perpendicular. 

Hence two straight lines, represented by one equation, 
are at right angles if the algebraic sum of the coefB.cients of 
f!? and ]/* be zero. 

For example, the equations 

x^-f^O and &:>? + Usn/ - &f = 
both represent pairs of straight lines at right angles. 
Similarly, whatever be the value of A, tho equation 
ap + 2hxy — y^^0, 
represents a pair of straight lines at right angles. 

(2) If li? — ah, the value of tan 6 is Kero and hence ff is 
zero. The angle between the straight lines is therefore 
zero and, since they both pass through the origin, they are 
therefore coincident. 

This may be seen directly from the original equation. 
For if A° = ab, i.e. h = ^ab, it may be written 

i.c. {Jax + Jb^Y = 0, 

■which is two coincident straight lines. 
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H2< Tojmd the equation to ilte straight h 
the emffk bettceen tlie straigM lines given hy 

aa?+2hxy + hf^0 (1). 

Let the equation (1} represent the two stra,ight linei 




L-fiM-i and LfiM^ inclined at angles 6^ find 0.. to the 
of X, so that (1) is equivalent to 

h{y-x tan 63) {y-x tan 6^) =0. 
Hence 



tan 6^ + tan 6^ - 



1h 



and tan di tan B. 



...(2). 



Let OA and OB be the required bisectors. 
Since lAOLy^LL^OA, 

:. iAOX-9, = 6^- ^AOX. 
:. 2LA0X^-d^ + e^. 
Also iBOX=W + 1AOX. 

:. 2i.sox=i80° + e, + ^,. 

Hence, if $ stand for either of the angles AOX or BOX, 
tan ^1 + tan 6, 2h 



1 ~ tan ft tan ft 



taii2^-tan(fii + ft,) = 
by equations (2). 

But, if (k, y) be the coordinates of any point on either 
of the lines OA or OB, we have 

tanfl = ^. 
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TWO STRAIGHT LINES. 
2A ^ „ 2tan^ 



-y^_:^ 



This, being a relation holding between the coordinates 
of any point on either of the bisectors, is, by Art. 42, the 
equation to the bisectors. 

113. The foregoing equation may also be obtained in the follow- 
ing manner : 

Let the given eq.uatiou represent the straight lines 

y-vi^x = (i and i/-mga:=:0 (1), 



that mi+™3=-y andMi,mj=j 

The equations to the hiseotors of the angles between the 
es |1) are, by Art. 84, 


•• Pi- 
straight 


»/l + «." 


. V"" "fl V""" 






eaprsEBedmone 








tVl + V 









1 + mi' 1 + m^ 

Hence, by (2], the required equation is 
-2ft, 
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EXAMPLES. XII. 



Find what straight lines aie represented by the following equations 
and determine the aijglea between them. 

1. !c^-7xy + 12y^=0. 2. ix'^-iixy-l-lh/-0. 

5. y^-lG-O. 6. y'~i:y^-Ux^y + 2ix^=0. 

1, :c= + 23:y8eoe + j;= = 0. 8. x'-V^xycote+y'^-H. 

9. Find the equations of the atra^ht lines bisecting the angles 
betvpean the pairs of straight lines given in enampleB 2, 3, T, and 8. 

10. Shew that (he two straight lines 

ar'(tan=e + eos=e)-33;!/tane + !;^sin=fl = 
malie -with the axis of x angles such that tJie difference of their 
tangents is 2. 

11. Prove that the two straight lines 

{x^+y"^ (oDs'ifl Bin=a+sin=0) = {3 taaa-y sin Sf 
include an angle 3a. 

12. Prove that the two straight lines 
3:=Bin=aeos3e+4;i;j(sino8ine + J(^[4ooso-(l + cosa)=oo3^Sj = 



GENERAJ^ EQUATION OF THE SECOND DEGREE. 

114. The most general expression, ■which contains 
terma involving a: and y in a. degree not higher than the 
Becond, must contain terais involving x\ xy, y% x, y, and a 
constant. 

The notation whioh is in general use for this ex- 



(lar! + 2fia^ + 6)/^ + 2pa; + 3^ + (1). 

The quantity (1) is known as the general expression of 
the second degree, and when equated to zero is called the 
general equation of the second degree. 

The student may better remember the seemingly 
arbitraiy coefficients of the terma in the expression (1) 
if the reason for their use be given. 
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The most general expression involving terms only of 
the second degree in x, y, and z is 

m? + hf + c^ + 'ifyz + -2,g%x^^h^ (2), 

where the coefficients occur in the order of the alphabet. 

If in this expression we put s equal to unity we get 
(Ke= + 6y= + c + 2^ + %iK + Uxy, 
which, after rearrangement, is the same as (1). 

Now in Solid Geometry we use three coordinates cc, y, 
and a. Also many formulte in Plane Geometry are derived 
from those of Solid Geometry by putting a equal to unity. 

We therefore, in Plane Geometry, use that notation 
corresponding to which we have the standard notation in 
Solid Geometry. 

115. In general, as will be shewn in Chapter XV., 
the general equation represents a Curve-Locus. 

If a certain condition holds between the coefficients of 
its terms it wili, however, represent a pair of straight lines. 

This condition we shall determine in the following 
article. 

116. To find the condition that the general equation 
of the second degree 

av? + 21v«y^hf+2g^ + ^fy + c = (1) 

■may represent two straight Imes. 

If we can break the left-hand members o£ (1) into two 
factors, each of the first degree, then, as in Art. 108, it 
will represent two straight lines. 

If a be not zero, multiply equation (1) by « and arrange 
in powers of a:; it then becomes 

aV + 2tu! {% + g) = - abf - 'iafy - ao. 
On completing the square on the left hand we have 
ah? + 2«ij; {hy + g) + {hy + gf^i^ (h^ - ab) 

■i-2y(^h-af) + g^~ac, 

{ax + hi/+g)=^Jf(h?-ah)i2y{gh~a/} + g''^a^...(2). 
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From (2) we cannot obtain cb in terms of y, involving 
only terms of the j^si degree, unless the quantity under the 
radical sign be a perfect square. 

The condition, for this is 

(,;.-«/)■- (*■-<*) to'-"), 

i. e. g^h^ — ^afgh H- a^j"^ — fj^W — ohif — ac/i^ + a'6c. 

Cancelling and dividing by a, we have tlie required 
condition, vin. 

abc + 2fgh - af 2 -bgs - ch2 = (3). 

117. Tho foregoing oondition may be otherwise obtained thus ; 
The given ec[uation, multiplied by (a), ia 

a=a;^ + 2u&CT/ + a&j/= + 2a3a + 2£^!/ + ac = (4). 

The terms of tlie second degree in thia aquatloit hieak up, aa in 
Art. JOS, into the factors 

ax-\.hy-ij Jk^~ah and ax + hy+y fjh^-ai. 
If then (4) hreait into factors it must be equivalent to 

{ax + {h-^JW-^)y + A}{ax + {h+^h^-ab)y+B} = Q, 
where A and B are giveo by the relations 

a(A + B)^2ga (5), 

A{h+^W^al)-i-Bih--JK'-ab) = 3fa (6), 

and AB-ac (7). 

The equations (S) and (6) give 

^ + ^ = 93, anAA-J) = ^!^ZM. 
The I'elation (7) then gives 

4nc = 4^n = (J+fl)^-(-i-B)= 



=:V-4. 






which, aa before, radueea to 

abc + 2fgh-aP-bg''-ch^=0. 

Ex. If a be aero, prove that the general equation will represent 
tno straight lines if 

Ifhoth a fuid ihe zero, prove that the condifion ia 2/(/-o/i=0. 
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118. The relation (3) of Art. 116 is equivalent to the 
expression 

\ a, h, 3 I 
\h, b, / ! - 0. 

This may be easily verified by writing down the value 
of the determinant by the rule of Art. 5. 

A geometrical meaning to this form of the relation (3) 
will be given in a later chapter. [Art. 355.] 

The quantity on the left-hand side of equation (3) is 
called the Discriminant of the General Equation. 

The general equation therefore represents two straight 
lilies if its discri 



110. Ex.1. Prove that the eciuation 

•.pyesents two straight lines, and find the angle between tSteia, 

a = 12, h = i, 6=-10, 3=^, /=^, and c=-S5. 
Henoe abc + ifgh-ap-bf-ch" 

-(-35)©= 

= -lS75 + 2^=0. 
The ei;[uatian therefore represents two straiglit lines. 
Solving it for X, we have 



^\"~ii } ~ 12 "^V 34 / 

7 i/ + l S 33y-43 

"'"'"" 21 ~ 34 ■ 

^^3y-r ^^ -5i/ + 5 _ 

n there foie repi-esents the two straight linefl 
fl;=2j/-7 and ix=-6y-^5, 

7 
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The "m's" of these two lines are therefore ^ ami -|, and the 
mgle betweea them, by Art. 66, 



-'(-^). 



EX. 3. Find the valve of h so that the equation 
may fepreaent Una straight lines. 

a = e, i = 19, i7 = ll, /=V->aiid<; = SO. 
The condition (3) of Art. 116 then gives 

i.e. ().-3^)(20Ji-171) = 0. 

Henea h^^orij^. 

Tailing the firet of these Taluea, the given equation hecomea 

i.e. (2ir + 3!, + 4)(3a: + 4!/ + 5)=0. 

Taldng tlie aeoond value, the equation is 

Z0tc^+5^s:y + 4Oy^ + ^'-l: + ^•>y + ^^^0, 

EXAMPLES. XUl. 

Prove that ths following equations represent two straight lines ; 
find SrlBo their point of interaeoBOn and the angle between them. 
1. Gy''-xy-x' + 3tyjl + B&=0, 2. i^- 5ii/ + 4j2 + iC + 2if- 2 = 0. 

3. 3y^-8ig-3a^-29:e + 3^-18 = 0. 

4. y'+in/-2ar=-5l-a-2 = 0, 
g. Prove that the equation 

a!' + 63^ + 9^= + 4aT + 12^-6 = 
represents two parallel lines. 

Find the value of k so that (ha following equadous may represent 
pairs ol strught lines ; 

6. Gx^+llxy-10y^ + x + 31y + k=fl. 

7. 12x''-lQxy + 2i,'' + nx-6y + k=0. 

8. 12ic^ + kxy + 2y^ + Ux~5y + 2=0. 

9. 6i= + ai/ + fcy=-lla; + 43!/-35 = 0, 
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10, ftiy-8a: + 9^-13=0. 

11, x^ + '^xy + y^-Sx-ly + k^O. 

12. ni^ + xn-^tf-Sidx + By + h^O. 

13, 23;=+ itt/ - 1/3 + fta + 6j/ - 9 =0. 

14. 3? + kxy + y^-5x-7y + 6 = 0. 

15. Prove that the equatioas to the straight lines passing through 
the origm whiDh make an angle a 'with the straight line t/4-x — O ars 
given by the equation 

3!= + 2iyaec2o + j==0. 

16, What relations must hold between the eoeilioiecta of the 
equations 

(i) ax^ + by^ + c^i-cy^O, 
and (ii). ay' + bxy + dy+ex — O, 

BO that each of them may represent a pair of straight lines 7 

17. The equations to a pair of opposite sides of a parallelogram 

x^-7x + Q^0 and j/^ - :4y +40 = ; 
find the equations to its diagonals, 

120, To prom that a homogeneous equation o/the nth 
degree represents n ttraigJit lines, real or imaginary, which 
all pass through the origin. 

Let the equation be 

y'^ + A^im/^-^ + A^g'''" + As,x'y'^'^ + ... +A^ix:'"-0. 

On division by a;", ii may he v/ritten 

©'*^'(s)"*''"(ir*-*''--°--w- 

This is an equation of the nth degree in ~, and hence 
must have n roots. 

Let these roots be mi, m,^, ^m,,, ... irt„. Then (0. Smith's 
Algebra, Art. 89) tbe equation (1) must be equivalent to 
the equation 

(|-™,)g-™,)(|^™,)...(L™.).0.^^(2). 

The equation (3) is satisfied by all the points which 
■ e equations 
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•Le. by all the points ■which lie on the n straight lines 

y — rrtiX ~0, y — rshpi = 0, .-.y — 'tt^x = 0, 
all of which pass through the origin. Conversely, the 
coordinates of all the points which satisfy these n equa- 
tions satisfy equation (1). Hence the proposition. 
121. Ex. I. The equation 

which is equivalent to 

represents the three Btraight lines 

y-x = 0, y~2x = 0, and 3i-3.r = 0, 
all ot wliioh pass through the origin. 

Ex.2. Theequation y'-Sy^-i-^ — O, 
i.e. y{y-2){y-^) = Q, 

aimiitti'ly represents the three straight lines 

j(=0, y-2, and s=S, 
all of tvhich are parallel to the axis of x, 

122. To find the equation to the ttoo straight lines 
joining the origin to the points in which Hie straight line 

lx + my = n (1) 

meets the locus wlwae equation is 

ax^ + 2hxy + by" + 2gx+ 2Jy + c^O (2). 

The equation (1) may be written 

'"^.J (3). 

The coordinates of the points in which the straight line 
meets the locus satisfy both equation (2) and equation (3), 
and hence satisfy the equation 

(*)■ 

[For at the points where (3) ajid (4) are true it is clear 

that (2) is true.] 

Hence (i) represents some locus which passes through 

the intersections of (2) and (3). 
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But, since the equation (4) is homogeneous and of the 
second degree, it represents two straight lines passing 
through the origin (Art. 108). 

It therefore must represent the two straight lines join- 
ing the origin to the interaeetions of (2) and (3). 

1S3. The preceding article may be illustrated geo- 
metrically if ■we assume that the equation (2) rej 
some such curve as FQRS in the figure. 




Let the giv 
P and Q. 

The equatic 
The equatii 
Sofh eijuati 



I straight line cut the c 



1 the points 
lurve PQSS. 



n (2) holds for all points on 
n (3) holds for all points on the line P§. 
ona are therefore true at the points of 
intersection P and Q. 

The equation (4), which is derived from (2) and (3), 
holds therefore at P and Q. 

But the equation (4) represents two straight lines, each 
of which passes through the point 0. 

It must therefore represent the two straight Hnea 01' 
and OQ. 

124. E^ Prove that the gtraight lines joiniti^ the oHgin to the 
points of intersection of the ttratght line x~y = 2 and the curve 

make equal angles v>ith the aajes. 

A3 in Art. 132 the equation to the required straight lines is 

5j!= + 12a:y^8j/'-H8^-%)^ + I2^^^y = (1). 
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Pot this equation is homoeeneous and therefore 
straight lines through the origin; also it is satialieu ai. me jHiiiiia 
where the two given equations are aalisfied. 

Now (1) is, on reduction, 

so that the equations to the two lineg are 

y = 9!C and y= -3a;. 
These lines ore equally inclined to the axes. 

125. It was stated in Art. 115 that, in ffeneral, an 
equation o£ the second degree represents a curve- line, 
including (Art. 116) as a particular case two straight lines. 

In some cases however it will be found that such 
equations only represent isolated points. Some examples 



Sx. 1. What is represented by the locus 

{«-»+<;)■ + (« + !,-.)■. 01 (1). 

We know that the suni of the squares of two real 
quantities cannot be zero unless each of the squares is 
separately zero. 

The only real points that satisfy the equation (1) 
therefore satisfy both of the equations 

iW — 1/ + c = and a; + 1/ — c = 0. 
But the only solution of these two equations is 

IE = 0, and y~o. 
The only real point represented by equation (1) is therefore 

<o,4 

The same result may be obtained in a difForent manner. 
The equation (1) gives 

(a,-!, + r)"=,-|r + j-r)', 

It therefore represents the two imaginary straight lines 
1(1- ^/^)-!/(l + ^/^)^■c(^+^/:^)-0, 

Mid «(i + v::i)-!/(i-V^)+<i(i-v/^i)-o. 
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Each of these two straight lines passes through the 
real point (0, c). We may therefore say that (!) represents 
two imaginary straight lines passing through the point 
(0, '}■ 

Ex. 2. 7FA«< is re.presented by the equation 

(«?-«■)■ +(Sf'-4')'-0! 
As in the last example, the only real points on the locus 
are those that satisfy hoth of the equations 
x^-a^ = and y=-i' = 0, 
i.e. x = ^a, and y = ^h. 

The points represented are therefore 

{a, h), (fl, -h), (-a, b), and (-a, ~h). 

Sx. 3. What is represented hy the equation 

The only real points on the locus are those that satisfy 
all three of the equations 

a! = 0, )/ = 0, and « = 0. 

Hence, unless a vanishes, there are no such points, and 
the given equation represents nothing real. 

The equation may be written 

^• + !/=.-«-, 
SO that it represents points whose distance from the origin 
is a-J^. It therefore represents the imaginary circle 
whose radius is a-J—l and whose centre is the origin. 

126. Ex. 1. Obiain the condition that ont of tliB straight lines 
given by the equation, 

ax^ + 2lii>y + bf=0 (1) 

may eoineide with one of those given by the equation 

a'i? + 2h'xy + bY=0 (2). 

Let the equation to the oomiriQn straight line be 

!'~'^^ = (3)- 

The qnft!itity^-m,iemuBt therefore be a factor of the left-hand of 
botb (1) aad (2), and therefars the value y=mjX must satisfy both (1) 
and (a). 
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We therefore Iiai 



bm^+ Sftifij 4-a = 

and i'rrij' + 2h'mi + a'=0 

Solving (4) and (5), we ha^e 

2(ha--h'a) '^W^'^b ^ 2ihh^^^hj ' 
ha' - h'O' J f ah' - a'h 1 ^ 

■'■ bh'-t/h^"^' ^\2{bli---b-k)\ ' 
so that we Eiiiat have 

{ab' - a'6}'= 4 {ha' - h'a) (6ft' - b'h). 
Bx. 2. Prune Iftut tfte equation 

representi three straight lines equally inclined to one another. 
Transforming to polar coordinates (Art. 35) ihe eqaation g 

i. e. m (1 - 3 tan' S) + tan'S - S tan fl = 0, 

Stanfl-tanSfl ^ „„ 
i. e. Ml = — J -~ — YE^ = ''^ ^^■ 

If m = tan a, this equation gives 
the BolutionK of which ai-e 



■aight lines through the origin 

^, iiO° + |, and I20'' + 5 
to the asis of x. 

They are tlietefore equally inolined to one another. 

Ejc 3. Prove that two of tJw straight lines represented by the 

ax? + bx^y + ca:y^ + dy^ = (1) 

loiU be at right angles if 



Let the sepatnte equations to the three lines be 

y -lOyX — ft, y -m^^ — O. and y-m^=(l. 
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so that thB equation (1) must be equivalent to 

and therefore m^ + m^ + m^=: -- 



vi^m^+m^mi + mjm2=-j (3), 

,n^m^m,= -^ (4). 



If the first two of theaa Btraight lines be at right angles we have, 
in addition, 

mjUijis -1 (5). 

Troin (4) and (5), we have 

and therefore, from (3), 

The ec[uation (3) then becomes 



i.e. a5 + ac + M + <P = 0. 

EXAMPLES. XIV. 

1. Prove that the equation 

y^-x^ + S^iy-xj^O 
represents three straight lines equally inclined to one another. 

2. Prove that the equation 

J/' (ooa a + ^3 Bin a) cos a - icjy (Bin 2a ^ ^3 COS 2a) 

+ 1= (sin o - V3 COB a) sin o = 
represents two straight lines inclined at 60° to each other. 

Prove also that the area of the triangle formed with them by the 
straight line 

<cosa-V3siua)!,-(8ina + V3eosi);t + «=.0 

and that this triangle is equilateral. 

3. Shew that the straight lines 

form with the line Ax + By + C = an equilateral triangle whose area 



• ^HAHB-)- 
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Prove tliat they are at right angles if 

5, Prove that tlie straight lines joining the origin to the points 
of iuterEeotioQ of the stra^ht line 

kx + ky =2hk 
witli the onrve (ar - ft)' + {y-h]^=c^ 

Bra at right angles if h^ + k^=<fi. 

6. Prove that the angle between the strughi lines joining the 
origin to the intereeotion of the straight line y^3x + 2 'witii the curve 

x^ + 2xy + 3y^ + 4ie + Sy-ll-0 is tan"! -^ . 

7. Show that the straight lines joining the origin to the other two 
points of intersection of the curves whoES equations are 

a^+2]i3!ii + by'' + 2gx = 
and a's? + 2ft'ra/ + 6'^^ + 2^'x — 

will be at right angles if 

gla' + b-)-g-{a + b)^0. 
What lOBi are represented by the equatioca 

8, x^-y^-O. 9, iy'~xy = 0. 10. xy-ay^O. 
11, as-ir2-a + l=0. 12. 3;S_a^s=o. 13. 3:' + y»=0. 
14. ii3-f!/'=0. 15. i^ = 0. 16. (E=-l){j('-4)=0. 
17. i^-l)'+{y^-i^'^0. 18. {y-mx-c)^+{y-m.'x--^^=0. 
19. Ix^-a^)''{'^-l^'' + c*{y^~ay=0. 20. {a-a)>^!/' = 0. 
21. {«: + y)^-c^=<i. 22. r=«see(fl-a). 

23. Shew that the equation 

bx^ - 2hxy + ai;'= 
represents a pair of straight lines which are at right angles to the pair 
given by the equation 

ax'' + 2hxy + bii'' = 0. 

24. If paiiB of straight lines 

x^~2ji!ey~y''—0 and x--2qxy-y^=^0 
be such that each pair bisects the angles between the other pair, prove 
that^= —1. 

25. Prove that the pair of lines 

a's= + 9fi(o + i>)3:j( + b^!/==0 
ia equally inclined to the pair 

ax'' + 2hxy-\-bif—a. 
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26. Sheir also that the puir 

is equallj inollned to tha same pair, 

27. If o''^ of t^B straight lines given by the equation 

ooinoide with one of those given by 

and the otliet lines represented by them be perpendiaular, prove tliat 

28. Prove that the equation to the bieectors of the angle between, 
the straight lines ax^ + ^hx'j + hy^=0 is 

ft (:r= - y^) + (b-a)x>j = {<M? ^ by^} cos o>, 
the ases being inclined at an angle a. 

29. Prove that the straight Unes 

malie equal angles with the axis of a; if lt~aeosu, the a^es being 
inclined at an angle lo. 

30. If the axes be inclined at an angle a, shew that the equation 

a^ + 2j^ooBti + y=OQ8 9w = 
represents a pair of perpendicular straight lines, 

31. Shew that the equation 

cos 3a (i' ~ Sxy^) +Biil Sa {y' - Sx'y) + Za (n'+S^) - 4a'=0 
represents three straight lines forming an equilateral triangle. 
Prove also that its area is 3 ^Ha^. 

32. Prove that the general equation 

teptesents two parallel straight lines if 

K'=ab and bf=af''. 
Prove also that the distance between them is 



/g^-ac 



33. If the equation 

aic^ + 2lixy + bf + 2gx + 2fy -^c-O 
represent a pair of straight lines, prove that the equation to the third 
pair of straight lines passing through the points where these meet the 



a^-2hxy + by''+2g:i:-{-2f!/-i- 



JJi^r, 
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34. If the equation 

rGpreaent two stcaiglit liaes, prove that the Bqimre of tTie distance of 
their point of intereeotion from the origin is 

»(m-t|-/'-«'^ 

35. Shew that the orthooentre of tlie triangle formed by the 
straight lines 

ax^+^luey + by^^O and Ix + my^l 
is a point (x', y') euch that 

y m ^ a-afl^Hldm + bP ' 

36. HencB find the loeus of the orthocentoe of a triangle of wbioh 
two aides are given in position and whose third side goes through s. 
fixed point. 

37. Shew that the distanoe between the points of intereeetion of 
the straight Une 

BCOao + );siiio-p = 
with the straight lines aa^ + Shxy + bi/^O 

ipjh^-ab 

"^ &coB^a-9ftcoBasiiia + a8in=a' 

Deduce the area of the triangle formed by them. 

38. Prove that the product o£ the perpendiculars let fall from the 
point (a', y') upon the pair of straight lines 

39. Shew that two of the straight linos represented by the 
equation 

ay* + busy^ + car'i/' + ds'y + e:i^—Q 
will he at right angles if 

(b-i-d)[ad + be)^{e~ aYifl + i: + e) = <i. 

40. Prove that two of the lines repreBented by the equation 

as:* + hx^y-i- cs?y^ + itoj/' + ay*=:0 
will bisect the angles between the other two if 
e + 6a=0 and,6 + d=0. 

41. Prove that one of the lines represented by the equation 

oa' + 6a^i/ + exy^ + dy' = 
will Waeot the angle between the other two if 

(3a+<!)=(ic + 2cd - Sad) = {b + Sdl^{bc + 2ab ~ Sad). 
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TRANSFORMATION 01' COOKDINATES. 



127. It is sometimes found desirable in tl d 
of problems to alter the origin and axes of 1 te 

either by altering the origin without alter, t f tl 

direction of the axes, or by altering the dire t f th 

axes and keeping the origin, unchanged, or by 1 th 

origin and also the directions of the axes Th 1 tt as 
is merely a combination of the first two Eitl f tl 
processes is called a transformation of coordmat 

We proceed to establish the fundamental f m 1 f 
such transformation of coordinates. 

ordmates vntkout altering 



s and let the r 



128. To alter the origin ofco 
i!ie directions of ilm axes. 

Let OX and OF be the original a 
axes, parallel to the original, be 

O'X' and O'Y". ^ 

Let the coordinates of the new 
origin 0', referred to the original 
axes be h and k, so that, if O'L be 
perpendicular to OX, we have 
OL = h and LO' = k. 

Let F be any point in the plane 
of the paper, and let its coordinates, referred to the original 
axes, be X and y, and referred to the new axes let them be 
ft/ and y'. 

Draw PJV perpendicular to OX to meet O'X' in 2f'. 



y' 
d 




p 










N X 
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TIiCil 

ON^x, m'^y, 0'N' = x, imd N'Fr^^J. 
We therefore have 

x^ON=OL + 0-N' = h + x, 
and y = NP = LO' + N-i'^k + y'. 

The origin is therefore transferred to the point {h, h) when 
we substitute for the coordinates x and y the quantities 
ic' + A and y + k. 
The above article is true whether the axes be oblique 
or rectangular. 

129> To cluznge tlie direetion of Hie axes of coordinates, 
without changing ike origin, hoth systems of coordinates being 
rectangular. 

Let OX and Oybe the original system of axes and OX' 
and or' the new system, and let 
the angle, XOX', through which 
the axes are turned he called 6. 

Take any point P in the plane 
of the paper. 

Draw FN and FN' perpen- 
dicular to OX and 0X\ and also 
N'L and i^'M perpendicular to OX and FN^. 

If the coordinates of F, referred to tho original axes, 
be X and y, and, referred to the new axes, be x' and y', we 
have 

ON=x, WP = y, ON'^x', and N'F-^y'. 

The angle 

MPS' = 90° - z MS'F^ I MN'O = i XOX' - 0, 
"We then have 

x^ON=OL-MN' = ON'c(,&e-N'F^Tie 



= 03- C( 



d-y-s 



-W. 



y^NP^LN'^-MF^ ON' sin 



yGoosle 



CHANGE OE AXES, 111 

I£ therefore in any equation we wish to turn the axes, 
iDeing rectangular, through an angle $ we must substitute 

x'oos^-y'sin^ and x' ain + y cos ^ 

for X and ij. 

When we have both to change the origin, and also the 
direction of the axes, the transformation is clearly obtained 
by combining the results of the previous articles. 

If the origin is to be transformed to the point (/i, k) 
and the axes to be turned through an angle 6, we have to 
substitute 

A + a^ cos fl - y sin 6 and A + a;' sin 6 + ^' cos 6 
for X and y respectively. 

Tha student, who is aoquainted with the theory of projection of 
straight lines, will see that eqaationa (1) and (2) express the fact tbat 
the projeotionB of OP on OX and OY are refipectively equal to the 
sum of the projeotionB of ON' and JVT on the same two lines. 



130. Bk. 1. Tramfomt to parallel axie through the point (-9,3) 
tht eqitatioii 

23!' + 43:i/ + %'- 4s -23^ + 7=0. 

We substitute x=^ -2 amAy—y' + Z, and the equation becomes 
2(^'-3)i' + 4(3;'-2)(!,' + 3) + 5(y' + 3)^-4|3;'-2)-22(!/' + 3) + 7=0, 
i.E. 23;'= + 4Ky+5j/'=-32 = 0. 




The equation then becomes 
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EXAMPLES. XV. 



1, Transform to parallel asta through the point (1, - 2) the 
e([i:iatioiiB 

(1) 3/=-4:r + 4y + 8 = 0. 
and (3) 2x''+y''-i3> + iy^0. 

2, What does the equation 

become 'when it is transferred to parallel axea through 
{!) the point (a-c, 6), 

(2) the point (a, 6 - c) ? 

3, What does the equation 

become it the origin be moved to the point ( ~z i J ? 

4, Trauslorm to aies inclined at 45" to the original asea tlie 

(1) ^-y'=<i\ 

(2) 17ic2 - 16xy + 171/= = 225, 
and (3) 3/' + a;* + 6iV = 2, 

5, Transform to axes inclined at an angla a to tha original axes 
the equations 

(1) »? + !,==)■=, 
and (3) ic^+%lan3o-y'=c=. 

6, If the axes be turned throi^h an angle tan^'3, wliat docs the 
BQUfttion ixy-Sa>':=a^ become? 

7, By transforming to parallel axes through a properly chosen 
point [ft, k), prove that the equation 

12a^ - IOkj + 2i;' + lie - 5y + 2 = 
can be reduced to one containing only terms of the second degree. 

8, Pind the angle through which the axes may be turned ao tiiat 
the eauation Ax+By + C^O 

may he reduced to the form a:=caustant, and determine the value of 

131. The general proposition, whioh is given in the 
next article, on the transformation from one set of oblique 
axes to any other set of obUque axes is of very little 
importance and i.s hardly ever required. 
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CHANGE OF AXES. 



*132, To diange from one set of dices, inclined at an 
angle la, to ano^ier set, inclined at an angle oi', the origin 
remaining unaltered. 




N L 

Lot OX and F be the original axes, OX' and Y' tlie 
new axes, and let the angle XOX' be ft 

Take any point P in. the plane of the paper. 

Draw FN and PN' parallel to OY and 07' to meet OX 
and OX' respectively in iV and N', PL perpendicular to OX, 
and N'M and WM' perpendicular to OL and LP. 

L PWL = L YOX = «, and PX'M' = Y'OX -^w' + e. 
Hence if 

0^=x, NP^y, ON' = x', a.ndIf'P=y', 
we have y sin <« = ffP sin w = iP == MN'' + J\rP 
= OIT' Bin d + iV'Psin (<!.' + 6), 

so that i/sinw = ic'sini9 + ;/Bin(u' + #) (1). 

Also 

a; + &• cos <o = Off + #/> = OL = 0.1/ + i^^'Jf ' 

Multiplying (2) by siniu, (1) by cosio, and subtracting, 
we have 

'.sino. = .'^in(<o-e)+/«n(a,-«,-0) (3) 



The equations (1) and (3) give the pioper substitutions 
for the change of axes m the general case 

As m Art 130 the equations (1) and (2) may ba obtainetl by 
equating the piojeotiona of OF and of ON' and A T on Oi and a 
straight hne perpendicular to UX 



y Google 



114 COORDINATE GEOMETRY. 

*133. Particular eases qft/ie preeeding article. 

(1) Suppose we wish to transfer our axes from a 
rectangular pair to one jnclined at an angle cu'. In this 
case (0 is 90°, and the forniulie oi the preceding article 
become 

X^x'QOSe+l/ cos ((!.' + 6), 
and y-s^sinO + y' sin (cu' + 0). 

(3) Suppose the transference is to be from oblique 
axes, inclined at <u, to rectangular axes. In this case o) is 
90°, and our formula become 

and !/ sin Q> = x' sin $ + ^' cos 6. 

These particular formulte may easily be proved in- 
dependently, by drawing the corresponding figures. 

Ex, Transftyrm the equation -^ - p = l A*"" rectangular oxen W 
axes inclined at an angle 3o, the new>axisof x being inclined at anam^le 

- ato the old asces and sin a being eqnal to —. — - - . 
-Ja^ + b^ 
a and ui'=^2a, so that the formulae of tcansfonnatiott 

Since sin a— ■ , , we have cos a=— j^=^, and hecoe the 

Va»+6= Vu' + t^ 

given equation becomes 

W + yy {y--^f 
a? + ifi' a= + (,= -'■■ 
i.e. a;V=4(aH6=). 

*134. The degree of an equation is ii/iichaiiged by o/n/y 
transformation of coordinates. 

For the most general form of transformation is found 
by combining together Arts. 128 and 132, Hence the 
most general fonnulse of transformation are 
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CHANGE OP AXES. 115 

For X and y we have t\ e efore to s bst tute exptess ons 
in x' and y' of the fi st legree so tl at by tl s subst tut on 
the degree of the equat o annot be ra ed 

Neither can, by tl a aubit tut o the deg ee be lo ered 
For, if it could, the i, by t an forn g ba k again the 
e ■would be raised and th s e ! ave j st shewn to be 



•188. If hy any e a ge of xes u hmt a e f o 
quaviity a3:^-\-2kicy + hy b co e 

flf^ + Oft y+lj 

the axes in each case being rectangular, to prove that 
a + b=a' + b', and ai - }i^=a'b' -Ji'\ 
By Art. 129, the new asis of x being inoliaed at an angle to the 
old axis, we have to Bnbstitate 

for X and y reapectively. 
Hence ax'' + 2hxy + by" 
= a{x'cose~y'mn0)^ + ih{x-eo^0-y'^d)(x'^nO + y-cose} 

■\-b{a^Bine + y'cosS)^ 
=x'"[a<iOB"e + UaoBesine + bshi.^e] 

■i-2x-y'[-aooR0Bme + h{coa''e-^a:'e) + hco>sBeiae} 
+ y2[^ain!fl_9ftoo8 0Bine + 6eos=O]. 
We then have 

-4[(a + &) + (»-6)oos39 + a7isin9e] (1), 

-K{« + '')-(«-'')«°«2e-2ftain2e] (9), 

and '('= '■aeoa8smd + h{aoSf'e-Bin''B) + bcoaeain8 

^ll2hcoa2S-{a~b)sin2S] (3). 

By adding (1) and (2), wehave a'+5'=a + 6. 
Also, by multiplying them, we have 

4o'6'=(a + 6)=-!((i-J)eo329 + 37,sin9S}2. 
Hence iaV - ih'^ 
= (b+ 6)! _ [{2ft sin 29 + (a - 6) OOE 2e(=+ {a/i cos 2fl - (ffl - &) ain 2fl['^l 

so that a'b'-hr' = ab-k''. 

136i To find the angle through which the axes musl be turned bo 
that the expresiion a^-i-2hxy + by^ may become an ei^ression in loMch 
there is no term involmnff x'y', 

8—2 
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16 COORDINATE GEOMETRY. 

ABsnmmg the ■work of ths previous article the coeffioient of x'y' 
BDisheE if ft' bo zero, or, from equation (8), if 
a/i 003 2^^(0-6) sin 29, 



The required angla in therefore 

*137. The proposition, of Art. 135 is a particular 
case, when the axes are rectangular, of the following more 
general proposition. 

If by amy change of axes, without cJumge of origin,, the 
quantiti/ ax^ + 2}ixy + b^f becomes a'a? + 27*'xy + b'y% then 
a + b-^hcosw a' + b'- 2A' cos «>' 



(0 wnd lo being the angles between the original and final 2>nirs 

Let the coordinates of any point P, referred to the 
original axes, be x and y and, referred to the final axes, let 
them be a^ and y'. 

By Art. 20 the square of tlie distance between P and 
the origin is a? + 2x7/ cos <o + y^, referred to the original axes, 
and sP + 23:'y' cos lu' + y'', referred to the final axes. 
"We therefore always have 

x^ + 2!»ii/eoaio + y' = a/' + 2xycoio>' + g'^ (1). 

Also, by supposition, we have 

ax' + 2/ia^+by'-=a'x'' + 2h-x'y' + b'y'^ (2). 

Multiplying (1) by \ and adding it to (2), we therefore have 
a;= {a + X) + 2xy{h + \ cos <o) + / (6 + X) 

= ^' (a' + \) + 2x'y' (A' + \ cos «') ^■ ;/= (6' + \) . . . ( 3). 
If then any value of X makes the left-hand side of (3) a 
perfect square, the same value must make the right-hand 
side also a perfect square. 

But the values of X which make the left-hand a perfect 
square are given by the condition 
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i.e. by 

X'{1- cos' «,) + X {« + & - 2A cos w) + ab - A^ = 0, 

i.e. by k'+K . 3 + " ■ ■ - g- =0 (4). 

In a similar maimer the values of X which make the 
right-hand side of (3) a perfect square are given by the 
equation 

, , ^a' + b'-2h' cos ui' a'b' - h"' , ,,, 

A' + X— — ■.--— + — ^-5—7^ = (S). 

Since the values of X given by equation (i) are the same 
as the values of X given by (5), the two equations (4) and 
(5) must be the same. 
Hence we have 

EL + b - 2h cos (u _ a' + b' - 2h' cos tu' 
sin^ w ~ ' ^"sln^ W ' 

ab-h2 a'b'-h'2 






sln^to sln^a; 



EXAMPLES. XVI. 

1, The equation to i. straight liae referred to axes ineliaed at 30° 
to one anotl er s j— j 1 F od ts equation referred to asea 
inclined at 4o the ong and stras of jt being unehangetl. 

2 Transio n the equaton ^T + 3 J3a^i/ + %2 - g fiom ^Xe^ 
inol ed at 30 to eetangula aiea tlie axis of x remaining 
unohaii4,e i 

3 T ansfor u tl e equat our' + -cy + /^ — 8 from axes jnoliced at 
60° to asea biBeet g the angles between flie original axes. 

4, Transform the equation y +4(/cot<t-4a:=0 from leotangular 
axes to oblique axea meeting at aa angle o, the axis of x being kept 

5, If .T and y be the coordinates of a point referred to a ayetem of 
oblique asea, and if and y' be its coDrdtnatea referred tu anothei 
eyEtem of oblique axes with the same origin, and if the formuls of 
transformation be 

x=mx'-\-mj' and y~m'x' + ny, 

prove tliat - ^ ^_ ■ = --,- . 
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CHAPTER Vin. 



THE CIRCLE. 



138. Defi A circle is the locus of a point which 
moves so that its distance from a fixed point, called the 
centre, is equal to a given distanca The given distance is 
called the radius of the circle. 

139. To find the equation to a eirele, the aeces ofcoordi' 
nates being two straight lines through its centre at right 
angles. 

Let be the centre of the circle and let o he its radius. 

Let OX and OF he the axes o£ 
coordinates. 

Let P be any point on the circum- 
ference of the circle, and let its coordi- 
nates be X and j/. 

Draw PJff perpendicular to OX and 
join OF. 

Then (Euc. I. 47) 

OiP + MF' - a\ 
i.e. ^Jf-^-a?. 

This "being the relation which holds between the coordi- 
nates of any point on the circumference isj by Art. 42, the 
required equation. 

140. To find the equation to a circle re/erred to am/ 
reotmigvlar axei. 
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THE CIRCLE. 

Let OX and OT be the two reetangi 

Let C be the centre of tho 
circle and a its radius. 

Take any point P on the 
circunifereace and draw per- 
pendiculfti's CM and PN" upon 
OX; let P be the point (^, y). 

Draw CL perpendicular to 
NP. 

Let the coordinates of be 
h and ^ ; these are supposed to be known. 

We have CL = MN =ON-OM ==x~h, 
and LP-^]^P--NL = N'P^MO--=y-h 

Hence, since GL' + LP' = CP', 
we have (x-h)2+ (y-k)2 = a2 

This is the rei^uired equation. 




LL. Some particular i 



+ 6.T:-8y = 24. 

368 of the preceding article may t 



noticed : 

l<i.) Let tbe origin be on tha oirele so tliat, in Usia ease, 
Om + MCfl^a^, 
i.e. W + ft'' = u^ 

The equation (1) then becomes 

{x-k)'+(y-lcy' = h^ + k^, 
1. L-. x^ + y''-2hic- 2ky ~ 0. 

(;3) Let the origin be not on the ourve, but let the centre lie on 
the axis of x. In this ease /i = 0, and the equation beoomea 

(-,) Let tha origin be oe the eatva and lat tha asis of a be a 
fliametcr. We now have ft = and a=/t, so that the equation beeowea 
x^ + y'^-ihx-O. 
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COORDINATE GEOMETRY. 

if MC be equal to the 

Tbo equation to a circle touobing tlie asis of x ia theitforc 

a^ + ^5-3ft3;-2ft)/ + ft* = 0. 
Similarly, one touoliing tie asia of y ia 

u-^Jry'^-'Huc-ihy + lC-H. 

142. To prove tltat the eq^lalion 

x' + y>+2ffx + 2/i/ + c = (1), 

<Ava/y3 repregmdB a circle for all values qfff,f, and o, and to 
Jmd its centre <md radius. [The ases are assumed to be 
rectangular.] 

This equation may be written 

{^= + 2gx + g^ + (y' + Ify +/2=/+/^ - 0, 

i.e. ("^ ■^9T + b/+fr = Uf +/'-<■■}'■ 

Comparing this with the equation (1) of Art. 140, we 
see that the equations are the same if 



h = ~g, k^-f, and a^Jf+/''~c. 

Hence (1) represents a circle whose centre ia tlie point 
(- g, -/), and whose radius is Jg" +/" — c. 

If g'' +/'' > c, the radius o£ this circle is real. 

If g" +/' = c, the radius vanishes, i. e. the circle becomes 
a point coinciding with the point {-g, —/). Such a circle 
ia called a point-circle. 

If g^ +/^ < c, the radius of the circle is imaginary. In 
this case the equation does not represent any real geo- 
metrical locus. It is better not to say that the circle does 
not exist, but to say that it is a circle with a real centre 
and an imaginary radius. 

Bx. 1. The equation a:^ + i/ + ix-ey=0 can he written in the 

(a!-l-a)'+(y-3)2=13-(yi3)\ 
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CE:IEIUL HQUATION TO A CIRCLE. 121 

Ex. a, Tlie equation 45a;= + 45j;' - 60a^ + 36?/ + 19 = is equivalent 
to 

and therafore repreeonta a. cirole whoee oentie is the point (^, - 1) and 
whose radius is ^-j- , 

143. Condition tJtat tiie general eqttation of ilte teaond 
degree nw/y represent « circle. 

The equation (1) of the preceding article multiplied by 
any arbitrary constant, is a particular case of the geneial 
equation of the second degree (Art, 114) in which there vi 
no term containing xy and in which the eoefiicients of i" 
and y' are equal. 

The general equation of the second degree in rectangular 
coordinates therefore represents a circle if the coefficients 
of :^ and y^ be the same and If the coefficient of i^ 
be zero, 

144. The equation (1) of Art. U2 is called the 
general equation of a circle, since it can, by a praper 
choice of g,f, and c, be made to represent any circle. 

The three constants g, f, and c in the general equation 
correspond to the geometrical fact that a circle can be found 
to satisfy three independent geometrical conditions and no 
more. Thus a circle is determined when three points on it 
are given, or when it is required to touch three straight 

I4S. To find the equation to the circle loMeh is described on the 
line joining the points (% , y^) and (13 , y^) aa diameter. 

Let A be the point {x^, y^) and B be the point (a^, y^), anS let the 
coordinates of any point F on the circle be h and k. 

The equation to AP is {Art. 62) 

!'"^'=l^(^-^'* '^I- 

and the equation to BP is 

'j-ti^='Bi'-'~''f «■ 
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COORDINATE GEOMETHY. 



i.e. {h-a^)(k-x^]+{k-y^{k-y^ = 0. 

Bat this is the condition Uiat the point (ft, k) may lie on the curve 
whose equation is 

This therefore is the req.uii;ed eqaation. 

146. Intercepts made on the axes by the ewcle whose egtuttioii is 

a^^+ay^ + igx + ^f^ + C^O (1). 

The abscissEa of the points where the circle (1) meets the e,sls of x, 
i.e. y — 0, are given by ttie equation, 

aa^ + 2gi: + c = (2). 

The roota of this eqaatiou being a>^ and x^ 



A,A,=x,-x,==^(^ 




^ ha'' 



.JH 



A^ain, the roots of the equation (3) ai'e both imaginary if g^^ ac. 
In this oaBB the circle does not meet tie asis of a in real points, i.e. 
geometrically it does not meet the axis of x at all. 

The circle will touch the axis of x if the intercept A,A„ be just 
zero,t.e.ifi^=ac. 

It will meet the aiia of x in two pointa lying on opposite aides of 
the origin if the two (oots of the equation (2) are of opposite s^s, 
i.e. if be negative. 

147. ISx. 1. FinAtke equation, to the circle which vaisee through 
thepoinU (1, 0), (0, -6), unrf (3, 4). 
Let the equation to the circle be 

a:H!/H2aie + 3/)/ + c=0 (1). 

Since the three points, whose coordinates are gi^en, satisfy this 
equation, we have 

l + 23 + c=0 (2), 

36-12/+c = (3). 

and 26 + 63 + 8/ + c = (4). 
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EXAMPLES, 123 

SubtTGcting (2) from (3) and (3) from (4), we have 
23 + 12/= 35, 
and 63+20/=lI. 

Henee f^^ and g~ -3^. 

Equation (2) Ijhen gives c = ^. 
Subetituting these values in. (1) the req^uired equation is 
4^ + 4y'-142a; + 17jr + 138=0. 

Ex, S. Find the equation lo 1/k eircle which iouelies the axis ofy 
at a distamce +4/rom the origin and cuts off an intercut 6 fivm the 

Any oiroleiB x' + y'' + 2gi: + 2fy + e = 0. 

This meets tha axis of y in points given by 

The roots of this equation rauet be equal and eaeli equal to 4, ao 
that it must bo equivalent to ty-i)^ = 0, 
Henea 2/- -8, and c=16. 

The equation to the circle is tlien 

.r= + j,24-3gi~8)/ + 16-0. 
This meets the asia of x in points given by 

i.e. at points distant 

-g + Jp^-W and -jf-^/Tie; 
Hence 6=2^9^^16. 

Therefore 51= ±5, and the required equation is 

»= + ;/= i 10a; - 81/ + 16 = 0. 
There are tberefore two oiroles satisfying the given conditions. 
This is goometri<!ally obvious. 



2. Whose radius 

3, Whose radi 

4, Whose r 
Find the coi 

rhosa equatione 

5. .r'+t~ 



EXAMPLES, XVII, 

to tlia circle 

3 and whose centre is (- 1, 2). 

10 and whose centre is ( - 5, ~ 6). 

a + b and whose centre is {n, ~b). 

sja^ - 6' and whose centre is ( - «, -h). 

i of the centres and the radii of the circles 



= il. 



-fyV+i= 
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124 COORDINATE GEOMETRY. [ExS. 

Draw Hie circles ■whose equations are 
10. x^-l-y^=2ay. H, Si-' + ay^^is:. 

12. 63;' + V=2a: + %- 

13. Find the eqaation to the circle whioh passes thxoiigli the 
points (1, - 3) aud [i, - 3) and v^hioh has its centre on the straight 
tine 3a! + 41/ = 7. 

14. Find the equation to the circle passing through the points 
(0, a) and {b, li), and having its centre on the a^iis of x. 

Find the oiiuations to the circles which pa^ through the points 

15. (0, 0), (a, 0), and {0, b). 16. (1, 3], |3, -^ 4), and (6, - G). 
17. (1, 1), (2, -1), Bnd{3, 2). 18. {5,7), (8,1), and (1,3). 

19. (a, 6),K -6),and(a + i,a-6). 

20. ABCD is a square whose side is a; taking AB and AD as 
axea, prove that the equation to the circle oircnmscrihing the square ia 



22. Knd the equation to the circle passing through the origin 
and the points (a, 6) and (6, a). Find the lengths of the chords that 
it cuts off from the ases. 



24. Find the equation to 
through the two pomts on the i 
the origin. 

Find the eiiuation to tha circle which 

25. touches each asia at a distance 5 from the origin. 

26. touches each axis and is of radius it. 

27. touches both asea and passes through the point ( - 2, - 3). 

28. teaches the axis of at and passes through the two points 
(1, -2) and (3, -4). 

29. touches the axis of y at the origin and passes through the 
point (6, c). 
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XVII,] TANGENT TO A CIRCLE. 125 

30. tonohea the axis of ^ at a diatauM 3 from the origin and 
intercepts a distamis 6 on tlie axis of y. 

31. Points {1, 0) and (2, 0) are taken on tte axis of x, the ases 
being reetangalar. On the line joining these points an eqnilateraJ. 
triangle is described, its vertex being ia the poaitive qiiadrant. Find 
the e([imtion3 to the cireles deaeribed on its sides as iUaiueters. 

32. If ^ = ntc he the equation of & chord of a circle wIioBe radius is 
a, the origin of ooordinates being one estreniity of the chord and the 
axis of X being a diameter of tbe circle, prove that the equation of a 
circle of whioh this chord ia the diameter is 

33. ^nd the equation to the circle paEsing through the polntB 
(12, 43), (18, 39), and (42, 3) and prove that it also passes through 
the points ( - 54, - 6S) and ( - 81, - 38). 

34. Find the equation to the circle circumscribing the quadrilateral 
formed by the straight lines 

2a: + Sy-2, Sx-2y^i. a: + 2!/ = 3, and 2x-y:=S. 

35. Prove that the equation to the circle of which the points 
{xi , Ji) and (Kj , j/j) are the ends of a chord of a segment containing an 
angle e is 

{x-3:,){x-x^) + {y-y^)iy-ys) 

36. 5'ind the equations to the circles in which the line joining the 
points (a, 6) and {b, - a) ia a chord subtending an angle of 45" at any 
point on its ciroamferenee, 

148. Tangent. Euclid in his Book III. delines the 
tangQnt at any point o£ a circle, and proves that it ia always 
perpendicular to the radius drawn from the centre to the 
point of contact. 

From this property may be deduced the equation to the 
tangent at any point (a;', »/) of the circle a? + tf = (^. 

For let the point P (Fig. Art. 139) be the point 
('«'- y')- 

The equation to auy straight line passing through P is, 
by Art. 63, 

y^y'^mi:^-^') (I), 

Also tlie equation to OP is 

v-i" » 
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COORBINAXE GEOMETRY. 

at right angles 



Ihe straight lines (1) and (3) ar 
line (1) is a tangent, if 



Substituting this value of «i in (1), the er[uation of the 
tangent at (x', y) is 

*-e- axe' + yy' = x'^ + y"' (3). 

But, since (cii, y') lies on the circle, we have x' + y'^ = a?, 
and the required equation is then 



s of 1 



it i; 



impossible to 

in the case of 

to give a 



149. In 

give a simple construction for the tangent 
the circle. It is therefore 
different definition. 

Tangent. Def, Let 1' and Q be any two points, 
to one another, on any curve. 

Join PQ; then PQ is called a 
secant. 

The position of the line PQ when 
the point Q is taken indefinitely close 
to, and ultimately coincident with, the 
point P is called the tangent at P. 

The student may better appreciate 
this definition, if he conceive the curve 
to be made up of a succession of very small points (much 
smaUer than could be made by the finest conceivable drawing 
pen) packed dose to one another along the curve. The 
tangent at P is then the straight line joining P and the 
next of these small points. 

150. To find the equation of the 
(a:', y) of the cirele -jf + y'' = a'. 




at, the paint 
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EQUATION TO THE TANGENT. 

: the given point and 
.d close to F. 
Tlie equation to FQ is then 

^-^'=fc|'(^--') (!)■ 

Since both (x, i/) and {x", y") lie on the circle, we have 
«'° + y" = A 

By subtraction, -we have 

i. e. {cc- - X') {x'- + ^) + {y" - y') {y" + y') -^ 0, 

a;" - a)' y" + ;/' ' 
Substituting this value in (1), the equation to PQ is 

y-^J-'i^M--:) » 

Now let Q be baken veiy close to P, so that it ulti- 
mately coincides with P, i.e. put x" = a:' and )/" = »/. 



Then (2) 



:,{—')■ 



i.e. 2/^' + cea/ = a/' + y" = a.'. 

The required equation is therefore 

iK' + yy-^a' (3). 

It will be noted that the equation to the tangent 
found in this article coincides with the equation found 
from Euclid's definition in Art. 148. 

Our definition of a tangent and Euclid's definition there- 
fore give the same straight line in the case of a circla 

161. To obtain the equation of the tcmpent at any point 
{x', y') lying on the drcle 

x^ + 2/^ + 2gx + 2/g/ + e = 0. 
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128 COORDINATE GEOMETRY. 

Let -P be the given point and Q a point (a;", y") lying on 
the curve close to P. 

The equation to PQ is therefore 

»-»'^fcS'<"-»'> «• 

Sinte both (a;', y'') and {x", y") lie on the circle, we have 

x'^ + y'' + ^g!^ + %f^J + e^O (2), 

and -J'^ + f+lga?' + y\f +c=^^ (3). 

"By subtraction, we have 
>!"■- x" + J" -»•• 1 2? (c" -,.■) + 2/(1/" -;/) = 0, 
i... (.1" -.') («i" + «/+ 2j) + (y" -,■)(>/" + /+ 2/) = 0, 

'■'■ ,!'~^ j/' + j-H-a/- 

Substituting this value in (1), the equation to PQ be- 

y->/-f^fi'^^'} w- 

Now let Q bo taken very close toP, so that it ultimately 
coincides with P, i.e. put a^' = af and y" = y'. 
The equation (i) then becomes 

= -?^'-/;''-'^) 

bj (2). 

This may be written 

XX' + yy + g (X + x) + f (y + y) + c = O 

which is the required equation. 

152. The equation to the tangent at {x', j/) is there- 
fore obtained from that of the circle itself by substituting 
Ks: for a?, yij' for y", ib + »' for 2iC, and y + y for 2p. 
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INTERSECTIONS OF A STRAIGHT LINE AND A CJEOLE. 129 



This is & particular case of a general rule which will be 
found to enable ua to write down at sight the equatii 
tbe tangent at (x, y) 
shall deal in this book. 



of the curves with which wo 
153. Points of interseation, vti general, of the straight 



wilh (he circle 



+ y-a 



-(1), 
..(2). 




The coordinates of the points in which the straiglit line 
(1) meets (2) satisfy both equations (1) and (2). 

If therefore we solve them a& simultaneous equations 
we shall obtain the coordinates of the common point or 
points. 

Substituting for y from (1) in (2), the abacissaa of the 
required points are given by the equation 

i.e, 93'(l + wi') + 2«Mw + c=~a'-0 (3). 

The roots of this equation are, by Art. 1, re;ilj coinci- 
dent, or imaginary, according as 

(2me)' - 4 (1 -1- m^) {c^ - a') is positive, Kero, or negative, 
i. e. according as 



<.■(!+. 
!. according as 



') — e* is positive, aero, or negativ 



,,.■(1 + ™'). 

; the lines marked I, II, and III are all 



parallel, i. e. their equations all, have the si 
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130 COORDINATE GEOJIEIRY. 

The straight line I corresponds to a value of c^ which 
is <a.°(l + n^) and ib meets the circle in two real points. 

The straight line III which corresponds to a value of c", 
> a^ (1 + njr'), does not meet the circle at all, or rather, as in 
Art, 108, this is better expressed by saying that it meets 
the circle in imaginary points. 

The straight line H corresponds to a value of e', whicli 
is equal to a" (1 + m^), and meets the curve in two coincident 
points, *, e, is a tangent, 

154. We can now obtain the length of the chord inter- 
cepted by the circle On the straight line (1). For, if x-^ and 
a^ be the roots of the equation (3), we have 



ff-^-iC5 = 7(!Ci + iB2)'-i«iiea = -j-:jr^27mV~(c^-«')(l ■\-jnr) 



If y, and 9/^ be the ordlnatea of Q and Ji we have, since 
these points are on (1), 

^1 - J/a = ("Ja^ + c) - (mok + e) = m {ail - ck^). 
Hence 

In a similar manner wo can consider the points of inter- 
section of the straight lino i/-ma: + !e with the circle 
of + f + 2ffx + 2/y + (! = 0. 
155. The straight line 



;t to the circle 
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EQUATION TO A^JY TANGENT. 
1 Art. 153 the straight line 



meets the circle in two points which are coincident if 

But if tt straight line meets the circle in two points 
which are indefinitely close to one another then, by Art. 
149, it is a tangent to the circle. 

The striiiglit line y — mx + o is therefore a tangent to the 
circle if 

i.e. the equation to any tangent to the circle is 

y = mx + a.>Jl + ni? (1). 

Since the radical on the right hand may have the + or — 
sign prefixed we see that corresponding to a.uy value of m 
there are two tangents. They are marked II and IV in 
the figure of Art. 153. 



»=-?"? <"• 

Put — ,~m, so that 3!'= -inj/', and the lolation x'^ + y'^'^a^ gives 

The equation (1) then becomes 

This is tlierefore the tangent at the point whose coordinates are 

1B7. If wa assume that a tangent to a circle is always perpen- 
dicnlar to the radios vector to the point of coniaot, the result of 
Art. 1G5 may be obtained in another manner. 

For a tangent is a line whose perpendicular distance from the 
centre is equal to the radius. 

9—2 



y Google 



COOHDINATE GEOMETRY, 



1S8. Ex. Find the equations lo the tangents to ike circle 

which are parallel to the straight line 

i3i+Sy + 5=0. 
Any stra^ht line pniallel to the given one in 

4a + % + C=0 (1). 

The eqttiition to the circle is 

"Fhe straiglit line (1), if it lie a tangent, must be therefore euoli 
that ita distance from the point (3, - 2) is equal to ± 5. 

Hence ^^;I^i5=±S, (Art. 75), 

so that C=-6±2S = 19or -31. 

The required tangents ace therefore 

4E + 3y + 19 = and 4a; + 3y~31=0. 

1S9. Normal. Def. The normal at any point i* of 
a curve is the straight line ■which passes through P and is 
perpendicular to the tangent at P. 

To find the equation to the normal at the point {k', y') of 
{1) the circle 



amd (2) the circle 

(]) Tlie tangent at {a:', y) is 
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THB NOKMAL TO THE CIRCLE. 133 

The equation to the straight line passing through {x, y') 
perpendicular to this tangent is 



«(-?)-'• 



The required equation is therefore 
y - 2/' =^1: (.-«■), 
i. e. oiy — xy' = 0. 

This straight line passes through the centre of the circle 
which is the point (0, 0). 

If we assume Euclid's propositions the equation is at once 
written down, since the normal is the straight line joining 
(0, 0) to K !,■). 

(2) The equation to the tangent at (x', y') to the circle 
a^ + j/= + 2 jM + 2/^ + = 

The equation to the straight line, passing through the 
point (0/, y') and perpendicular to this tangent, is 
!,-y'-m(a,->,'), 






The equation to the normal is therefore 
e. y(x- +g)-x (j/ +/) + fx' - gy' = 0. 
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COORDINATE GEOMETRy, 



EXAMPLES. XVni. 



Write down the equation of the tangent to the oirele 

1. o;^ + !/=-3a; + 10;/ = 15attliBpomt (4, -11). 

2. 4a!2 + V-16a: + 34j'=117attiiBpDint(-4, -^). 
Find the equations to the tangents to the circle 

3. x^ + y^=i whioh, are parallel to the line x-\-2'j-i-S — 0, 

4. .T;5+j/' + 2i(a; + 2/y + c = 0whicK are parallel to the line 

x + 2y-G-(l. 



7. Find whether the straight line a + j; = 2 + ^2 touches the oirele 
x^ + y^~2x-2y + l=0. 



l;9^ Find the value of p so that the straight line 
oiooBa + ysina-li = 
may touch the oirole 

10. Find the ooadition that the straight line Aa + By+ C~0 may 
touoh the oirele 

11. Find the equation to the tangent to the eireie a^-i-y''=ii}' 
which 

(i) ia parallel to tho straight line y = mx+c, 
(ii) ia perpendicular to the straight line y = iitx + i:, 
(iii) passes through the point (&, 0), 
and (iv) makes 'with ilie axes a triangle whose area is a?, 

12. I'ind the length of the chord joining the points in which the 
straight line 
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li. Fiad the equation to the straight lines joining the origin to 
the points inwhhthta}tli y= th I 

+ y =-a + zj 
Hence find th J t n that ih sa p t m 7 H nl ^\ 

angle at the ongi 

Find alao th H tl t th t ^ht 1 y t 1 th 

Find the eg t t th 1 h h 

15. has its centre at the point (3, i) and touches the Eti-aight line 

53; + 13)/ = 1, 

16. touehea the oxeB of coordinates and also the linu 

the centre being in the positive cpiadrant. 

17. has its centre at the point (1, -3) and touches the straight 
Une2a-y-i = 0. 

18. Pind the geneial equation of a circle referred to two perpen- 
dicular tangents as axes. 

19. Find the equation to a circle of radius )■ which touches the 
axis of J/ Sit a point distant /( from the origin, the centre of the circle 
being in tlie poaitiTe quadrant. 

Prove also that the equation to the other tangent which passes 
throu h the origin is 

20 iinl the equation to the circle whose centre is at the point 
(a (3) and which paaaee through the origin, and prove that the 
e 1 t on of tl e tangent at the origin is 

21 To circles arc drawn through the points {a, 5a) and (ia, a) 
to touch the axis of y. Prove that they intereeet at an angle tan""^ ^ . 

22. A circle passes through the points ( - 1, 1), (0, 6), and (6, 5). 
Find the points on this circle the tangents at which are parallel to the 
straight line joining the origin to its centre. 

160, To shew that from amy point thet-e can be drmon 
two tangents, real or imagirutry, to a circle. 

Let the equation to the circle be a^ + y' — a,^ and lot the 
given point be (cCi, y^). [Fig. Art. 161.] 

Tlie equation to any tangent is, by Art. ISJ, 
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If tilis pass through the given point (x,, y,) 

y^ — rax^ + a 
This is the equation which g 
sponding to the tangentfi which p 
Sow (1) gives 

i.e. y^ — Sraaij^i + n^x^ = a^ + a%re', 

i.e. ™^{3:i=~«=)-2)M^,+ y.= ~«= = {3). 

The equation (2) is a quadratic equation and gives 
therefore two values of ?« (real, coincident, or imaginary) 
corresponding to any given values of (c, and i/i . For each 
of these values of m, we have a corresponding tangent. 

The roots of (2) are, by Art. 1, real, coincident or 
imaginary according as 

{^x,y^^ ~ 4 {x^ — a?) (y^ — aF) is positive, zero, or negative, 
i.e. according as 



If x^ + yi > a', the distance of the point {%, y^ from 
the centre is greater than the radiua and hence it lies outside 
the circle. 

If x^ + y-^^a th p nt ( , y-^ lies on the circle and 
the two coincident t ng nt b me the tangent at («i , y,). 

If ic,^ + J/i' < a tl e p nt ( , y-) lies within the circle, 
and no tangents tl b ^eometricaDy drawn to the 

circle. It is ho e b tte t say that the tangents are 
imaginary. 

161. Chord of Contact. Def. If from any point 
T without a circle two tangents TF and TQ be drawn to 
the circle, the straight line FQ joining the points of 
contact is called the chord of contact of tangents from T. 

To Jmd the equation of the clwrd of contact of tangents 
dra/wn to tite eirale »? + y' = a^ from the external point 
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Let T te the point {^y, y^, and P and Q the points 
(ai'j y) and (ic", y") respectively. 
The tangent at P is 

xa! + yy'=^a? (1), 

and that at Q ia 

x!^' + yf=a? (2). 

Since these tangents pass through 
T, its coordinates (^j y^ must satisfy 
both (1) and (2). 

Hence x^al + y^'ij ~ 

and Xiui' + y^'if' = o.^ . 

The equation to PQ is then 

xxi + yyi = a2 (5). 

For, since (3) is true, it follows that the point (k', y'), 
i.e. P, lies on (5). 

Also, since (i) is true, it follows that the point {x'\ y"), 
i.e. Q, lies on (5). 

Hence both P and Q lie on. the straight line (5), i.e. 
(5) is the equation to the required chord of contact. 

If the point {Xi, y,) He within the circle the argument 
of the preceding article will shew that the line joining the 
(imaginary) points of contact of the two {imaginary} 
tangents drawn from (%, y^) is 0!x, + yyj = a^. 

"We thus see, since this line is always real, that we may 
have a real straight line joining the imaginary points of 
contact of two imaginary tangents. 

162. Pole and Polar. Def. If through a point 
P (within or without a circle) there be drawn any straight 
line to meet the circle in Q and Ji, the locus of the point of 
intersection of the tangents at Q and S is called the polar 
of P ; also P is called the pole of the polar. 

In the next article the locus will be proved to be a 
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COORDINATE GEOMETRY. 



163. To find Ae equation to i/ie 'polar of the point 
(«!, 2/]) with respect to the .circle a? + y^ = a'. 




Let QS be any chord drawn through I' and let the 
tangents at Q and S meet in the point y vhose coordinates 

™ (h, h). 

Hence QM is the chord of contact of tangents drawn 
from tlie point {h, k) and therefore, hy Art. 161, its 
equation is xk -i- yk = of. 

Since this line passes througli the point {r^, y^) we 

%A + j/i/e=a' (1). 

Since the relation (1) is true it follows that the 
variable point {A, k) always lies on the straight line whose 
equation is 

xxi + yyi = a^ (3). 

Hence (2) is the polar of the point (%, i/i). 
In a BJmilar manner it may be proved that the polar of 
{x^, 1/j) with respect to the circle 

is ascj + yy^+g (x + a:,) +f(i/ + y,) + c = 0. 

164. The equation (3) of the preceding article is the 
same as equation (B) of Art. 161. If, therefore, the point 
{^11 J/i) t>e without the circle, as in the right-hand figure, 
the polar is the same as the chord of contact of the real 
tangents drawn through {iCi, y^. 

If the point (k,, y-^ be on the circle, the polar coincides 
■with the tangent at it. (Art. 150.) 
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If the point (xj, y^) be witliin the circle, then, as in 
Art. 161, the equation (2) is the line joining the (imaginary) 
points of contact of the two (imaginary) tangents that can 
loe drawn from (x, , y^. 

night have been 

The polar of a given point is the straight line which 
passes through the (real or imaginary) points of contact of 
tangents drawn from the given point ; also tlie pole of any 
straight line is the point of intersection of tangents at the 
points (real or imaginary) in which this straight line meets 
the circle. 

166. Geometrical construction /or tJte polar o/apoint. 
The equation to OP, which is the line joming (0, 0) to 



(«h, 3/,), is 




Also the polar of J' is 

xic, + y!/i_^d' (3). 

By Art. 69, the lines (1) and (3) are perpendicular to 
one another. Hence OP is perpendicular to the polar 
of P. 

Also the length OP -^ Jx^ + y(\ 
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140 COORDINATE GEOMETRY, 

and the perpendicular, ON, from upon (2) 

Hence the product OiV, OP=a\ 

The polar of any point F is therefore constructed thus ; 
Join OP and on it (produced if necessary) take a point jV 
such that the rectangle Olf. OP is equal to the square of 
the radius of the circle. 

Throngh iV draw the straight line LL' perpendicular to 
OP; this is the polar required. 



166. To find the pole of a given line vnth respect to 
aivy circle. 

Let the equation to the given line be 

Au^ + Sy + C^O (1). 

(1) Let the equation to the circle be 

and let the required pole be (^^, y^). 

Then (1) must be the equation to the polar of (sii, j/,), 
i.e. it is tlie same as the equation 

»='. + W,-»'-0 (2)- 

Comparing equations (1) and (2), we have 



> tliat a;i = — -rr,a? and j/j = - -^ a?. 

The required pole ia therefore the point 

(2) Let the equation to the circle be 
a? + 3/' + 2jfo; + 2/^ + = 0. 
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If (a^, y,) be the requireii pole, tlien (1) must be 
equivalent to the equation 

aa\ + jiyi + jF (a; + a;,) +f{y + 2/1) + " = <*- (^rt. 163), 
i.e. x{x^+ff) + i,{i/^+f) + gx,+f^, + e^O (3). 

Comparing (I) with (3), we therefore have 

»'l + 9 _ yi+/_ ff^i + Ai + 
A " B ~ 

By solving these equations we have the values of x. 

En, Find the pole of the straight liiie 

9.^+^-28 = (1) 

with respect to the cirele 

2a;=i+V-3» + %-7=0 (2), 

If (kj, !/j) be the reciuired poiat the liae (1) must eoinoide with the 
polar of (xi, t/i), whose equation is 

23;ii + 2j/j,,-f(a> + 3;i) + |{2/ + ^J-7 = 0, 

i.e. a {4a, -3) + 3)(4t/; + 5)- 337,4-5^1 -.14=0 (3). 

Since (1) and (3) ara tha same, we haTe 

ia^-S ^iy^ + 5 _ -Sxj'\-5yi~li 

Hence x,^-9yj_ + 12, 

and 3i:,-i:7!/i=126. 

Solving these equations we have 3;j = 3 and !j'x= - 1, so that the 
required point is (3, -1), 

167. If the polar of a point P pass through a point T, 
then tJie polar of T passes through P. 

Let P and T be the poinba {x^, y,) and (x.„ y^ re- 
spectively. (Fig. Art. 163.) 

The polar of (wi, i/,) with respect to the circle 

This straight line passes through the point T if 

x.,x^ + yiy^==a' (1). 
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Since the relation (1) is true, it folluwa that the point 
(x,, y^, i.e. P, lies on the straight line asK^ + yy^ — o?, which 
ia the polar of (»%, y^, i.e. T, with respect to the circle. 

Hence the proposition. 

Cor. The intersection, T, of the polars of two points, 
P und Q, ia the pole of the line PQ. 

168. To find ike lengtli of the tangent titat can he 
drawn frtrm, the point (cCi, y,) to the circles 

(1) a^+^ = «=, 
and (2) x' + y' + 2gx -i-2fy + c^0. 

If r be an external point (Fig. Art. 163), TQ a tangent 
and the centre of the circle, then TQO ia a, right angle 
and hence 

TQ'^OT'-OQK 

(1) If the equation to the circle be x' + y^—.a\ is the 
origin, OT^ =- (x^^ + y,\ anA OQ'^aK 

Hence Tg' = o-^^ + y^ ~ a\ 

(2) Let the equation to the circle be 

x'' +y'^ + 2gx + 2/y + c-Q, 
i.e. (^ + j)= + {3/+/)2 = /+y^_o. 

In thia case is the point (— jf, —/) and 

Oe= = (radius)= = /+/=-c. 
Hence OJ-=[x,- (- ff)f + [y, - (-/)]= {Art. 20). 

- {^i+ffT + (!/,+/}'■ 
Therefore TQ" = {x, + g)^ + {y, +/)= - (g^ +/= - c) 

^ x^ + y^ + 2gx, + 2fy, + c. 
In each caae we see that (the equation to the circle 
being written so that the coefficients of a? and i/' are each 
■unity) the sqnare of the length of the tangent drawn to the 
circle from the point {x,, y,) ia obtained by substituting % 
and yi for the current coordinates in the left-hand member 
of the equation to the circle. 

*169. To find the equatUm to the paif of twngefnts thn,t 
can he dratvn from the point {x, , y,) to the circle a?-i-y^ — a\ 



y Google 



FAIR OF TANGENTS FROM ANY POINT. 143 

Let {h, k) be any point on either of the tangenta from 

K, »). 

Sinuu any straight line touches a circle if the perpen- 
dicular on it from the centre is equal to the radius, the 
perpendicular from the origin upon the line joining (x,, j/,) 
to (h, k) must be equal to a. 

The etiuation to the straight line joining those two 
points is 

i.p.. y (A - ^i) — x(k — y,) + &x,~ Ji/fii = 0. 

Henco ' -"'^ ~ — = a, 

so that {kxy - Jiy^f = a" [{/* - x^f + {k~ y^f\. 

Therefore the point (A, h) always lies on tlie locus 

{ahy-xyjf = a''[{x-x;f + {y-y-,f\ (1). 

This therefore is the required equation. 
The equation (1) may be written in the fomi 
x^y^-o!')^f{x^-a?)-a'{x,^+y,^ 

= 2xyXiJ/i — ia'xxi - 2t(^„ 
i.e. (x' + y^-a^ (x^ + y^ — a^ = x'x^ + y^^ + a^ + ^xyxj^i 
-2a^X9^-^a?yyi = {3^ + yy^- wj (2). 

* 170. In a later oliapter we shall obtain the eqiuition to the iiair 
of tangents to any curve of the second degree in a torai 
to that of equation (2) ot the preTioua article. 

Similarly the eiiuation to the pair of tangenta that 
drawn from {xi, j/j) to the oirole 

If the eqnaUon to the oirole be giTon in the form 
^■^^^^-^gx + ify + c^a 
(he equation to the tangents is, similarly, 
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EXAMPLES. XIX. 



Find the polar of the point 

1, (li 2) with reepeot to the oirole x^-i-y^—7. 

2, (i, -1) with respect to thechcle 2x2 + 3^^=11. 

3, ( - 2, 3) witii respeot to the circle 

4, (5j - i) ™th respect to the circle 

Sx' + 3y'~7x + Sy-<l = 0. 

5, (a, - 6) with reBpeot to the circle 

x^ + y^ + 2ax~2by + a.^^b^=0. 
Find the pole of the Etradght line 
fi. x + ^ — l with respect to the oirole 3i^+^°=5. 

7. 2x-y~& with rBBpeat to the circle 5x'+5y^=9. 

8. 2ic + y + l2^0 with reepeot to the circle 

ai' + y^-ix + Ay-l^O. 

9. ISs-S^a + M^O with respect to thecirole 

3a= + 3i/H6a;- 7^ + 2 = 0, 
lOj aa! + ly + ia'' + Sb^=0 with respect to the circle 
ay' + y' + 2ax + 2by = a^+T>^. 

11. Tangents are drawn to the oirole a^+j/'=12 at the points 
where it 13 met by the oirclea!^+y'-5a: + 3y- 2=0; find Uie point of 
interaoction of these tangents. 

12, Pind the eqaation to that chord of the oirole x^ + y^ — 81 which 
is bisected at the poiat (-2, 3), and its pole with respect to the circle. 

13, Prove tJiat the polara of the point (1, - 2) with respect to the 
circles whose eqaa.tions iLre 

3:^+y° + 6y + B = and x'+y''+%): + Sy + 5 = 
coincide ; prove also that there is another point the polars of which 
with respect to these circles are the same and find its eoordinates. 

14, Find the condition that the chord of contact of tangents from 
tiie point (x', y') to the circle ar' + y'' — a^ should subtend a right angle 
at the centre. 

15. Prove that the distances of two points, P and Q, each from 
the polar of the other with respect to a circle, are to one another 
invei^ely as the distances of the points from th4 cenfre of the circle. 

16. Prove tliat the polar of a given point with respect to any one 
of the circles x'' + y^ - 2kx-i- c- =0, where k ia variable, always passes 
throngh a fixed point, whatever be the value of k. 
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145 



17. TangentB are drawn from the point (ft, k) to tlie circle 
a:^+y'=a^; prove tiiat the area of the triangle formed by tbera 
(md the etra^hl; line joining their poiuls of contact is 

find tlia lengths of the tangents drawn 

18. to thecircle23;'' + 2?;' = 3irom tliepoint{-3, 3). 

19. to the circle ac^ + 31/^- 73^-6^ = 12 from the point ((i, -7). 

20. to the oirdea= + j^ + 3bj;-3Z)5 = from the point 

|« + 6, a-b). 

21. Given the three circles 

3«= + %=-36a; + al=0, 
and j:= + a= - 16a; -12j/ + 81 = 0, 

find (1) the point froni which the tangents to them are equal in 
length, and (2) this length, 

22. Tke diBtances from the origin of the centres of three circles 
afl + y'-2\x—c^ (where c ie a constant and \ a variable) are in 
geometrical progression ; prove that the lengths of the tangents drawn 
to them from any point on the circle x^ + y^'^c'ate also in geometrical 



3. Find the equation to the pair of tangents di-ai 

(1) from the point (11, 3) to iiie circle x''+y'= 

(2) from the point (1, S) to the circle 



171. To find tlie general equati 
to polwr coordinates. 

Let be the origin, or polo, OX the initial li 
centre and a the radius of the 
circle. 

Let the polar coordinates of G 
be R and a, so that 00 — Ji and 

Let a radius vector through 
at an angle with 'the initial line 
cut the circle in P and Q. Let 
OF, or OQ, be r. 

L. 



Of a Circle rejen-ed 
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Then {Trig. Art. 164) we have 

CP-' - 00^ + 07"= - 20(7 . OP co» GOP, 
i.e. a'^S' + r^- 2Br cos (^ - ■ a), 
i.e. T^ -^Rr cos {d- a) +R^- a? ^0 (1). 

This is tlie lecjuired polar equation. 

173. Particulaie caus of the general eguation inpolai- aoordiiMles. 

(1) Let the initial line be taken to go tinot^h the cenlj« C. Tben 
a— 6, and the equation beoomes 

;^ - 2Er COS fl + Ji= - a= = 0. 

(2) Let the pole O be talien on the circle, so that 

R = OC=a. 
The general equation then becomes 

r=-2arco3(e-a) = 0, 

(3) Let the pole be on the circle and also let thu initial line pass 
through the centre of the circle. In this c; ~~ 

0=0, and R=.a. 
The general equation reduces then t 
simple form r=2aooa0. 

This is at once evident from the figure. 
For, if OCA he. a diameter, we have 
0P= OA cos B, 



173. The equation (1) of Art. 171 is a, 
equation which, for any given value of 0, 
values o£ r. These two values in the figure ai 
OQ. 

If these two values be called r-^ and r^, we have, from 
equation (1), 

''i''2=P'"0^iJct of the roots = -S^~ffi^ 
i.e. 0P.OQ^B^-a\ 

The value of the rectangle OP.OQ is therefore the 
same for all values of 6. It follows that if we drew any 
other line through to cut the circle in P^ and Q^ we 
Bhovtld have OP. OQ^OP^. OQj. 

Thia is Euc. in. 36, Cor. 
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POLAR EQUATION IX) THE TANGENT. 147 

174. Find the equation to the ehard joining the pointi on, the circle 
r^Sacos Swhose vectorial angles are P, am! Sj, andd^duee the equation 
to the tangent at the point fli- 

Tlia equation to any Btraight line in polar coordinates is (Art. 88) 

2,=reos(fl-n) (1)- 

If fliis passtlirough tlie pointa (2a cos e^, ej and (30008^5, e^), we 

9a 008 0, COS {ej-B)^p=2a cose, cos (flj,-ai (3). 

Hence cos (2fl^ - o) + co8 o = 00a (2^5 - a) + cos a, 

since fl, and $^ ate not, in general, eaual- 

Henoe o^ei+Sj, 

anil then, from (2), ji = 2i(aoa ff^aoa $2. 

On substitution in (1), the equation to tlie required chord is 

Tlie equation to tlie tangent at ttie point 6^ is found, as in 
Art. 150, by putting e^^e^ in equation (3). 
We tlras obtain as the equation to tlie tangent 

reos(C-2e|)^2oooaSfli. 

As in tlie foregoing article it could be shewn that the equation to 

the chord joining the points fliand Sjon the oirole r=2«soo3(fl-7}i3 

rmB[0^e^-e.,+yl^2aoos(9^-y)coB[e^-y) 
and hence that the equation to the tangent at the point 0, is 
rooB(fl-9ai+7]=aaooB^(e,-7). 



EXAMPLES. XX. 

1, Find the coordinates of the centre of the circle 

2, Find the polar equation of a circle, the initial Une being a 
mgent. 'What does it become if the origin be on the cirotunf ecence ? 

3, Ilraw the loci 

{i.)r = a; {2) r^asmS; (3)r = aooa0; (4) r^nsec'P; 
(S)i-=acos(fl-a); (6)r=asee[e^a). 

a) and r = &sin(e-a) 
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COORDINATE GKOMETRY. [EXS. XX.] 

igbt 

7. Prove that the equation to the circle described oa tlie straight 
line joining the points (1, 60°) and (2, 30°) as diameter is 

r=-r[coa(e-60'') + 2coa(0-30'')]+V3 = 0. 

8. Find the condition that the straight line 

may toneh the circle j'=2i^oos9. 

175< Tojmd the general eqvMion to a circle referred to 
oblique OCXS which meet at am, angle lo. 

Let G be the centre and a the radius of the ciruli!. Let 
the coordinates of C be Qi, k) so 
that if GM, dra'jpn parallel to the 
axis of y, meets OX in M, then 
OM=h and MG = k. 

Let P be any point on the 
circle whoso coordinates are x and 
y. Draw PJV, the ordinate of P, 
and CL parallel to OX to meet 
PNiaL. 

Then CL = MN= ON^- OM^ x ~ h, 

and LP^FP-NL^NP-MG^y-k. 

Also z OLP^ L ONP= 180" - l i'iVX= 180" - «.. 

Hence, Bince CL^ + LP" -2GL . LP cosGLP = a\ 
we have (x~h)2+ {y-k)3 + 2 (x-h) (y-k) cosa) = a^, 
i.e. a? + ;/^ + 2iCT/ cos 0) - 2ic (A + A cos .») - 'iy {h -x- h cos <o) 

+ /i^ + P + 2AAcosoi = a^ 

Tlie required equation, is therefore found. 

176. As in Art. 142 it may be shewn that the 
equation 

x' + 2(i;y cos lo + j/° + 2gx + %fy + c = 
represents a circle and its radius and centre found. 
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Bx. If the axes be mclined at W, prove that the eg-uaUan 

x'^+xy + y^ - ix - 5y - 2 = (I) 

represents a ct^vle and find its ctntre and radlug. 

If itf be equal to 60°, bo (hat oosot=S, the equation of Art. 175 
beoomes 

a? + ieij+'\f-x(2h-i-k)-y{2k + h) + h'' + i!^+hk^a^. 
This equation agrees with (I) if 

2ft4-ft = 4 (3|, 

2k + h = 5 (3), 

and k^ + k^ + kk-a.^^-2 (4|. 

Solving (a) aiid (3), we have ft=l and *=2. Equation (4) then 

so that a = 3. 

The equation (1) therefore represents a oirele whose centre is the 
point {1, 2) and whose radins ia 3, tha axes being inclined at 60". 

EXAMPLES. XXI. 

Find the inolinationH of the axes so that the following equationB 
may repteeent citolea, and in each case find the radiuB and centre ; 

1. x^-~xy + f~2gs^-2fii^0. 

2. x^ + ^Z^cy + y^-ix-ey + ^^O. 

3, The axes being inclined at an angle u, find the centre and 
radius of the circle 

x^ + 2xy 008 ui + y^ -igx-ify^O. 

4, The axes being inclined at 45°, find the equation to the circle 
whose centre is the point {2, 3) and whose radius is i. 

5, The axes being inclined at 60", find the equation to the circle 
whose centre ia the point ( - 3, - 5) and whose radius ia 6. 

6. Prove that tlie equation to a circle whosa radius is a and 
which touclies the axes of coordinates, which are inclined at an angle 

iH23^ 008 01+!;=- 2a (K+!;)cot| + a3cot2|=0, 

7. Prove that the straight line y = '!it,i! will touch the oirole 

a;= + 3a;i/ cos u + !f ' + 203; + 2/!/ + ir = 
if (^+/mP=e{l + 2BiooBw + m2). 

8, The axes being inclined at an angle ui, find the equation to the 
circle whose diameter is the straight line joining the points 

(3^, y') and {.-e", y"). 
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150 COOKDINATE GEOMETRY. 

Coordinates of a point on a circle expressed in 
terms of one single variable. 

177. If, in the figure oE Art. 139, we put the angle 
MOP eq^ual to q, tlie coordinates of the point P are easily 
seen to he a cos a. and a sin a. 

Those equatiuns clearly satisfy equation (1) o£ that 
article. 

The position of the point P is therefore known when 
the value of a is given, and it may be, for brevity, called 
" the point a." 

With the ordinary Cartesian coordinates we have to 
give tihe values of two separate quantities «' and y' (which 
are however connected by the relation a^ = Jo? — y'") to 
express the position of a point P on the circle. The 
above substitution therefore often simplifies solutions of 
problems, 

178, To find Hie equation to the straiyht line joining 
two points, a and ^, on (As evroJe a? + y^ = a'. 

Let the points be P and Q, and let Olf be the perpen- 
dicular from the origin on the straight line PQ ; then'OiV 
bisects the angle POQ, and hence 

z XOiV= |( ^ ZOP + z JFOfi) = I (a + j3). 

Also Oi\^= OP cos JfOP= a cos ^^ . 

The equation to PQ is therefore (Art, 53), 



If we put ;8 = a we have, as the equation to the tangent 
at the point a, 

This may also be deduced from the equation of Art. 150 
by putting a/ - a cos a and j/' = a sin a. 

179. If the equation to the circle be in tlie more 
general form 

ia:--7iY + {y-ky^a\ (Art. HO), 
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THE CIRCLE. ONE VAKIABLE. 151 

we may express the coordinates of P in. the form 
(A + a cos a, A + «, sin a). 

For these values satisfy the above equation. 

Here a is the angle LOP [Pig. Art. 140]. 

The equation to the straight line joining the points a and 
j8 can be easily shewn to be 

and so the tangent at the point a is 

{«:-A)cosa+(y-^)sina = «. 



*1S0. Common tangents to two circles. If 0^ 

and (?5 be the centres of two circles whose radii are Tj and 
fj, and if one pair of common tangents moot OiO, in T, 
and the other pair meet it in 2*8, then, hy simOar triangles, 
we have ~-^ = -? = --?^ . The points T^ and T^ therefore 
divide O1P2 ii ^^^ ratio of the radii. 

The coordinates of T, having been found, the corre- 
sponding tangents are straight hnes passing through it, 
such that the perpendiculars on them from 0, are each 
equal to Tj. So for the other pair which pasa through 2',. 

Bx. Find the fovir common tangents to tlie circles 

a;a + ^3 _ 22a! -i-4j/ + 100 = 0, and x^ + y' + 22x-iy -100 = 0. 
The equations may be written 

(a-ll)^+(2/ + 2)«=E', aiid(ai4-ll)^-K!/-2)^=15=. 
The centre of the first ia the point (11, - 2) and its radius is 5. 
The centre of the aeoond is the point (- 11, 2) and its radius is 15. 

Then T^ is the point dividing internally the line joining the centres 
in ike ratio 6 : IS and hence (Art. 22) its coordinates are 
15xll + 5x(-ll) , lSx(-2) + 5x2 

i5T5- - ""^ ls^-5— ' 

that la, T^ in the point (V, - 1). 
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15^<(-2)-5>; 



that is, Ti is the point (22, - 4). 

Let Hio equation to eitter of the tangents passing tlirough T^ be 

y+l=ni{x-i^) (1). 

Then tha perpsndicular from the point (11, -3) on it is eijual to 
* 5, and henee 

^(ll-W-(-2 + l) ^^^ 

On solving, -we have m= -?(* or J. 

The re^uiMd tangents through T„ are therefore 
24a; + 7); = 125, and4a;-3y = 25. 
Similarly the equations to the tangents through r, are 

Sr4-4=m(j!-2a) (2). 

where — ' 7 ~ -i= ±5. 

Vl + in^ 
On solving, we hare )rt=/,-or -f. 

On substitution in (2), the lequircd equations are therefore 
7:1; - 241/ = 250 and 3a; + 4)/ = 50. 

The four oommon tangents are therefore found. 
181. We sliall conclude this chapter with, some mia- 
celltuieoua examples on ioci. 

Bx. 1. Find the Uiaa of a pomt P wMch moves so that its dtstanee 
from a given point O ia alwaya in a given ratio (n : 1) to its dintance 
from aaother given point A, 

Take as origin and the direction of OjI aa the axis ot x. Let 
the flistanoe OA be a, so that A is the point (a, 0). 

If (jc, y) he the ooordinates o£ any position of F we have 
OP^^u^.AF^, 
i.e. x^-i-y^=n''[(x-ar + y% 
i.e. (3;= + j;^{ii^-l)-9fl!i% + n%==0 (1). 

Hence, by Art. 143, the loous of P is a oirole. 

Let this oirole meet the axis of ar in the points G and D. Then OC 
and OD are the roots of the equation obtained by putting y equal to 
zerom(l). 

Hcuce OC^^, and 01}=—.. 
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THE CIRCLE. EXAMPLES, 

We therefore have 

CA~-^ and AD--^—. 



Ex. S. F^om any point on one gtvfn eacle tangents are dravm to 
another given circU; prove tliat the loi-ia of the vadAle point of the 
chord of contact is a third circle 

Take the centre of the fltat circle as origin and let tlie axis of x 
pass thioi^ the oeutre of the Beooiid circle Their equatlong are 

>'+y-=''' (1), 

and lc,-c)^ + y^ = P (2), 

where a and 6 are the radii, and c the diatanca Iwtween the centres, of 
the circles. 

Any point on (1) is (aoosS, asinfl) where 6 is variable. Its chord 
of contact with respect to (2) is 

{«^-c)[aeosa-c) + ya^0=b^ (3). 

The middle point of this chord of contact is the point where it is 
met by the perpendicular from the centre, vis. the point (c, 0). 

The equation to this perpendicular is (Ait. 70) 

^{x-c)aBme + {acose-c)y=0 (4). 

Any equation deduced from [S] and (4) is satisfied by the coordi- 
nates of the point under consideration. If we eliminate B from them, 
we shall have an eguatioo always satisfied by the coordinates of the 
point, whatever be the value of S. The result will thus be the equation 
to the required locus. 

Solving (3) and ti), we have 

6V 





, »■(— ) 


' ,•+(.-.)■■ 



The required looua is tJierefore 

This 19 B, circle and its centre and radius are easily found. 
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Ex. 3. Find the lamia of a point P which is such that its polar with 
respect to one circle touches a second circle. 

Taking the notation of the last article, tlie equations to the two 
oiroles are 

x^+y'^a' (1), 

auS. {x-cy + y^r^b^ (2). 

Let (ft, k) 1)0 the eoordinalea of any position of P. Its polar with 
respect to (1) is 

xh+yk^o!' (3). 

Also any tangent to (2) has its equatJon of the form (Art. 179) 

{x-c]aa>ie + ymae = h (4). 

If thee (3) be a tacgent to (2) it must be of the form (4). 
Therefore ^^ = ^^ = ^.?^^ — . 

These equations give 

coae(aS-eft) = ift, and BiDd{a^-chj = l,k. 
Squaring and adding, we have 

(aS-.,^7i)5=iV/i^+J:=) (S). 

The locus of the point [h, i) is therefore the ourre 

AUter. Tho conation that (3) may touoh (3) may he otherwise 

For, as in Art. 153, the straight line (3) meets the circle (2) in tho 
points whose abscissce are given by the equation 

fc= (a -c)= + {o=-fti)' = &=*', 

i.e. 3:=(ft= + ft=)-23;(et= + a«ft) + (Pi;« + ii°-i)'^t=)=0. 

The line (3) will therefore touch (2) if 

(cl«+a=ft)= = (ft= + ft^)(J;%= + a*-6'i=), 

i.e. if 5=()i^ + P) = (c;t-a=)=. 

■which is equation (5). 

Ex. 4. 18 o Jixed point and P any point <m a given circle ; OP 
is joined and on it a point Q is taken so that OP. OQ=a constant 
gwrntily t"; prase that the loeus of Q is a circle which hecomes a 
straight line leJi^a O lies on the original circle. 
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Let be taken aa pole and the line tliroug'' the centre C as the 
initial line. Let OG^d, and let the 
tadiua of the circle he a. 

The equation to the circle is then 

a^-r^ + d^-2rd,cm6, (Art. 171), 
where OP = r and LPQC=d. 

Let OQ be p, so that, by the given 

oonditioii, we have rp = ft' and henoe r — — . 
P 
Snbetitnting this value in the equation to the cicelo, we have 

a..^^ + a.-2'!:'„. ,1), 

so that the egiiation to the locus of Q is 

'-*?!,'»«-.-^ m- 

But the equation to a circle, whose radius is a' and whose centre ia 
on the initial line at a distance d', is 

T^-2rd'coad = a'^-d"^ (3). 

Comparing (1) and (2), we see that the required locus is a circle, 
such that 

„ kH , „ „, k* 

The roqnircd locus is therefore a circle, of radius ; ^ - — ^ , whose 

centre ia on the same line as the original oentra at a difltanoa „_ ^ 
from the fixed point. 

When lies on the original circle the distance d is equal to a, and 
theeiiuation (1) beoomes k''=2dr bob 9, i.e., in Cartesian coordinates. 



In this case the required locns ia a straight line perpendicular 
to OC. 

When a aeoond curve is obtained from a given carve by the above 
geometrical process, the second curve is said to be the Inverse of the 
first curve and the fixed point O is called the centre of inversion. 

The inveiee of a circle is therefore a circlo or a straight line 
according as the centre of inversion is not, or is, on the circumference 
of the original circl?. 
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Bx. 6. PQ is a $traight line drawn through 0, one of the eommon 
pointt of two circlm, andmeeU them againinP and Q;Jind the loeua qf 
the point S which bisects the line PQ. 

Take aa tha origin, let the radii of the two oiroles he R and E', 
and let the lines ioinins their centres to make angles a and o' with 
tlie initial line. 

The equalionB to the two circles are therefore, {Art. 172 (3)}, 

r=2Jtoos(fl-a), and r = 2fl'cos(S- a'). 
Heiise, if S be the middle point of PQ, we have 

2OS=OP+OQ = 2EeoB{0- a) + 2R- cos{» ~ a'). 
The loeuB of the point S is therefore 
r=Eoo9(fl-a) + E'OOS(0-a'J 

= 2R"coB{9-a") (1), 

where 2E"coia"=RcoBa + B'eosa', 

and 2Ji"sina"=HBina + H'6inn'. 

Heiioe R"^l ^R^ + :S^ + 2ER'oaB{a-a-), 



From (1) the locus of S is a circle, whose radius is Ji", which 
aeses through the origin and is such that the line joining to its 
jntre is inclined at an angle a" to the initial line. 



EXAMPLES. XXn. 



2. A point moves so that the ai 
oulars let fall from it on the sides of 
prove that its locus is a circle. 

3, A point jDOvea so that the ei 
from the ai^^ular points of a tciangl 

4, Find the locus of a point which mores so that the sgnare of 
the tangent drawn from it to the oirole x^+y^—a!' is equal to e times 
its distance from the strwght line la; + mi;+M=0. 

5. Find the locus of a point whose distance t^om a fixed point is 
in a constant ratio to the tangent drawn from it to a given circle. 
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6. Find tie locus of the vertcs of a triangle, given (1) its base and 
lie snm nf the squares of its sides, (2) its base and the sum oi m times 
lie square ol one side ajid n lames the square of the other. 



e that the loeus of tl 



9. Pram a point P on a circle perpendiculara PM and FN are 
drawn to two radii of the circle which arc not at right angles ; find 
the locus of the middle point o£ MN, 

10, Tangents arc drawn to a eirole from a point which always 
lies on a given line ; prove that the locus of the middle point of the 
chord of oontaot is another circle. 



13. is a fixed point and F any point on a fixed circle ; on OF 
is taken a point Q euoh that OQ is in a constant ratio to OF ; prove 
that the loons of Q is a cu^le. 

14. O is a fixed point and P any point on a given straight line ; 
OP is joined and on it is taken a point Q sadh that OF. OQ = lc^; 
prove that the locus of Q, i. c. the inverse of the given Bb'aight line 
with respect to 0, is a circle which passes tlaough O. 

15. One vertex of a triangle of given species is fixed, and another 
moves along the oiroumference of a fixed eiide ; prove that the loens 
of the lemainiog vertex is a circle and find its radius. 

16. is any point in the plane of a circle, and OF-^F^ any chord 
of ttie eirole which passes through O and meets the circle in P^ and 
Pa. On this chord is taken a point Q saoh that OQ is equal to (1) the 
arithmetic, (2) the geometric, and (3) the harmonio mean between OP^ 
and OPj ; in each case find flie equation to the locus of Q. 

17. Find the locus of the point of intersection of ibe tangent to 
any drole and tJie perpendiciilar let fall on this tangent from a fixed 
point on the circle. 



5 being inclined at aJ 
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19. A Btraight line moTes bo that the product of tha perpenili- 
culara on it from two fixed points is oonetant. Prove that the louus 
of the feet of the perpendiculars from each of these pointa upon the 
straight line is a circle, the same for each. 

20. O is a fixed point and JP aniE BQ are two fixed parallel 
Btra%ht lines; BOA ia perpandioular to both and POQ 'is a tight 
aJigle. Prove that the loouB of the loot of the perpendicular drawn 
from upon PQ ia the circle on AB as diameter. 

21. Two rods, of lengths a, and b, slide along the axes, which are 
rectangular, in such a manner that their ends are always conoydic ; 
prove that the locus of the centre of the circle passing through these 

22. Shew that the loeus of a point, which m such tliat the 
tangents (com it to two given coneenttio ciroiea are invGreely aa the 
radii, is a concentric circle, the square of whose radios ia equal to tho 
Bum of the squares of the radii of the given circles. 

23. Shew that if the length of the tajigent from a point P to the 
circle 3;' + ^'=o' be four times the length of the tangent from it to the 
circle t^-a'p+y'^=t^, then P lies on the circle 

15irS + 15!/'-33aa! + o'=0. 

Prove also that these three circles pass through two pointa and that 

the distance between the centres of the first and third circles is 

sixteen times the distance between the centres of the second and 

third circles. 

24. F™3 the locus of the toot of the perpendicular let fall from 
the origin upon any chord of the circle ii? + y^-i-2g3i-i-2fy + c—Q which 
subtends a i-ight angle at the origin. 

Find also the locua of the middle points of these chords. 

25. Through a fixed point are drawn two straight lines OP<i 
and ORS to meet the circle in P and Q, and R and S, respectively. 
Prove tliat the locus of the point of intersection of PS and QB, as also 
that of the pomt of intersection of PB and QS, is the polar of with 
respect to the circle. 

26. ^1 B, C, and D are four points in a, straight line ; prove that 
the loBus of a point P, Bueh that the angles dPB and CPD are equal, 
ia a circle. 

27. The pohir of P with respect to the circle x^ + y'^a^ touches 
the circle (E-a)^ + (j-^)^^6^ ; prove that its locus is the curve given 
by the equation (aa; + |3y - a^ = 6^ (3:" + J/'') ■ 

28. A tangent is drawn to the circle (i-aP + j/'^S'and a perpen- 
dicular tangent to the circle {x + a)^+y'=c''; find the locus of their 
point of intersection, and prove that the bisector of the angle between 
tham always touches one or other of two fixed circles. 
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29, In any oirola prove that tlia pefpcndionlac from any point of 
it on tte line joining tha points of contact of two tangents is a mean 
proportional between tlie perpeiidionlara from ttie point upon the two 
tangents. 

30, From any point on the circle 
tangents are drann to the cirde 

prove that the anglo between them is 2o. 

31, The angalar points of a triangle are the points 

prove that the ooordinates of the orthocentre of the triangle are 
a(coao + oos^ + oOST) and a(sma + sin|3+ain7). 
Hence prove that if A, B, C, and D be four points on a circle the 
orthocentrea of the four triangles ABC, BCD, CDA, and DAB lie on 
a circle. 

32, A variable oirole passes through the point of interaection 
of anj two straight lines and outs off from them portions OP and OQ 
Buoh that m.OF+n.OQ is equal to unity; prove that this circle 
always passes through a fised point. 

33, Find the length of the common chord of the circles, whose 
equations are {3i-af+y^=a' and x^ + iy-hy=h\ and prove that the 
equation to the oircle -whose diameter is this common chord is 

34, Prove that the length of the common chord of the two oirclea 
whose ecjuationa are 

(j;_a)! + (!/-6)'=e= and (^-ft^-My -<")'=== 
is Jic'-^ia-by. 

Henoe find the condition that the two oiroleB may touch. 

35, Find the length of the common chord of the circles 
x^ + i/^-iaic-iay — ia' — O and x^ + y^-iaic+4ay=0, 

Find also the equations of the common tai^ents and shew that 
the length of each is 4a, 

36, Find tJie equations to the common tangents of the circles 
(1) a!=+y=-2a-6j/ + 9 = and a;^ + y^ + 6ii:-2y + l = 0, 
(9) ii?+j;'=c* and {x~(i)^+y^=h^. 
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CHAPTER IX. 



SYSTEMS 01' CIKCLES. 




[This chapter may be omitted by the student o 
reading of the subject,] 

182. Orthogonal Circles. 

said to intersect orthogonally when 
the tangents at their poiatg of 
intersection are at right angles. 

If the two circles interaect at 
P, the radii 0,P and O^P, which 
are perpendicular to the tangents 
at P, must also be at right angles. 

Hence Ofi^^ - O^P' + OJ'% 

i.e. the square of the distance between the centres must be 
equal to the sum of the squares of the radii. 

Also the tangent from Oj to the other circle is equal to 
the radius Oj, i.e. if two circles be orthogonal the length of 
the tangent drawn from the centre of one circle to the 
second circle is equal to the radius of the firat. 

Either of these two conditions will determine whether 
the circles are orthogonal. 

The centres of the ciicl^ 

x^ + y^+igx+Tfy + c^O and i= + )/= + 3s'^ + 2/'y +c':=0, 
are the points {-g, -/) and {~g', -/'); alao the squares of their 
radii are g'+/'-c and s'^+/'=-c'. 
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They therefore out orthogonally if 

i.c.if 3j7ff' + 2//'-. + .-'. 

183. Radical Axis. T>et. The radical axis of 
two circles is tlio locus of a point which moves so that the 
lengths of the timgenta drawn from it to the two circles are 
equal. 

Let the equations to the circles be 

ay' + f + ^gx + 'i/y + c^O (1), 

and x'+f+2ff,x + 2fyj + c,^0 (2), 

and let (x^, ^,) be any point such that tho tangents from it 
to these circles are equal. 

By Art. 168, we have 

i.e. 2^ {g - g,) + %,, (/-/,) + c - ^ = 0. 

But this is the condition, that the point (x,, y^ should 
lie on tlie locus 

2a; {?-?,) + 22/ (/-/i) + ':-«i = (3). 

This is therefore the equation to the radical axis, and it 
JH clearly a, straight line. 

It ia easily seen that the radical axis is perpendicular 
to the line joining the centres of the circles. For these 
centres are the points {— g, —/) and (— ^i, — ^i)- The 

The "m" of the line (3) is -'^^y . 

The product of these two "m's" is - 1. 
Hence, by Art, 69, the radical axis and the lino joining 
the centres are perpendicular. 



' of the lino joining them is therefore - 
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184:. A geometrical construction c 
for the radical axis of two circles. 




IE tho circles intersect in real points, F and Q, as in 
Fig. 1, the radical axis is clearly tho straight line PQ. 
For if y be any point on PQ and TR and TS be the 
tangents from it to the circles we have, by Euc. iii, 36, 

TB^ - TP . TQ = TS\ 

If they do not intersect in real points, as in the second 
figure, let their radii be tt, and oj, and let 2" be a point such 
that the tangents TM and TS are equal iu length. 

Draw TO perpendicular to OiO^. 

Since TX^^TS^ 

we have TO/ - O^S" -= TO./ - 0^5=, 

i.e. TCP' + OiO^ - V ^ rO^ + 00} ~ ai, 

U. Ofi'^-OOi^a^-a}, 

i.e. {0^0 - 00^ {0,0 + 00^) = Mi= - < 



Hence ia a fixed point, since it divides the fixed 
straight line 0,0^ into parts whose difference is constant. 

Therefore, since 0,OT is a right angle, tho locus of T, 
i.e. the radical axis, is a fixed straight line perpendicular to 
the line joining the centres. 
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185. If the equations to the circles in Art. 183 be 
written in the form S~0 and 5" = 0, the equation (3) to 
the radical axis may be written. S—S' — O, and therefore 
the radical axis passes through the common points, real or 
imaginary, of the circles iS" = and S' = 0. 

In the last article we saw that this was true geometri- 
cally for the case in which the circles meet in real points. 

When the circles do not geometrically intersect, as in 
Fig. 2, we must then look upon the straight line TO as 
passing through the imaginary points of intersection of the 
two circles, 

186. The radical ffli^es of &ree circles, taken in pairs, 
meet in a point. 

Let the equations to the three circles he 

^5 = (1), 

5' = (2), 

and S"-0 (3). 

The radical axis of the circles (1) and (2) is the straight 

S^S-0 , (4). 

Tlie radical axis of (2) and (3) is the straight line 

-S"-5" = (5). 

If we add equation (5) to equation (4) we shall have the 
equation of a straight line through their points of inter- 
section. 

Hence S-S'^d (6) 

is a straight line through the intersection of (4) and (5). 

But (6) is the radical axis of the circles (3) and (1). 

Hence the three radical ajces of the three circles, taken 
in pairs, meet in a point. 

This point is called the Radical Centre of the three 
circles. 

This may also be easily proved geometrically. For let 
the three circles be called A, 3, and C, and let the radical 
axis of A and B and that of Ji and C meet in a point 0. 
11—2 
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By the definition of the radical 
to the circle A = the tangent from 
to the circle £, and the tangent 
from to the circle B = tangent 
from it to the circle G. 

Hence the tangent from to 
the circle A = the tangent from it 
to the circle G, i.e. is also a 
point on the radical axis of the 
circles A sind G. 

187. If 8=0 and S" = be the equations of two cvraUs, 
ilie equation of amy circle through tliei/r pomts of inter- 
section is S~ kS". Also the equation to any circle, such that 
the radical axis of it amd S=Ois u = 0,is S + Ku--0. 

Por wherever 5=0 and S' = (> are both satisfied the 
equation .?— AjS" is clearly satisfied, so that S — kS' is some 
locus through the intersections oi S~0 and S'-O. 

Also in both S and S'the coefficients of ^ and y' are 
equal and the coefficient of (ey is aero. The same statement 
is therefore true for the equation S=XS'. Hence the 
proposition. 

Again, since u is only of the first degree, therefore in 
5 + Am the coefficients of a? and y' are equal and the 
coefficient of xy is zero, so that S + ku = i& clearly a circle. 
Also it passes through the intersections of 5 = and u-0. 

EXAMPLES. XXIII. 

Prove that the following paira of circles interaeet orthogonally : 

1. x^ + ij^-^x + e^O and x^-i-y^ + 2bii-c = Q. 

2. 3:^ + y''-2ax + 2hy-j-c — and x' + y^ + 2l3: + 2ay -- c = 0. 

3. Find the equation to the circle whieli passes through tlie origin 
and outa orthogonally each o£ the circles 

i2-(-yi!-ej + a=0 and x^ + y^~2!c~2y^7. 
Find the radical axis of the pairs of oireles 

4. a!= + j/°=I44 and a:^ + y^~Wx + lly = 0. 

5. a^ + !/=-3iC-4i; + 5=0 and Sx^ + Sy^-lx + Sy + ll^O. 
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6, a^+y^-xi/-i-&x~-7y + S = and x' + ij''-o^^i — 0, 
le axes being inolined at 120°. 

Find tha radical centre of (lie sets of ciicles 

dA a^+y'^-lx-Sy-S^Q. 

nd (3:-4)' + (j) + 5)2 = 64. 

9, Pi'ove that tte square of the tangent that can be drawn from 
ny point on one circle to another circle is equal to twice the product 
i tlie perpendicular distance of the point from the radical alis of the 
wo eiroles, and the distance between their centrea. 

ingent to two circles is bisected by the 



x' + y'^ — i and a^^ + y^ + 2x + iy^%. 

12. Find the equations to the straight lines joining the origin to 
the points of intersection of 

x^ + y^-i!):-2y = i and 3:^+y^-2x-iy -i=0. 

13. The polars of a point P with respect to two fixed circles meet 
in the point Q. Prove that the circle on PQ as diameter passes 
through two £ked points, and outs bolii the given circles at r%ht 

14. Pinve that the two ciroles, which pass through the two points 
(0, a) and (0, -n) and tonoh the straight line y^ma + c, will out ortho- 
gonally if c^:=a= (2+ m=). 



16. If two eiroloB out orthogonally, prove that tie polar of any 
point P on the first circle with respect to tlie second passes through 
the other end of the diameter of tha first oirole whioh goes through P. 
Hence, (by considering the orthogonal circle of three circles as 
the locua of a point such that its polars with respect to the circles 
meet in a point) prove that the orthogonal circle of three circles, 
given by the general equation is 

j^ + fll. y + flr Sl^+fl'J+''l\ 
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188. Coaxal Circles. Def. A system of circles 
is said to be coaxal when they have a common radical axia, 
i.e. when the radical axis of each pair of circles o£ the 
system is the same. 

To find the equation of a system of coaxal circles. 

Since, by Art. 183, the radical axis of any pair of the 
circles is perpendicular to the line joining their centres, it 
follows that the centres of all the circles of a coaxal system 
must lie on a straight line which is perpendicular to the 
radical axis. 

Take the line of centres as the axis of x and the radical 
axis as tho axis of y (Figs. I. and II., Art. 190), so that 
is the origin. 

The equation to any circle with its centre on the axis 
of a; is 

^= + ^-%^ + c = (1). 

Any point on the radical axia is (0, y^. 

The square on the tangent from it to the circle (1) is, 
by Art. 168, y-^ + c. 

Since this quantity is to be the same for all circles of 
the system it follows that o is the same for all such circles ; 
the different circles are therefore obtained by giving dif- 
ferent Talues to g' in the equation (1). 

The intersections of (1) with the radical axis are then 
obtained by putting a: = in equation (1), and we have 

If c be negative, we have two real points of intersection 
as in Eig. I. of Art. 190. In such cases the circles are said 
to be of the Intersecting Species. 

If c be positive, we have two imaginary points of in- 
tersection as in Fig. II. 

189. Iiitnlting points of a coaxal system. 

The equation (1) of the previous article which gives any 
circle of the system may be written in the form 
{x-€jf-\-i/ = g''-a = [Jg' - c]\ 
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It therefore represents a circle whose centre is the point 
{g, 0) and whose radius ia J^ — c. 

This radius vanishes, i.e. the circle becomes a point- 
circle, when ff' — c, i.e. when g — ±-Jc- 

Hence at the particular points (+ Jc, 0) we have point- 
circles which belong to the system. These pointHsircles are 
called the Limiting Points of the system. 

If c be negative, these points are imaginary. 

But it was shown in the last article that when c is 
negative the circles intersect in real points as in Fig. I., 
Art. 190. 

If o be positive, the limiting points Zi and L^ (Fig. II.) are 
real, and in this case the circles intersect in imaginary points. 

The limiting points are therefore real or imaginary 
according as the circles of the system intersect in imaginary 
or real points. 

190. Orthogonal circles of a coaxal system. 

Let T be any point on the common radical axis 
of a system of coaxal circles, and let TR be the tangent 
from it to any circle of the systeni. 




Then a circle, whose centre is T and whose radius is 
will cut each circle of the coaxal system orthogonally. 
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[For the radius TB of tliis circle is at right angles to 
the radius OiR, and so for its iuterBcction with any other 
circle of the system.] 




Hence the limiting points (being point- cirefcs of the 
system) are on this orthogonal circle. 

The limiting points are therefore the intersections with 
the line of centres of any circle whose centre is on the 
common radical axis and whose radius is the tangent from 
it to any of the circles of the system. 

Since, in Fig. I., the limiting points are imaginary these 
orthogonal circles do not meet the line of centres in real 

In Fig. II. they pass through the limiting points Lj^ 

These orthogonal circles (since they all pass through two 
points, real or imaginary) are therefore a coaxal system. 

Also if the original circles, as in Fig. I., intersect in 
real points, the orthogonal circles intersect in imaginary 
points; in Fig. II, the original circles interaeot in imaginary 
points, and the orthogonal circles in real points. 

We therefore have the following theorem : 

A set of coaxal circles can lie cut orthogonally hy anoHier 
set of coaxed circles, the centres of each set lying on, the 
radical axis of the other set; also one set is of the Ktnitinff- 
point species and the other set of the oilier species. 
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191. 'Without refereaoe to the limiting points of the original 
Eyatem, it may be easily found whether or not the otthogocal circles 
meet the original line of centres. 

For the circle, whose centre is T anS whose radius is TB, meets 
or does not meet the line 0-,0, aooording as Tli' is > or < TO^, 
i.e. aooordingas JTOi^-OiB'is 5 T0\ 

i.«. aooordiug as Ta' + 0O^^-O,S,^ \^ ■>TG^. 
i.e. aocording as 00^ is 5 OA 

i.e. a,ooording as the radical axis is without, or within, each of the 
circles of the original system. 

192. In tke next article the above results will be 
proved analytically. 

To find the equation to any circle which cuts two given 
circlea orthogonally. 

Tafee the radical axis of the two circles as the axis of y, 
so that their equations uifiy be written in the form 

cc'^ + f-y^^c^O (1), 

ami x' + f-2g,x+c = (2), 

the quantity c being the same for each. 

Let the equation to any circle which cats tlioni or- 
thogonally be 

{^-Af+{t-Sf.B' (3). 

The equation (1) can be written in the iom\ 

i«-,y+v'"[Jf^r W- 

The circles (3) and (4) cut orthogonally if the square of 
the distance between their centres is equal to the sum of 
the squares of their radii, 
i.e.ii {A-fff + B'-^S!' + y^^-]\ 
i.e.il A^ + B'-2Aff = IP~c (o). 

Similarly, (3) will cut (2) orthogonally if 

A^+£^-2Aff^ = Ii''-c (6). 

Subtracting (6) from (5), we have A{g- ffj) = 0. 

Hence ^=0, and J^ = B' + e. 
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Substituting these values in (3), the equation, to the 
required orthogonal circle is 

x' + y'-2By-c = (i (7), 

where B is any quantity whatever. 

Whatever be the value of B the equation (7) represents 
a circle whose centre is on tlie axis of y and which paSises 
through the points (+ Ja, 0). 

But the latter points are the limiting points of the 
coaxal system to which the two circles belong. [Art. 189.] 

Honco any pair of circles belonging to & coaxal system 
is cut at right angles by any circle of another coaxal 
system ; also the centres of the circles of the latter Bystem 
Ke on the common radical axis of the original system, and 
all the circles of the latter system pass through the limiting 
points {real or imaginary) of the first system. 

Also the centre of the circle (7) is the point (0, E) and 
its radius is JB'^ + c. 

The square of the tangent drawn from (0, B) to tho 
circle (1) =-B^-ha (by Art. 168). 

Hence the radius of any circle of tho second system is 
equal to the length of the tangent drawn from its centre to 
any circle of tho first system. 

X93. The equation to the system of cii'cles which cut 
a given coaxal system orthogonally may also be obtsined 
by using the result of Art. 182. 

For any circle of the coaxal system is, by Art. 188, 
given by 

a? + y'^-%gx + c = G (1), 

where c is the same for all circles. 

Any point on the radical axis is (0, ?/). 

The square on the tangent drawn from it to (i) is 
therefore ^^ + c. 

The equation to any circle cutting (1) orthogonally is 
therefore 

x^ ^ {y -■>/)' ^y'''^ a, 
i.e. ^ + y'-2yy'^c^0. 
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Whatever be the value o£ y' this circle passes through 
the points {+ V<', 0), %.6. through the limiting points of the 
system of circles given by (1). 

194. We can now deduce an easy conatruction for the 
circle that cuts any three circles orthogonally. 

Consider the three circles in the figure of Art. 186. 

By Art. 192 any circle cutting A and h orthogonally 
has its centre on their common radical axis, i.e. on the 
straight line OD. 

Similarly any circle cutting B and C orthogonally has 
its centre on the radical axis OE, 

Any circle cutting all three circles orthogonally must 
therefore have its centre at the intersection of OD and OB, 
i.6. at the radical centre 0. Also its radius must be the 
length of the tangent drawn from the radical centre to 
any one of the three circles. 

Ex. Fiiid the equation to the circle which cats oTlhogonaUy each 
of the three circles 

x^+y^ + 2!>; + ny+ 4 = (1). 

^■i+yi + 7^+ 6j, + ll = (2), 

^i + yl- 3;+32jf+ 3 = (3). 

The radical asis of (1) and (2) is 

51 -11^ + 7 = 0. 
The radical asis of (2) and (3) is 

These two Ktraigiit lines meet in the point (», '2) mHoh is therefore 
the radical oenlce. 

The Bq.uare of the length of the tangent ftom the point (3, 2) to 
each of the given oiroles = 57. 

The required equation is therefore (3!-3)'+ (j- 3)^ — -37, 
Le. a^ + y''-6x~4y-U = Q. 

IBS. Bx. Findthelocueof ap<ntituihichmove$ aothat the length 
of tJie tangent ^■a«m /ram it to one given circle is X times the length of 
the tangent from it to another given circle. 

As ill Art. 188 take aa asee of x and y the line joining the centres 
of the two circles and the radical axis. The equations to the two 

x^ + y^-2g,3: + c = (2). 
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Let {h, k) ha a point saoh that the length of the tangent from it to 

(1) is alwaj-a \ times the length of the tangent from it to (2). 
Then h? + k^-2ii^h + c=Vih^ + I^-2g^h + i:}. 
Hence (7i, k) always Ilea on the circle 

i>+j'-2. ?£=!'+. „0 (Jl. 

This circle is clearly a circle of the coasal Eyetem to which (1) and 

(2) belong. 

Again, the centra of (1) is the point (g„ 0), the centre of (2) is 
(32, 0), whilst the centre of (3) is ( -^^y , o\ . 

Hence, if these three centres he called Oj , 0, , and O^ , ive have 

and o,0,=^-^^-g,=^^{g,^g,), 

BO that 0,0^: O^O^-.-.X': 1. 

The required locus is therefore a circle coaxal with the two given 
circles and whose centre diyides externally, in the ratio X^ : 1, the line 
joining the centres of the two given circles. 



EXAMPLES. SXIV. 

1, Prove that a common tangent to two circles of a coaial 
system subtends a riftht angle at either limiting point of the system. 

2, Prove tliat the polar of a limiting point of a coasal system 
with respect to any circle of the system ig the same fox all circles of 
the system. 

3, Prove that the polars of any point with respect to a system of 
coaxal circles all pass through a fixed point, and that the two points 
are equidistant from the radical aits and subtend a right angle at a 
limiting point of the system. IE the first point he one limiting point 
of the system prove that the second point is the other limiting point. 

4, A flsed circle is cut ty a series of circles all of which pass 
through two given points ; prove that the straight line joining the 
interseotions of the fixed circle wiUi any circle of the system always 
passes throngh a fixed point. 
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6. Prove that a Bjatem of coaxal oifoles inverts with respect to 
either limiting point into a system of ooncentrio oiroles and Und the 
position of the oommon centre. 

7. A straight line is drawn touching one of a system of eoasal 
oirolea in P and cutting another in Q and R. Shew that FQ and PR 
sabtend equal or supplementary angles at one of the limiting points 
of the eystem. 



9. Prove that the circle of similitude of the two circles 
x^ + y^-^kx + S-Q and ai^ + y^-^k'x + S=Q 



'^^y'-^TTk'^ 



-3=0. 



10, From the preceding question shew that the centres of simili- 
tude (i.e. the points in which the common tangents to two circles 
meet the line of centres] divide the line joining the contreB internally 
and externally in the ratio of the radii. 

11, If x-^y J^ = tan{u+v J -1), where i, y, u, andji are all 
real, prove that the curves u=oonstant give a family of eoasal circles 
passing through the points (0, ±1), and that the curves b = constant 
give a aysteni of circles cutting the first system orthogonally. 

12, Find the equation to the oirole which outs orthogonally each 
of the oirelea 



) the etrcle cutting orthogonally the 

{i!~c'i^ + y^ = a?, and x^ + {y-bj^ — a^. 

I to the circle cutting orthogonally the 

x^ + y^ - 2x + Sy ~7 = <i, n^ + y^'+Bx-Sy + Q-O, 

md x^ + y^ + lx-^ + m-^O. 

15. Shew that the equation to the circle cutting orthogonally the 

and [x--a~b-e)^+y^=ab + c^, 

is x^+y''-2x{a-i-b)-y{a + b)i-a'' + Sab + b''^0. 
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CONIG SECTIONS. 



CHAPTER X. 



THE PARABOLA. 

196. Conic Section. Def. The locus of a point 
P, which moves so that its distance from a fixed point ia 
always in a, constant ratio to its perpendicular distance 
from a fixed straight line, ie called a Conic Section. 

The fixed point is called the Focus and ia usually 
denoted by S. 

The constant ratio is called the Eccentricity and is 
denoted by e. 

The fixed straight line is called the Directrix. 

The straight line passing through the Fo<:us and per- 
pendicular to the 3)irectrix is called the Axis. 

When the eccentricity e is equal to unity, the Conic 
Section is called a Parabola. 

Wlien e is leas than unity, it is called an jQllipse, 

When e is greater than unity, it is called a Hyper- 
bola. 

[The name Conic Section is derived from the fact that 
these curves were first obtained by cutting a cone in 
various ways.] 
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THE PARABOLA, 

197. To find the equation to a Parabola. 

Let S be the fixed point and ZM the direotri: 
require therefore the locus 
of a point P which moves 
so that its distance from S 
is always equal to PM, its 
perpendicular diatatice from 
ZM. 

Draw SZ perpendicular 
to the directrix and bisect 
SZ in the point A ; produce 
ZA to Z. 

The point A is clearly a 
point on the curve and is 
called the Vertex of the 
Parabola. 

Take A as origin, AX as the axis of x, and AY, 
perpendicular to it, as the axis of y. 

Let the distance ZA, or AS, be called a, and let P be 
any point on the curve whose coordinates are x and y. 

Join SP, and draw PK and PM porpendit;ulai- respec- 
tively to the axis and directrix. 

We have then SP'' = PM'', 

i.e. (x-af^f=ZN- = {a + xJ\ 

yi' = 4ax (1). 

This being the relation which exists between the co- 
ordinates of any point P on the parabola is, by Art. 42, the 
equation to the parabola. 

Cor. The equation (1) is equivalent to the geometrical 
proposition 

PN-' = iAS.AN'. 

198. The equation of the preceding article is the 
simplest possible equation to the parabola. Throughout 
this chapter this standard form of the equation is assumed 
unless the contrary is stated. 
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If instead ot AJi and AY we take the axis and the 
directrix ZM as the axes of coordiniites, the equation 
would lie 

i-e. y = 4a(:.-«) (1). 

Similarly, if the axis SX and a perpendicular line SL 
be taken as the axes of coordinates, the equation is 

". ," = 4<.{« + .) (2). 

These two equations may be deduced from the equation 
of the previous article by transforming the origin, firstly to 
the point (- «, 0) and secondly to the point (a, 0). 

109, Tie equation to the parabola referred to any toouB and 
dirootrix loay be easily obtained. Thus tlie equation to the parabola, 
whose focua ia the point (2, 3} and whose ifireotrix is the straigbt 
linea-% + 3 = 0,is 

i.e. 17[j^ + B'^-43;-6>/ + 13] = K + 16!,^ + 9-93^)/ + fi.T-24),i, 
i.e. 16a;= + i/ + 8ii(- 74a; -78y + 313 = 0, 

200. To t/race the curve 

S'=4'" (1). 

II X be negative, the corresponding values of y are 
imaginary (since the square root of a negative quantity is 
unreal) ; hence there is no part of the curve to the left of 
the point A. 

If V be zero, so also is x, so that the axis of :i; meets 
the curve at the point A only, 

If X be zero, so also is y, so tliat the axis of y meets 
the curve at the point A only. 

For every positive value of x we see from (1), by taking 
the square root, that y iias two equal and opposite values. 

Hence corresponding to any point F on the curve there 
is another point P' on the other side of the axis which is 
obtained by protlueing jPiV to F" so that FN and iVT" are 
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The lino PF is called a double 

lagnitude, so do the corresponding 
values of y; finally, when a! becomes iufinitely great, y 
becomes infinitely great also. 

By taking a large number of values of x and tlio 
corresponding valvtea of y it will be found that the curve is 
as in the figure of Art. 197. 

The two branches never meet but are of infinite length. 

201 . Tke quantit]/ y^ — iaaf is negatvoe, aero, or positive 
according as tlie point \x, ^) is vnlhin, upon, or without the 
parabola. 

Let Q be the point (a/, ^) and let it be within the 
curve, i.e. be between the curve and the axis AX. Draw 
the ordinate QN and let it meet the ciirve in F. 

Then (by Art. 197), /"iV^^ 4a. a;'. 

Henca j/^, i.e. QN\ is <PJV', and hence is < 4aa:'. 
.'. y - itKc" is negative. 

Similarly, if Q be without the curve, then y'^, i.e. QN\ 
is =- PN\ and hence is > icw. 

Hence the proposition. 

202. Latus Rectum. Def, The latus rectum of 
any conic is the double ordinate LSL' drawn through the 
focus S. 

In the case of the parabola we have SL ~ distance of Ii 
from the directrix = 5"^= 2a. 

Hence the latus rectum — ia. 

"When the latus rectum is given it follows that the 
equation to the parabola is completely known in its 
standard form, and the size and shape of the curve 
determined. 

The quantity in is also often called tlie principal 
parameter of the curve. 

Focal Distance of any point. The focal distance 
of any point P is the distance SP. 

This f oeai distance =■- PM = 2N'= ZA+AN'=a + x. 
L. 12 
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VJ8 COORDINATE GEOMETSY. 

Ex. l<'ind tlie vertex, axis, focus, and lattia Tectam of the parabola 
The equation can be written 

i.e. (^_j)==_3:.-^ + ^=-3(>^+5). 

Transform this equation to the point {-J, |) and it becomes 
y^~ - Sx, whiot representa a parabola, wboae asia ia the axie of x 
and whose eonoavity is tamed towards the negative end of thia asis. 
Also its latus rectum is 3. 

Beferred to the oiigiual axes the vertex is the point ( -^, ^), the 
asisi3y = #, and the focus is the point (-?-;|-, ^j, i.e. (--'^, 4). 



EXAMPLES. XXV. 

Find the equation to the parabola witb 

1. foouB (3, ~i) and directrix 6s-7») + 5 = 0. 

2. focus {a, b) and directrix - 4- r = l- 

Find the vertex, asis, latns rectum, and focus of the parabolas 

3. y'=:.ix + iy. i. x' + 2y^ax-7, 
5, x^-2ax + 2ay^0. 6. y^=iy-43:. 

7, Draw the curves 

(1) y^--4ax, (2) a?=iay, and (3) 3:"=-iiiy. 

S Find the value of p when the parabola !/^=4pK goeG througli 
Uie point (i) (3, - 2), and (ii) (9, - 12). 

9. For wliat point of the parabola 3/" = 18.1 is the ordinate equal 
to three timea the abscissa? 

10 P e th t the eq at n t the parabola, whose vertex and focus 
ai n tl a f at d tan a and a' from the origin reapeotively, 

11 I th pa ab la J — 6 find {1] the equation to the chord 
th ugh the rt s and th g tive end of the Jatns rectum, and 
(2) th q at n t anj h d throueh the point on the curve whose 
abac a ^ 

s + Wy + G = represents a 
f dfi d t ite d 

tl qiat t t I t t m 

13 P tl t tl 1 f th m ddl p t f II 1 d f 

th t b 1 V ~i vl 1 d th lI th t th 

ia.1 I J- 
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[Exs. XXV,] THE PAKABOLA. EXAMPLES, 179 

14. Prove that the lociia of the centre ot a oirole, which intercepta 
B chord of given length 2a on the axis of x and passes through a given 
point on the axis of y distant b from the oiigin, is the oucve 

Trace this parabola, 

15, PQ is a double ordinate of a parahola. Piiid the looiia of ita 
points of triseotion. 

16 P tl t th 1 f p ■ t h" 1 m th t 't 
cU t nee f a k d lin eq 1 to th 1 n th f th ta s t Ir 
fmtt [ irl ibl Fdthit tth 
f nd la tns 

17 If 1 b i 1 y t t h g t gbt 



18 Th t 
iPQ 
P th i th ; 



the tBngects oE the base angles 
the verticea is a pai'abola. 

20. A double ordinate of tho ourve y' = ipx is of length 8j) ; prove 
that the lines tvota the vertex to its two onda are at right angles. 

21. Two parabolas liave a common axis ^alid concavities in oppo- 
site direotions ; if an; line parallel to the common aus meet the 
parabolas in P and P', prove tiiat the locus of the middle point of PP' 
la another parabola, provided that the latera, recta of the given para- 
bolas are uoequal 

22. A parabila is drawn to pass throngh A and B the ends of 
a diametei of a giien circle of ladins a and to ha\e as diiectrix a 
tangent to a concentric cncle of radiua b the axes being AB and 
a perpendicular diameter piove that the locua of the f jcub of the 
parabola IS ■s + va^ -g=l 

203. To Jind tite points of tntersecHon of wihy xlraight 
Une with the parabola 

y^^iax (1). 

The equation to auy straight line is 

y = mx + c (2). 

The coordinates of the points common to the straight 
line and the parabola satisfy both equations (1) and (2), 
and are therefore found by solving them. 

12—2 
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180 COOHDINATE GEOMETilY. 

Substituting tlie value of y from (2) in (1), wu h;ivc 

i.«. mV+2^(«..-3«) + o= = (3). 

This IS a quadratic equation foi i and therefore has two 
roots, leal, coincident, or imt^inarj 

The straight line theiefoie meet'i the parabola in two 
points, leal, coiiiLtdent, oi imaginarj 

The loots of (3) -ire leal or imaginary accoi-ding as 
{3 (mc— ^a)]" 4ni.e^ 
is positive or negative, i.e. according as — wma + d'' is 
positive or negative, i.e. according aa mo is g is. 

204. To find the length of the chord intercepted by tlie^rabola on 
the aiTaigkt line 

»=" + • (!)■ 

If (x,, y-j) and (x,, ^j) be the ooiumos points of intersection, then, 
as in Art. 154, we have, from equation (S) of the last article, 

_ 4 (;iic - 2 af _ ft^ __ 16n(a-ine) 

and i/i-)/2 = m(iiT,-ig). 

Henoa the required length = ij{y, - ysC-\-{^i-^if 

205. Tojtnd tlie equation to tlie tangent at an^ point 
(x, y') of ilte parctbola y' — iax. 

The definition of the tangent is given in Ai't. Ii9. 

Let P be the point (ai, y') and Q a point (a^', y") on the 
parabola. 

The equation to the line PQ is 

y-y'-'^l/:-.:^''-'-') (i)- 

Since P and Q both lie on the curve, we have 

2/^ = 4a.r' (2), 

i«id y"^ = ^ax" (3). 
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TANGEST AT ANY POINT Of A PARABOLA. 181 

Hence, by subtraction, we havo 

i.e. {y" ~ y') if + y') - ia {«{' - a/), 

and hence „ ■■■■ , = -7-. -, - 

a; —X y + y 

Substituting this value in equation (1), we have, as 
the equation to any secant PQ, 

i.e. y (y' + y") = 4aa! + y'f + »/' - iax 

= ioie + i/y" (4). 

To obtain the equation of^the tangent at (:c, y) we take 
Q indefinitely close to P, and hence, in the limit, put y" - y'. 
The equation (4) then becomes 

'iyy' = yjfr.-iax^ iax + 4c«c', 
U. yr' = 2a(x + x'). 

Cor. It will be noted that the equation to the tangent 
ia obtained from the equation to the curve by the rule of 
Art. 152. 

The equation to the tangent at tlie point (3, - 4) of the 

e. x + y + ^^O. 

The etuation tn the tangent at the point ( — ^ , — J of the parabola 

206. To find ike condition tliat the. straight line 

!/-•»"« (1) 

nay touch the parabola y^ — iax (2). 

The abacissie of the points in which the straight line (1) 
neet3 the curve (2) are as in Art. 203, given by the equation 
ni'x'-i-^ximc-^a) +c' = {3}. 
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182 COORDINATE GEOMETRY. 

The line (1) will touch (2) if it meet it in two points 
which are indefinitely close to one another, i.e. in two 
points which ultimately coincide. 

The roots of equation (3) must therefore be equal. 

The condition for thii? is 

i{mc-2ay = 4:mV, 



Substituting this valui 
[uation to a tangent, 



In this equation m is the timgent of the angle which 
the tangent makes with the axis of ic. 

The foregoing proposition may also te obtained from the equation 
of Art. 305. 

Fof EQuation (4) of that article may be written 



' f V 

In this equatioQ pat —,=m, i.e. y' — — , 

anl hence ,i!'=7— = — s. and — ;- = — . 

ia nt' y m 

The equation (1) then beeomee i;=T»3:i- — . 

Also it is the tangent at the point (x', y'), i.e. (—^, —j. 

207. Equation to the normal at {x', y'). The ri 
normal is the straight line which passes through the point 
(a/, y") and is perpendicular to the tangent, i.e. to the 
straight line 

'J -y (':*''')■ 

Its equation is therefore 

i, -/=».' («-«■), 

where ™'xi^ = -l, ».e. W = -|-, (Art. 69.) 
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NORMAL TO A PARABOLA. 18 

and the equation to tlie normal is 

y-y=^('<-*1 (!)• 

208. To express the equation of the normal in the for 

y ^ mx - 2(Mn — am\ 
In equation (1) of the last article put 



Hence 

The normal ii 



ia 



s therefore 

i.e. y = mx — 2am - am^, 

and it is a normal at the point (a'm\ — 2am) of the curve. 

In this equation m is the tangent of the angle which 
the normal makes with the axis. It must bo carefully 
distinguished from the m of Art. 306 which is the tangent 
of the angle ivhich the tangent makes with the axis. The 
" m " of this article is - 1 divided by the " m " of Art. 206. 

209. Subtangent and Subnormal. Def. If 

the tangent and normal at any point P of a conic section 

meet the axis in T and & respectively and P2f be the 

ordinate at P, then iVT is called the Subtangent and IfG the 

Subnormal of P. 

Tofvnd the length of the subtangent and subnormal. 

If P be the point (a;', y') the equation to 2'P is, by 

Art. 205, 

yy' = ia{cc + ^) (1). 

To obtain the length of AT, we 

have to find the point where this 

straight line meets the axis of a:, ■ 

i.e. we put y - in (1) and we ^ 

■- = -^ (2). 

Hence AT=AN. 
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184 COORDINATE GEOMETilY. 

[The negative sign in equation (2) shews that T and 
N alwaj^ lie on opposite sides of the vertex A.'\ 

Henue the subtangent jrZ'= 2^iV = twice the abscissa 
of the point F. 

Since TFG is a right-angled triangle, we have (Euc. vi. 8) 

Hence the subnormal JVff 

_ pm _ PJP 

The Eubnormal is therefore constant for all points on 
the parabola and is equal to the semi-latns rectum. 

210. B3C 1. 1/ a chm-A which is normal to the parabola at one 
end gabteitd a Tight angle at the vertex, yroce (fiat it la inclined at an, 
angle tan-^iJ2 to the axis. 

The equation to any chord which is normal is 

i.e. mx-y = 2am'i-am'. 

The parabola ia y'=iai;. 

The straight hnea joining the oriehx to the intersectionH of these 
two are therefore given by the eq^uutiou 

y^(2am + am^)~4ajc(Tnx-y)~0. 
If these be at right angles, then 

2am + am^-iam=0, 

.... «=*V2. 

Bx. a. From the point tiiltere any lutrmal to I7ie jjoraSoIa y'=iiue 
meets the axis is dratim a line perpendicvlar to this normal; prove tliat 
this line aloiays toaches an equal parabola. 

The equation of any uormal to the parabola is 
y=mx-2am,-aiii^. 

This meets the asisin the point {2a + am\ 0). 

The equation to the straight line throiigh Uiia point perpendicular 
to the normal is 

whore m^m— -1. 

The equation is therefore 
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TMg etraiglit line, as in Art. 306, always tonohea the equal parabola 

wlioHB vertex is the point (Sa, 0) and whose ooncavity ia towards the 



EXAMPLES. XXVI. 

Write down the ec[«alJona to the tangent and normal 

1, at the point {4, 6) of the parabola j^=9a, 

2. at the point of the parabola y'^=Sx whose ordinate is 12, 

3 at the ends of the latus rectum of the parabola 2/^ = 12a-, 

4 at the ends of the latia reotum o£ the j arabola y^ = ia,{x -a), 

5 Tinl the cquatol to that tangent to the parabola y^ = l3: 
which s pxrallcl to ihc straight line 4y +3 = 0. Find also its 
point of ooutict 

6 A tangent to the par boli y' = ias mal es an angle of GO" with 
the a!.ia hnd iti point of oontadt 

7. A tangent to the parabola y'^^Sx makes an angle of 4S° with 
the atraighl line y — Sx + 5. Find its equation and its point of 
ooutact. 

8. Find the points of the parabola y^ — ias: at which (i) the 
tangent, and (ii) the normal ia inclined at 30" to the axis. 

9. Find the equation to the tangents to the parabola y^=9x which 
goaa through the point (4, 10). 

10, Prove that the atraight line (c+y = l touchea the parabola 

11, Prove that the straight line y — )iix-\-c touches the parabola 
y^=ia(x + a) if c=ina + -. 

12, Prove that the straight line fee + w()/ + n.—0 touchea the paraliola 
y^=ia^ if In— am?. 

13, For what point of the parabola y^—iax is (1) the normal equal 
to twioe the anbtangent, (3] the normal etiual to the difference between 
the sttbtangent and the suhDormal ? 

Find the equations to the common tangents of 

14, the parabolas y^=iax and x^^^iby, 

15, tlie circle x'^ + y^^4a3: and the parabola y^~iax, 

16, Two equal parabolas have the same vertex and their aies are 
at right anglea ; prove that the conimon tangent touchea each at the 
end of a latua rectum. 
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186 COOilDlNATE GEOMETRY. [Exs. 

X7, Prove that two tai^enta to tlie parabolas y^=iai3> + a) and 
j(' = 4a'(3; + a'), which aie at right angles to one another, meet on the 
straight line x + a + 1'— 0. 

Shew also that this stralglit line is the common chord of the two 
parabolas. 

18. PW is an ordinate of tha parabola ; a straight line ia drawn 
parallel to the axis to bisect NP aJid meets the curve in Q ; prove 
tliat NQ meets ttie tangent at the vertes in a point T such that 
AT=^NP. 

19. Prove that the chord of the parabola y*=4aa!, whose eqnation 
isy~x^2 + iai^2 = 0, is a normal to the carve and that its length ia 
6*/3a. 

20. If perpenaioulars be drawn on any tangent to a parabola from 
two flsed points on the axis, whioh are equidistant from the focus, 
prove that the difference ot their siiuares is constant. 

21. If P, Q, and Jt be three points on a parabola whose orSinates 
are in geometrical progression, prove that the tangents at P and S 
meet on the ordinate of Q, 

22. Tangents are drawn to a parabola at points whose abscisBce 
are in the ratio /ill; prove that they intersect on the curve 

23. If the tangents at the points (a', y') and (.i:", y") meet at the 
point (x^, T/j) and tlie normals at the same points in (ic^, i/,), prove 

(2) a!j=2o + ^-^^^-^^ and !/,= -!/y'?-g^. 
and hence that 

(3) %=2a+ — -^1 and y^= -''^'^' . 

24. From the preceding question prove that, if tangents be drawn 
to the parabola j;' = 4(a! from any point on the parabola y''=a{x + b), 
then the norm^s at the points of contact meet on a &ed straight 

25. Find the lengths of the normals drawn from the point on the 
axis of the parabola y^—Sam whose distance from tho focus Is Sa. 

26. Prove that the locns of the middle point of the portion of a 
normal intersected between the carve and the axis is a parabola whose 
vertex ia the focus and whose latns rectum is one quarter of that of 
the original parabola. 

27i Prove that the distance between a tangent to the parabola and 
the parallel normal ia acoseoesec^ff, where S is the angle that either 
makes with the axis. 
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28. PNP' is a double OTdinate of the parabola ; prove that the 
loous of the point of icterseotion of the normal at F and the diameter 
through P' is the equal parabola i/' = 4a(ii;-4a). 

29. The normal at any point P meets the aiia in G and the 
tangent at tho vertex in (f ; if .1 be the vertex and the rectangle 
A GQG' be completed, prove that the equation to the locus of Q is 

30. Two equal parabolas have the same focue and their ases are 
at right angles ; a normal to one ia perpendicular to a normal to the 
other; prove that the locus of the point of interaeotion of these 
normals is another parabola. 

31. If a normal to a parabola mate an angle ^ vpith the asis, 
shew that it will cut the curve again at an angle tan""' (^ tan </i). 

32. Prove that the two parabolas y^ — iatBanfl !/'=4e (x- b) cannot 
have a common normal, other than the axis, unless - — =-2. 

33. If a'=-8&^, prove that a point oan be found auch that the two 
tangents from it to the parabola y'-' = iaoc arc normals to the parabola 

34. Prove that three tangents to a parabola, whieh are such that 
the tangents of their iacUnations to the axis are in a given harmonical 
progression, form a triangle whose area is constant. 

35. Prove that the parabolas y^ = iax and x^ = iby cut one another 
at aJi angle tan ^^p^. 

36. Prove that two parabolas, having the same focus and their axes 
in opposite direetions, cut at right angles. 

37. Shew that the two parabolas 

a-^+iaiy^Hh-aj^O and y^^ih{x~2a-i-li) 
interaect at right angles at a common end of the latua rectum 
of each, 

38. A parabola is drawn touching the axis of x at the origin and 
having its vertex at a given distance k from thia axis. Prove that the 
axis of the parabola is a tangent to the parabola ^■"= -S!c{y-2k). 

311. Some properties of the Parabola. 

(a) If. tlie tangent and normal at <my point P of the 
parahola meet the axis in T awl G rewpectimely, then 
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aaul the tangent at P is equally i 
focal diata/nee of P. 
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Iiet P be the point (a;', y"). 

Draw PjI/ perpendicular to tlie directrix. 

By Art. 209, we have AT=- AN. 

.: TS^TA + AS^AN+ZA^ZN^MP = .'iP, 
and hence i STP = i SPT. 

By the same article, NG = ^AS - ZS. 

:. SG^ii2f + IfS = ZS+SJV^MP=SP. 

(yS) If tJie. tangent at P. meet t!te directrix in K, th^n 
KSP is a- right angle. 

For L SPT^ L PTS= l EPM. 

Hence the two triangles KPB and EPM have the two 
sides KP, PS and the angle KPS equal respectively to the 
two aides KP, PM&nA the angle KPM. 

Hence l KSP= i KMP = a, right angle. 

Also lSKP^lMKP. 

(y) Tangents at the extremities of any focal chord inter- 
seel at right angles in tJie directrix. 

For, if PS be produced to meet the curve in P, then, 
since i PSK is a right angle, the tangent at P' meets tlie 
directrix in A". 
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Also, by (0), L MKP - / SKP, 
and, similarly, i. M'JCF = L SKF. 

Hence 

i PKP -= I L SKM + \ L SKW = a right angle. 

(8) If SY be perpendicular to fhe_ tangent at P, then Y 
lies on the tangent at the vertex and ST-' = AS . SP. 

For the equation to any tangent ia 



,.(1). 



The equation to the perpendicular to this lino passing 
through the focus is 

y=-^(«-«) (2). 

The lines (1) and (2} meet where 

i.e. whore a: -0. 

Hence Y lies on the tangent at the vertex. 
Also, by Euc. vi. 8, Cor., 

Sr = SA.ST=AS.SF. 

SIS. To prove that through amy given point (x^, j/i) 
there pass, in general, two taaigents to the pwrahola. 
The equation to any tangent is (by Art. 306) 

?-»«« + £ (!)■ 

If this pass through the fixed point {Xi, iji), we have 
)/j = mx^ + — , 

i-t- mX-iiK + o-O ..,.(2). 

For any given values of iCi and iji this equation is in 
general a quadratic equation and gives two values of m 
(real or imaginary). 

Corresponding to each value of in we have, by substi- 
tuting in (1), a dift'erent tangent. 
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190 COORDINATE GEOMETRY. 

Tlie roots o£ (2) are real and different if y^ — Ackt^ be 
positive, i.e., by Art. 201, if the point {x-^, j,) He without 
the curve. 

They are equal, «. e. the two tangents coalesce into one 
tangent, if yi— iaa^ be zero, i.e. if the point (a;,, y^) lie on 
the curve. 

The two roots are imaginiivy if yj' — icts^ be negative, 
■Le. if the point (xi, y^) lie within the curve. 

213. Equation to the chord of contact o/ tangents 
8/raiwn from, a povnt (a^, j/i). 

The equation to tho tangent at any point Q, wliose 
cooi'dina.tea are a/ and y, ia 

yy.2« (« + »■). 

Also the tangent at the point R, whose coordinates are 
a:" and y" , is 

If these tangents meet at the point 2', whose coordi- 
nates are iK; and y^, we have 

y.J'' = 2«(a^ + a.O (I) 

'iiid )/,i/" = 2<t{a!, +a;") (2). 

Tlie equation to QM is then 

yyi=2a(x + xj (3). 

For, since (1) is true, the point (a;', y') lies on (3). 

Also, since (2) is true, the point (*", y") lies on (3). 

Hence (3) must be the equation to the straight line 
joining (a/, y") to the point (^', y"), i. e. it must be the 
equation to Qli the chord of contact of tangents from the 
point {x„ y,). 

214> The polar of any pomt with respect to a para- 
bola is defined as in Art. 162. 

To find the equation of the polar of tlie point (x„.yi) 
with respect to the pwrahola, y^ = iasc. 

Let Q and S be the points in which any chord drawn 
through the point P, whose coordinates are {x,, y,), meets 
the parabola. 
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Let the tangents at Q and R meet in the point whose 
coordinates are (A, A). 





Wb reijuire the locus of (A, k). 

Since QR is the chord of contact of tangents from {It, k) 
its equation (Art. 213) ia 

ky-ia{x + lh). 
Since this straight line passes through the point ((c, , j/i) 

%i = 2«{^, + A) (1). 

Since the relation (1) is true, it follows that the point 
(A, k) always lies on the straight line 

yyi = aa{x + Xi) {%). 

Hence (2) is the equation to the polar of (x,, y^). 



215. When the point fe,i/i) lies without the parabola 
the equation to its polar ia uie same as the equation to the 
chord of contact of tangents drawn from [x^, y^. 

When {fl!,, »/i) is on the parabola the polar is the same 
as the tangent at the point. 

As in Art. 164 the polar of {x^, j/,) might have been 
defined as the chord of contact of the tangents {real or 
imaginary) that can be drawn from it to the parabola. 

216. OeometricaZ conetrueUon for tlie polar of a point 
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Let T be fcho point (a^, j/,), so that its pol.ii 

J/2/i=2ffi (3:^ + 3^1) 

Through 2' draw a straight line parallel to the 
equation is therefore 

y^y-i (2). 

Iiet this straight line meet the polar 
in y and the curve ia F. 

The coordinates of F, which is the 
intersection of (1) and (2), are therefore 

I? -aTi and 

Also P is the point 
whose ordinate is y-^, and whose 
nates are therefore 



Since abscissa olF= 

fore, by Art. 22, Cor., F is the 
middle point of TV. 

Also the tangent at F Ik 



mh 



-2a\: 



which is parallel to (1). 

Hence the polar of 2' 
to the tangeut at F. 

To draw the polar of T 
T, parallel to the 




e therefore draw a line through 



\ F and produi: 
it to Teothat TP^FV; aline through F parallel to the 
tangent at F is then the polar required. 

217. If the polar of a point P pmses through the point T, then 
the polar of T goes through P. (Fig. Ai't. 214]. 
Let P be the point (kj^, y^ and T tho point {h, b). 
The polar of P is j/^, = 2n(3!+iCi). 
Since it passes throi^h T, we have 

y^h^%a{x^.\.h) (!)■ 
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The polar of T is yk-ia. {x+ ft). 

Since {1| is true, this etiuation is satiafied by the coordinates Xi 

Henue tlie proposition. 

318. To find the pole of a given straight line with ffupeist to the 
parabola. 

Let tho given Btraight line be 

A^ + By + C^O. 
If its pole be the point {x^, y{j, it must be the same straight 
line as 

yy,^2a {x + s^^i, 
i.e. 2as:-yyj + 2ax, = 0. 

Since these straight lines are the same, we have 
2a__-y,_2a^, 
A B C • 

a ' Wa 

■i.e. Xi = j and y^= - j-. 

219. To find tJie equation to the pair of tangents that 
can be drawn to the parabola firom the point (x^, y,). 

Let (A, k) be any point oq either o£ the tangents drawn, 
from {x,, yi). The equation to the line joining (x,, y,) to 
(A, k) is 

-*-*^(— ). 

k — yt hyi - hosi 
'"'^ ^ " h-ok ^ "*" h-Xt ' 

If this be a tangent it must be of the form 






'-:!»■-„ .„, *?.- fa. . 



Hence, by multiplication, 

_ A — yi %i — fcci 
A — cc, A — ail ' 
e. aQb-ah)*^ {k-yC){hy^-kXi). 
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The locus of the point (h, k) (i.e. the pair of tangents 
required) is therefore 

a{x-x;f^{y-y-,){ay^-yx,) (1). 

It will be seen that this equation is the same bs 
{f - iax) (y^ - 4aa;j) = {yy^ - 2ffi {ai + iC,)}'. 

220. To prove that t^ie middle points of a system, of 
parallel chords of a pwreAola all lie on a straight line which 
is parallel to the axis. 

Since the chords are all parallel, they all make the same 
angle with the axis of a:, let 
the tangent of this angle be m. 

The equation to QH, any 
one of these chords, is there- 

!/-»•"« (1). 

where c is different for the 
several chords, but m is the 

This straight line meets the parabola y'' — iax in points 
whoso ordinates are given by 

my''^ia{y-e), 
, ia iac ., ,., 

*-e. ^ m^^";^" ^^^■ 

Let the roots of this equation, i. e. the ordinateis of Q 
and S, be y' and y", and let the coordinates of V, the 
middle point of QM, be (h, k). 
Then, by Art. 22, 



from equation (2). 

The coordinates of V therefore satisfy the equation 
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MIDDLE POINTS OF PARALLEL CHORDS. 195 

The straight line )/ = — meets the curve in a. poiat P, 

hose ordinate ia — iiud whose abscissa is therefore -^ . 
The tangent at this point ia, by Art. 205, 



and is therefore parallel to each of the given chorda. 

Heaee the locus of the middle points of a system o£ 
parallel chords of a parabola ia a straight line which is 
parallel to the axis and meets the curve at a point the 
tangent at which is parallel to the given system. 

321, To find the egwiMon to the chord of the parabola whi^h is 
bisected at any point {ft, k). 

By lie last article the required ohord is parallel to the tangent at 
tlie point P where a line througli (&, k) parallel to the axis meets the 

Also, by Art. 216, the polar of {h, h) ia parallel to the tangent at 
this satQB point P. 

The required ohord ia therefore parallel to the polar yi:=2a{a: + h). 
Hence, eince it goes through [h, k), its equation is 

k(y--kj^2a{^~h) (Art. 67). 

222. Diameter. Def. The locus of the middle points 
oE a system of parallel chorda of a parabola is called a 
diameter and the chorda are ctilled its double ordinate!;. 

Thus, in the figure of Art. 220, FY is a diameter and 
QB and all the paraUel chords are ordinates to this 
diameter. 

The proposition of that article may therefore bo stated 
as follows. 

Any diameter of a parabola is parallel to Hie axis and 
the tangent at the poitit where it meets the ciiirve is parallel 
to its ordinates. 

223. The tangents at the ends of wng chord meet on 
the diameter whick bisects the chord. 

Let the equation of QS (Fig., Art. 220) be 

y = ^ + « (1). 

13—2 
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and let the tangents at Q iind R meet at the point T 

Then QR is tbe chord o£ contact of tangents drawn 
from T, and heace its equation, is 

yy^ = 1a{x + Xy) (Art. 213). 
Comparing this with equation (1), we have 

— = m, so that y^ = — , 

and therefore T lies on the straight line 



But thia straight line was proved, iu Art, 220, to be 
the diameter P7 -which bisects the chord. 

224. To jiffid the equation, to a pa/rabola, the aa:es 
being any diameter and the tangent to the parabola at the 
point where this diameter meets the curve. 

Let pyx be the diameter and PT the tangent at P 
meeting the axis in T. 

Take any point Q on the curve, 
and draw QM perpendicular to the 
axis meeting the diameter PVhiL. 

Let /The a; and VQ hey, 

Dra.w P£^ perpendicular to the 
axis of the curve, and let 

$= L JPX=L PTM. 

Then 

4 JS*. AN^ PN'^ - NT'^ tan= d = ^.Am . tan= Q. 
.'. .^#--45.cot=5 = acot=^, 
and PN = ^IasTaN = 2a cot B. 

Now QM^^^.AS.AM=A:a.AM (1). 

Also 
qM= NP + LQ = 2a cot 6+ VQainO^ 2a cot S + y sin 6, 
and AM^AN^PY-^ VL^acot'O + ^ + vcos0. 
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SubatitTiting these values in (1), we have 

(2« cot e+^Bin ey ^ia(aGot''0 + x + y cos 9), 
i.e. j/'sin.^ S = 4ckc. 

The required equation is therefore 

y'^-^x (2), 

where 

^=-v^ = a(l ■heot=f) = « + ^-a^-^P(by Art, 202). 

The equation to the parabola referred to tho above axes 
is therefore of the same form aa its equation referred to the 
rectangular axes of Art, 197. 

The equation {3) states that 

225. The quantity ip is called the parameter of the 
diameter P7. It is equal in length to the chord which is 
parallel to .PF and passes through the focus. 

For if Q'V'E be the chord, parallel to TTand passing 
through the foeua and meeting PV in V\ we have 

PV' = Sr^SP^p, 
so that Q' ¥"' ^ip.PV' = V. 

and hence Q'P' = 2Q' V = ip. 

226. Just as in Art. 205 it could now be shown that 
the tangent at any point (a/, j/) of the above curve is 

SW'=2y{a, + «,■). 
Similarly for the equation to the polar of any point. 

EXAMPLES. XXVn. 

1. Prove tliat the length of the chord joiniiig the points of 
contact of tangents drawn from the point (arj, j/j) ia 

2. Prove that the area of the triangle formed by the tangents 
from the point (a:j, i/J and theohord of contact is {j/^--4ax^y-i-2a. 
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3, If a pexpeadioular lie let full &om any point P upon its polar 
prove that the distance of the foot of tMs perpendicular from tha 
foeas is equal to the distaace of the point P from the directrix. 



5. The general equation to a system of parallel ohords in the 
parabola y^:=^^x is ix-y + k~0. 

What ia the equation to the corresponding diaraeterf 

fi P, Q, and It are three points on a parabola and the chord FQ 
outs the diameter through R in V. Ordinatea PM and QN are drawn 
to this diameter. Proye that JtM . IiN=RV\ 

V, Two equal paraholas with aiea in oppoaite directions touch afi 
a point 0. !From a point P on one of thera are drawn tangents PQ 
and FQ' to the other. Prove that QQ' will touch the first parabola in 
P' where PP' is parallel to the common tangent at O. 

Coordinates of any point on the parabola ex- 
pressed In terms of one variable. 

227. It is oftea convenient to express the coordinates 
of any point on the curve in terms o£ one variable. 
It is clear that the values 



always satisfy the equation to the curve. 
Hence, for all values of m, the point 



(5.3 



lies on the curve. By Art. 206, this m is equal to the 
tangent of the angle which the tangent at the point makes 
with the axis. 

The equation to the tangent at this point is 



and the normal is, by Art. 207, found to be 
my + x = 2a-\ — - . 
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228. The cooidinatea of the point could also be ej 
pressed in teims ot the m ot the normal at the point; i 
this case its oooidinates are am^ and — 2«)w. 

The equation of the tangent at the point (am', — 2a/rr, 
is, by Art. 205, 

my + .r + am" 0, 
and the equation to the normal 18 



229. The simplest substitution (avoiding both nega- 
tive signs and fractions) is 

X = at^ and y = 2at. 

These values satisfy the equation y^ - iax. 

The equations to the tangent and normal at the point 
(«(=, 2at) are, by Arts. 205 and 207, 

and y + tx=2at + ai^. 

The equation to the straight line joining 
(ati^, Sitii) and {at^,^, 2at^) 
is easily found to be 

2/(ii + «s) = 23; + 2ttiiis. 
The tangents at the points 

(atj^ 2aij) and (ai/, 2at^ 

and t^ = x-\- at^. 

The point of intersection of these two tangents is clearly 

The point whose coordinates are {at\ 2at) may, for 
brevity, be called the point " i." 

Xn the following articles we shall prove some important 
properties of the parabola making use of the above substi- 
tution. 
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330. If the tangents at P and Q mmt in T, prove Oiat 

(1) TP and TQ subtend eqiial anglee at the focus 8, 

(3) ST''=SP.SQ, 

and (3) the ttianglea SPT and STQ are similar. 

Let P be the point (olj', 2af,), aad Q be tha 




(1) The equaiion to SP is ^= ^ ' (j! - ii), 

i.e. ((j* - 1) I' - 2ljiC + 2(Ki=0, 

The perpendicnlar, TU, from T on this 
Bkaight line 

Similarly TU' hae the same numerical value. 
The angles FST and QST are therefore equal, 

(3) By Art. 302 we have SP=a(l4-V) and SQ = a(l-l-tj=), 
Also ST^^iatjt^-af + a^ (ti + t^)^ 

=a^[h\^ + t,^-i-l,^+l-}=a^l + t,'){l + tj'). 
Hence 8T'=SP.SQ. 

(3) Since -iTp = -S. a^d "le angles TSP and TSQ are equal, the 
triangles SPT and ST G are similar, ao that 

^ SQT^ L STP and i STQ^ L SPT. 

231. The area of the triangle formed by three points on a 
parabola is twice the area of the triangle formed by the tangents at 
these points. 

Let the three points on the parabola be 

(at,=, 3a(i), {ati, 2at^), and {at^, 2a(j). 
The area of the triangia formed bj these points, by Art. 95, 
= I iai^ (2at^ - 2af j) + at,' {Satj - 9a(,) + at^" [2at^- 3ais)] 

Tha intarflaotions of the tangents at thase poijits are (Art, 229) 
the points 

{ofjtj, a(t, + (3)i, \at^t^, a{t, + t^)), and {at^t^, o(ti + y|. 
The area of tho triitngle formed by these three points 

=i \al^ (aJs-atat + oVi {at^-at^) +at^t^{at^-at^)} 
= Wi.\-h){h-h)ih-i^- 
The first of these areas is doable the Eeoond. 



y Google 



MISCELLANEOUS EXAMPLES. 201 

232. The circle ciraamicribing the triangle formed, hy any three 
tOTtgents to a parabola passes through the fociu. 

Let P, Q, and B be the points at whioh the tangenta are drawn 
and let Itieu: ooordinntes be 

{atj\ 2aiJ, (a(j', 3atj), and (atj^, 2o(,). 
As in Art. 339, tbe tangents at Q and B intersect in the point 

{at,t^, ait^ + t^]. 
Similarly, the other pairs of tangents meot at the points 

{ay,, ii(i3 + (,l} and {at^t^, a{t^ + t,]}. 
Lot tbe eq^uation to the oitcle be 

^ + y^ + 2gx + 2fy + c=0 (1). 

Since it passes through the above three paints, we have 

«%V+«M'! + *3)' + 3ffM2(,+3/a(ti + fj) + <:=0 (3), 

a%V + '''('a + <i)' + 23ols', + 3/o(f3+ti) + c=0 (3), 

and aW + a'^t, + ts)'■^agat^t^ + ifa(i^ + ti + c = (i). 

Snbtraoting (3) from (2) and dividing by a ((j - 1^), we bare 

a{V((, + y + (i + <s + 2la}+2fl'3 + 2/=0. 
Similarly, from (3) and (4), we have 

ii{t,^t, + t^) + t^ + ts + 2t,} + 2gt, + 2f^0. 
From these two equations we have 

3ff=-a(l + (5(a + (a(, + {ig and 2/^ -a[t,-^t^ + ts~t^t^ts]. 
Substitutiog these values ia (2), we obtain 
o=a'(V3 + ¥i + W- 
The equation to the circle is tberefoce 
^^ + if-ax{l + t./^ + t,t^ + t,t,)-ay(t, + t^-i-t^-t,t^t^ 

+ a' Ws + hh + 'I'i) =0i 
which clearly goes through tbe focus (a, 0), 

233. If O be anty point on the axis and POP' be any chord 
passing through O, and if PM and P'M' be the ordinates of P and I", 
proBethatAM.AM'=AO'', and PM , P'M'= -ia.AO. 
Let be the point (ft, 0), and let P and P' be the points 

(a(,=, 3o(i) and (atj', 2o£j). 
Tbe equation to PF" is, "by Art. 229, 

{t^-i-t{ly-2x=2atjt^. 
If this pass through the point {h, 0], we have 
-2h = 2at,t„, 
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Henoe AM . AM'^ati^ .at^^=a^ .-l=h^=A(P, 

and PM.PM■ = 2a.t^.2at^. ^ia' { ~--\ = -ia.AO. 

Cor. If O lie the fooae, AO—a, and we have 
(i(^.-~l,!.e.t,---. 

The points (at^, 2at,) and ( —^, — - ) are therefore at the entls 
of a fooaJ chord. 

284. To prove thai the orthacentTe of any triangle formed by 
three tangents to a jyarabola lies <m the direetrix. 
Let the eqiwtbns to the three tangents be 

'-v*i, "!■ 

»=--■'+£: «■ 



TJie point of intocseotion of (2) and (3) is found, by solving tliem, 

The equation to the straight line through this point perpendieular 
to (1) is (Ai-t, 69) 

i.e. «+ — ^of— + -- + — ^— 1 (4). 

Siinilarly, the e([i:iatioti to the straight line tlurough the intersection 
of (3) and (1) perpendicular to (2) is 

,+i^..(i + i + ^^) (S), 



and the ec[nation to the strai^t line thcouph the intersection of (1) 
and (2) porpeu lieular to (3) is 

y + ~ = a(^ +jL + _?_") (6). 

The point which is common to the straight lines (4), (5), and (6), 
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le the point 



EXAMPLES. XXVIII 

1. If u be the angle whioh e, focal ohocd of a parabola makes ivitb 
the asie, prove that the length of the chord is 4o ooeec^ u and that the 
perpendicvilac on it from the vertex ia a sin w. 

2. A point on a parabola, the fooc of the perpeiidiBuIar from it 
upon the directrix, and the focus a,re the vertiocB of an equilateral 
triangle. Prove that the focal distance of the point is equal to the 
latus rectum. 

3. Prove that the aemi-latne-rectum ia a haunoiiic meaji between 
the segmentB of any focal chord. 

4. If T lie any point on the tajigent at any point P of a parahola, 
and if TL be perpendicular to the focal radius SP and TN be perpen- 
dicular to the directrix, prove that SL^TN. 

Hence obtain a geometrical oortatcuction for the pair of tangents 
drawn to the parabola from any point T. 

5. Prove that on the axis of any parabola (here ia a certain point 
K which has the property that, if a chord PQ of the parabola be drawn 
throagh it, then 

J. J^ 

Plii '^ QK^ 

ia the same for all pOBitiona of the chord. 

6. The normal at the point (at,", 2at,) meets the parabola again 



in the point {at,/, 2a(j) ; prove that 



7. A chord is a normal to a parabola anil Is inclined at an an^le 
8 to the aiia ; prove that the area of the triangle formed by it and 
the tangents at its extremitjes is ia' sec^ coaec' 0. 

8. If PQ he a normal chord of the parahola and if S be the foous, 
prove that the locus of the oentroid of the triangle SPQ is the curve 

S&ay" (3a; - 5a) - 81i/*=128a^ 

9. Prove that the lengUi of the intercept on the normal at the 
point {af, 2a() made hy the circle which ia described on the focal 
distance of the given point aa diameter is a «/l + fi. 
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^(f.-y((a-ti)(fi-'=)(*i- 



iatus reo m p h m m meet on the 

13. Tl -m p m the curve 
again in Q, aad T is the pole of PQ , shew that T lies on the diameter 
passing througt the other end ol the fooal oliord pasBing through P, 
and that PT ia biseoted by the direotris. 

14. If from the vertes of s, parabola a pair of ohords be drawn at 
right anglea to one another and with these chords as adjacent sides a 
rectangle be made, prove that the loeus of the further angle of tiie 
rectangle is the parabola 

15. A series of chords is drawn so that their projeotiona on a 
straight line wliich is inclined at an angle a to the asis are all of 
constant length c ; proTs that the locus of their middle point is the 

IB, Prove that the looua of tho poles of ohords which subtend a 
right angle at a fised point (ft, ft) is 

17 P th t th 1 f th m dil p mt £ all tangents 
dr £rmpt thd trttl par b 1 

y (SJ-+ )= (3 + ) 

18 P th t th th tr f th tr If med by three 
t t dt) rrpd^tliee mlt i aiabola are 

4 d t t f m h 

19 T th p 1 f th h d PQ p t th p rpecdicnlars 
Irom P, r, and ^ upon any tangent to Uie parabola are m geometrical 



20. If*- 
whidiai 



r,^i-2%=16a=(ri^ + !'s^. 



21. A parabola toaohes the sides of a triangle ABC in the points 
D, E, and F respeetively ; if DE and DP out the diameter through the 
point J in 6 and c reepeutively, prove that Bb and Gc are parallel. 
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22 I' 'h^' sll circles deaoribecl on fooal radii a 
to h th di eetrix of the curve, and that all oirolea on foeal radii aa 
dmm t t uch the tangent at the vertex. 

23 A le ia dsBcribed on a fooal chord aa diameter ; if m be the 
t t t the inehoation of the chord to the axis, proTO that the 
eq t t the circle is 

24. tOL' and MOlfare two chords of a pa b lapa ngthroush 
a point O on its asjs. Prove that the rad la of t£ circles 
described on LL' and MM' as diametera pas ee thro t.'i the rtes of 
the parabola. 

25. A circle and a parabola latereeot in f lu i nts 1 w that the 
algebraic sum of the otdinatca of the tour p nt z o 

Shew also that the line joining one pair f th f u i u ts and 
the line joining the other pair are equally inoliued to the asia. 

26. Circles are drawn through the vertex of the parabola to out 
the parabola orthogonally at the other point of intersection. Prove 
that the locus of the centres of the circles is the curve 

2;/' (2!/= + j;' - 12ax) = ax {3x - ia)". 

27. Prove that the equation to the circle passing through the 
pointe {a(]', 2a(J and {at^, 2a(j) and the interaection of the tan- 
gents to the parabola at these pointa is 

a:S+y=_air[{i, + y= + Hl-ay((i + (2){l-(its) + a2(j(,{2--tjt3) = 0. 

28. ^P ^^^ ^Q ^'^^ tangenta to the parabola and the normals atP 
and Q meet at a point M on the curve ; prove that the centra of the 
circle circmnsoribing the triangle TPQ liea on the parabola 

29. Throagh the vertex A of the parabola y'^iax two chords AP 
and AQ are drawn, and the circles on AP and AQ aa diameters 
intersect in R. Prove that, if fl, , ffj , and be the anglea made with 
the axis by the tangents at P and Q and by AE, then 

cot ?! + cot e, + 2 tan ^ = 0. 

30. A parabola ia drawn such that eaiih vertes of a given triangle 
is the pole of the opposite aide ; ahew that the focus of the parabola 
lies on the nine-point circle of the triangle, and that the orthoeentre of 
the trian^e formed by joining the middle points of the aides lies on 
the directrix. 
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CHAPTER XL 

THE PARABOLA 

[On a first reading of this Chapter, the student may, with 
adva:Qtage, omit from Art, 239 to the end.] 

Some examples of Iioci connected with the 
Parabola. 

2aft. Etc 1. Find the locus of the intersection of tangents to the 
jjurafioJa j/° = 4aa, the angls between them ievng altcays a given angis a. 

The etraight Hue y = ma + ~ is always a tangent to the parabola. 

If it pass through the point T {h, k) we 

Ta^h-mk + a-O (1). 

If Wi and nij lie the Toots of tliia equation 
we have (by Art. 2) 

'"1 + % = ^ (2). 

and miBij — - (3), 

and thft equations to TF and TQ are then 

y — m^x-i — and y=m^'i — . 
Hence, by Art. 66, we have 

tan a = HhZ^L ^ \^l"'i + "' i)^-^"'a 




Vi 



-V^ 



by (2) and (3). 

1+^ UT" 
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.-. k^-iah—ia + hftan^a. 

Henes tho eoordiaatea of the point T always satisfy the equatiot 

y^ - iax = (ft + a;)' tan^ a. 

We eliall find in a, later chapter that this ouwe is a hypectoJa. 

As a partiaular case let the tangents intersect at right angles, 
that niim,= - 1. 

From (3) we then have ft= - a, no that in this ease the point 3' li 
on the straight line a: = - ra, which is the direotris. 

Henoe the loeua of the point of 
at right angles, is the directrix 



Lot PQ be a chord which is normal at P. Its equation is then 

y=m(c-2am~am^ (1). 

Iiet the tangents at P and Q intersect in T, whose coordinates an 
and ft, so that we require the looua of T. 
Sinoa PQ is the polar of the point {h, ft) its equation is 

yl = 2a{x-\-h) (3). 

I straight line, si 



i.e. l<."{h + 2a) + ia'-0, 

The loeua of the point T is therefoie 

y''(x+2a)+4a?^0 

Ex.3. Fiiidihe locus of the mtddJe poinli of chord) of a parabola 
which subtend anght angle at the i^rtex, and prove that these chords all 
^pas$ throiigh a fixed point on the aria of the eiirve. 
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nrst JHetliciii Let PQ bo any Buoh ohorcl, and let its eqaatioi 
«="''«+« (1)- 

The lines joining the vertea: with the 
points of intersei-tion of this straight line 
with the paiabola 

y'^i«^ (2). 

are given hy the equition 

y'k=iax{y->,iji). (Art. 132) \\ V\-— 
These straight lines are at right angles if 
e + 4am~0. {Art. Ill) 

Substituting this value of c in (1), the 
equation to FQ is 

y=m{j-4aj (3). 

This stralglit Kae cuta the asis of w at a oonstaiit distance 4a from 
the vertex, i.e. AA' = ia, 

If the middle point of PQ be (ft. J:) we have, by Ai't. 220, 

"-^i W 

Also the point (ft, k) lies on (3), so that we have 

k^m{li-ia) (5). 

If between (1) and (5) we elimmate ni, we have 
Ji^?f(ft-.4a), 
i.e. k^^^a(h-ia), 

BO that (ft, A) always lies on the parabola 
2/2 = 2a (a: -4a). 
This ifl a parabola one half the size of the original, and whose 
vertex is at the point A' through which all the chords pass. 

Second Metliod. Let P be the point {at,\ 2at^ and Q be the point 
(aij3, SafJ. 

The tangents of the iiKiUnations of AP and AQ to the axis are 

Sin<!e AP and AQ are at right angles, therefore 



As in Alt. 2aa the equatio: 
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This meats tte asis of i at a distance -at,l^.i.e., by (6), 4«, from 
the origin. 

Also, [h, kj being the middle point of PCj, we have 

3ft=:ll((/+(j=], 

and 2k^2a{t, + t^). 

Hence k^-2nh=<i'lti+J^^-a?{ti' + ij') 

so that the locus oi {k, k) ie, as liefore, the parabola 

Third method. The equation to the choiii which ia bisected at 
the point (ft, k) is. by Art. 221, 

k(y-k) = 2alx-k), 
i.e. ky-2ax = k.'-2ak,.. (8). 



{k^ -2ah)y'~iaj: {ky -2ai). 
These lines are at right angles if 

[ence the locus as before. 
Also the equation (3} becomes 

ky ~ 2a,); = - 8-i', 
This straight line always goes through tlie point {4«, 0). 



EXAMPLES. XXIX. 

From an external point P tangents are drawn to the parabola ; find 
the equation to the locus of F when these tangents make angles S^ and 
flj with the aiifi, auah that 

1. tan fli + tan Sj is constant ( = 6). 

2. tan ffj tan flj is conetant ( = c), 

4, ^1 + flj in constant ( — 2a). 

J5. tatf^j + tan^e, is constant (=\). 

6, CDS Si COS Sj is constant {—/j,). 
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7. Two tangents to a, parabola meet at an angle of 45° ; prove that 
the locDB of their point of intersection ye the curve 

If they meet at an angle of 60°, prove that the looue is 

8. A pair of tangenta are drawn wbiet are equally inclined to a 
straight line whose inclination to the axis is a ; prove that the locus 
of (heir point of interaeotion is the straight line 



9, Prove that the loouB ot the point of ii 
which intercept a given distance 4e on the t 
eiual parabola, 

10. Shaw that tlie locus of the point of in 
which with the tangent at the vertex form a triangle of coustant area 
c% is the curve a? {y^ - iax) ^icV. 

11, If the normals at P and Q meet on the parabola, prove that 
the point of intersection of the tangents at F and Q lies either on a, 
certain straight line, which is parallel to the tangent at the vertex, or 

a the ourv whose equation is j/'{a: + 3a) + 4a^=0. 

12 Tw tangents to a parabola intercept on a iiKcd tangent 
Beg t hoae product ia conEfant ; prove that the loeus of their 
X nt f nterseotion is a straight line. 

13 Sh w that the loeus of tho poles of chords which subtend a 
con tant angle o at the vertex is the curve 

(x + 4a)'=i cot' a {y'' - ianf). 

It angle 

15. A point P ia such that the straight line drawn through it 
perpendicular to its polar with respect to the parabola y'=4aa; touches 
the parabola a°=4(J3/. Prove that its locus is the straight lino 

16. Two equal parabolas, A and B, have the same vertex and axis 
but have their concavities turned in opposite directions ; prove that 
the locus of poles with respect to B of tangents tt 
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e middle points of chords of the parabola 

19. pass tlicough the focus. 

20. pass through tha fised poiut {k, k), 

21. are normal to the curve. 

22. aubtend a oonatant angle a at the vertex. 

23. are of givea lenEtt ;. 

24. are such that the Eormils at their extiemitie^ meet n the 
parabola. 

25. Through each point of tbe straigtt line x~m/ + h la Inwn 
the chord of the parabola i/^=ia'c whioh is hi-^ectpd at the point; 
prove that it always touohes the pant1x>la 



26. Two parabolas havu the fcame axis and tangents aie drawn to 
file second from points on tha first ; prove that the locus of the middle 
points of the chords of ooctaot with the second parabola all lie on a 
tlxod parabola. 

27, Prove that the looas of the feet of the perpendiculars drawn 
from the vertex of the parabola upon chords, which subtend an angle 
of 45° at the vertex, is the curve 



Q36. I'o prove that, in ffeneral, three normals can he 

vny pomt to the parabola and that the algebraic 

of thf, ordinates of the feet of thAse three normals is 

Tho straight lino 

2f = 'mx-2(tm~ai!v' (1) 

ia, by Art. 208, a normal to the . — 

parabola, at the points whose coordi- yi Pj'-'''''^ 



am^ and —2am.. (2). 

If this normal paaseiS through 
the fixed point 0, whose coordinates 
are h and k, we have 

h = mh — 2am. — am', 
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This equation, being of the third degree, has three 
roots, real or imaginary. Corresponding to each of these 
roots, we have, on substitution in (1), the equation to a 
norma] which passes through the point 0. 

Hence three normals, real or imaginary, pass through 
any point 0. 

If nij, wjj, and m^ he the roots of the equation (3), we 

If the ordinates of the feet of these normals he j/j, y^, 
and y,, wo then have, hy (2), 

3/i + ^a + Z/s = - 2a (mil + Mia + ?«a) = 0. 

Hence the second part of the proposition. 

We shall find, in a subsequent chapter, that, for certain 
positions of the point 0, all three normals are real ; for 
other positions of 0, one normal only will be real, and the 
other two imaginary, 

287. Ex. Fini tlie l/teua of apoint wMch is sw:k thai (a) tieo of 
the normals drawn from it to the parabola are at right anglei, 
(jS) the three normaU through it cut the axis in points whose distances 
from the vertex are ire arithmetical progression. 

Any normal is y—mx-2am-am', and this paaaes through the 
point (A, k), if 

am^ + {2a-k)m + k = (!)■ 

If then mi, iiij, and ni, be the rooto, we have, by Art. 2, 

flij + inj + m^^O (2), 

mfimg + 7)i^mi+inim^= , (a), 

and ijiimjuij^^ -- (4). 

(n) IE two of tie normala, say m, and ni^, he at right angles, we 
have mi%=-l| and hence, from (4), m^=-. 

The quantity - is therefore a root of (I) and hence, by Bnbstitutioc, 
we have 

^^ + (2a~h)^ + k^0, 
i.e. F=a(ft^3o). 
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Thelooua of the point {h, h) is therefoce the parabola y'' — a{s:--3a) 
whose vertex ia the point (3a, 0) and whose latas rectum 13 one-quarter 
that of the given parabola. 

The BtaSent should draw the figure of both parabolas. 

{(!) The normal y = ma:- 2am -am* meets the axis of ir ala point 
whose distance fi'om the vertex is 2a + am,^. The conditions of fhe 
qaestion then gite 

(2a + am,') + (2o + a-m^') = 2 (2a + avt^^ . 
i.e. i>t^ + m^^ — 2m^^ (5). 

If we eliminate jb,, f%, and in, from the equations (2), (3), (4). 
and (5) we shall have a relation between h and ft. 

From (2) and (3), wo have 

— — ■—mim^ + in2{iiii + m^) = m,'mi-m2^ (6). 

Also, (8) and (2) give 

i.e. m^^ + 2mim^=Q (7). 

Solving (C) and (7). we have 

2a -7( , „ „ 2a-7! 
™i™3=-3^ ' ''"^ " ~3^" 

Substituting these values in (4), we have 



Sa-Ti / 



U. 27al= = 2(ft-9a)', 

HO that the required loous 18 

27ay^=2{x-2a)\ 

338. Sx. If the lioruials at three points P, Q, and R meet in a 
point O and S be the foem, prove that 3P .SQ.SR-a.SO". 

As in the previous question we know that the normals at the 
points (am,', - Sawii), (am^',-2am^) and (am^,-2ami) meet in the 
point (fl, ft) if 

m, + m2+m^ = (1), 

9a -ft ,„, 

™-?"3 + ™3'"i + "h™2= --^ (2). 

and mi?nj)n3= — (3). 

By Art. 202 wo have 

5'P=a(l + m,2), S$=a(l4-V). """^ SK = a (1-1-m/). 
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H.„.. ■?t«^ = (l + ...,(l + „,.l(l + ...'l 

= 1 + [mj= + tHj^ + )n3=) + (iJia^mg^ + m/mi' + Mil' TOfl') + !ni= m^'m 
Also, from (1) and (2), 'ne have 



im/— (ra^mj + m^m^ + m^iii^)^ - 210,1)157)1^ {m,+m^ + nij) 
= (-"^"y,by (l)and{2). 
SP.SQ.SR_^ „ft-3a /ft-9oy fc= 



Hence ---J-— = 1 + 3 



EXAMPLES. XXX. 

Find the locus oE a point O when tlia three normala drawn from 
it are Euoh that 

1. two of them make complementary angles with the axis. 

2. two of them make angles with the asis the produot o£ whoEe 
tangents is 3, 

3. one hiaaeta the angle between the other two. 

4. two of them mate equal aoglea with the given line y — mx + c 
6. tlie snra of the three angles made by them with the axia is 

constant. 

6, the area of the triangle formed by their feet ia constant. 

7, the line joining the feet of two of them is always in a given 
direction. 

The normala at three points P, Q, and R of the parabola y^ = iax 
meet in a point whose coordinates are ft and k ; prove that 

8, the oentroid of the triangle PQH lies on the axis. 

9, the point and the orthocentre of the triangle formed by the 
tangents at F, Q, and R are equidistant from the axis. 
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10, if OP and OQ make complementary angles with, the axis, then 
the tangent at Jt is parallel to SO. 

11 the sum of the intercepta whieh the aormale oat off from the 
axi8ia2(ft+a}. 

12. the Bum of the sq.uareB of the eides of the triangle PQR is 
equal to ^{h-2a)ih + 10a). 

13. the circle oiroumacribing tho triangle PQB goes thi-ough tha 
vertex and lie equation ia 2i= + 2y'-3K(ft + 2a)-fci/ = 0. 

14. if JP be fised, then QR is fiied in direction and the loous of 
the centre of the circle ciroumscribing PQIt is a straight line. 

15. Three normals are drawn to the parabola y^^iaxeos a from 
any point lying on the straight line y = b sin a. Prove that the locus 
of the orthocantre of the triangles formed by the correapoading tan- 
gents is the ourve -5 + f^ = li 'he angle a being variable. 

16. Prove that the sum of tlie angles whioh the three normals, 
drawn from any point 0, make with the axis asoeedfi the angle which 
the focal diatanoe of makes with the axis by a multiple of ?r. 

17. Two of the normals drawn from a point O to the curve make 
oomplementary angles with the axis ; prove that the loons of O and 
the carve which is touched by its polaj: are parabolas euch that their 
latera reeta and that of tiie original pii.Fabola form a geometrical 
progression. Sketch the three curves. 

18. Prove that the normals at tha points, where the straight line 
tn + mj/ — 1 meets the parabola, meet on the normal at the point 



"«~ ■ "~j' J " parabola. 



19. If the normals at the three points P, Q, and R meet in a point 
and if PP', QQ', and RR' bo chords parallel to QR, RP. and FQ 
rcBpeotively, prove that the normals at P', Q', and B' also meet in a 

20. If the normals drawn from any point to the parabola cat the 
line xi=2a in points whose ordinates are in arithmetical progres- 
sion, prove that the tangents of the angles which the normals make 
with the axis are in geometrical progression. 

21. PG, the normal at P to a parabola, cuta the axis in G and is 
produced to Q ao that GQ = JP(?; prove that the other normals 
which pass through Q intersect at right angles. 

22. Prove that tlie efiuation to the circle, whioh passes through tha 
foeas and touches the parabola y''=iax at the point {a(=, 2at), is 

Prove also that the loens of its centre ia the ourve 



y Google 



216 COORDINATE GEOMKTRY. [ExS. XXX.] 

23 Bh w tb t thr ! b d w t t uch a parabola and 
1 t t h t th f f, t -a gbt 1 I asaing throngh the 

f dp 11 t tl t g t t tb po t of contact with the 

p 1 1 f tl 1 t 1 t 1 

24 Tb fel p t P a w t g 1 PO and PB to a 
J I 1 d 1 d wn lb h tt f s to touch the para- 
1) 1 y d Ji P t 15 P tl t th mmon chord of these 
oircleB pasiea through the oeatcoid of the triangle PQR. 

25, Prove that the Iooub of the centre of the circle, ■which passes 
through the vertex of a parabola and through its interBeotionB with a 
noniial chord, is the parabola ^'~ax-a^. 

26r -A- oirole ia deaorihed whose centra is the vertex and whoae 
diameter 18 three-quarters of the latas rectum of a parabola; prove 
that the common chord of the circle and parabola bieeota the distance 
between the vertex and the focas. 

27. Prove that the sum of the angles which the four common 
tangents to a parabola and a circle make with the axis is equal to 
wx + 9o, where a is the aagle which the radiua from the focus to the 
centre of the circle makes with the axis and n is an integer. 

28. PS and QR are chords of a pajabola which are Monnala at P 
and Q. Prove that two of the common chords of Ihe parabola and 
the circle oiroumsoribing the triangle PBQ meet on the directrix. 



30. A parabola, of latus rectum (, touches a fised equal parabola, 
the aiea of Ihe two curves being parallel; prove that the locus of the 
vertex of the moving curve is a parabola of latns rectum HL 

31, The aides of a triangle touch a parabola, and two of its angular 
pointa lie on another parabola with its axis in the same direction ; 
prove that the locus of the third angular point ia another parabola. 

239. In Art. 197 we obtained the simplest possible 
form of the equation to a parabola. 

We shall now transform the origin and axes in tlie 
most general manner. 

Let the new origin have as coordinates (/t, i), and let 
the new axis of x be inclined at 6 to the original axis, and 
let the new angle between the axes be <o'. 
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By Art. 133 we have for x and y to substitute 
cccos^.i.2/cos(«,' + 6) + /., 

respectively. 

The oquatioii of Art, 197 then beeomea 
{icsin + 2/ sill («>' + £1) + Af = 4a {a; cos i* + 2/ oos («■ + e) + A|, 

{ai sin ^ + ;/ sin («' + 6) }= + 2^ {A sin d-%a cos (9} 

+ 2;/ \k sin (<o' + S) - 2a, cos (<«' + C)} + A' - 4ttA = 

(1)- 

This equation is therefore the most general form of the 
equation to a parabola. 

"We notice that in it the terms oE the second degree 
always form a perfect square. 

240. To find ike equation to a parabola, any two 
tangents to if heing the oases of coordinates and the points of 
contact heing distant a and bfrom the origiti. 

By the last article the moat general form of the equa- 
tion to any parabola is 

(Ax + St/f + '-2gx+2fy + c = (1). 

This meets the axis of x in points whose abscissae are 
given by 

A^x^+2gx + e^0 (2), 

If the parabola touch the axis of a; at a distance a from 
the origin, this equation must be equivalent to 

A-i^-,.f = l> (3). 

Comparing equations (2) and (3), we have 

3.-A-a, .nd , = AV (1). 

Similarly, since the parabola is to touch the axis of y 
at a distance b from the origin, we have 

f=-B% and e = B^h' (5). 
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From (4) and (5), e<^uating the values of e, we have 

sothat ^=±^1 **'^- 

Taking the negative sign, we have 

n = -A^, i/ = -^S f--A^j-, and e=^A'a\ 

Suhatituting these values in (1) we have, as the required 
equation, 

(M)"~l^¥-'=» w 

This equation can be written in the form 






[The radical signs in (8) caJi clearly have both the positive and 
negative signs prefixed. The diBerent equations thus obtained corre- 
spond to different portinns of the curve. In the figure of Ait. 243, 
the ftbaeisea of any point on the portion FAQ is < a, and the ordinate 
<:6, eo that for this portion of the curve we must take both signs 
positive. Por the part beyond P the ahsoisstt is =.a, and->^, so 
that the signs mnst be + and - . 5'or the part beyond Q the 
ordinate is >i, and t>-, so that the signs must be - and +. 
There is dearly no part of the onrve corresponding to two negative 
signB.] 
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241. If in the previous article we took the positive 
sign in (6), the equation would reduce to 

This gives us (Kg., Art. 243) the pair o£ coincident 
straight lines PQ. This pair of coincident straight lines ia 
also a conic meeting the axes in two coincident points at P 
and Q, but ia not the parabola required, 

242. To find ike equation to the tangent at any point 
(x', ij) of the parabola 

Let {x', y") be any point on the curve close to ix', ■>/). 
The equation to the line joining these two points is 

'-»'-?^(-'') » 

But, since these points lie on the curve, we have 

N^-yi^'^vf-y? (^). 

«,th.t JfpJi.^^^-J^_ (3). 

The equation (I) ie therefore 

y-n' = '^ ^" ^ "^ -ZL^^i- (a! - k'), 
\/x' — fjx \jx -Y *Jx 

or, by (3), 

■Jb Jy" + Jy' , ,, -., 

v-i/ ---r rf> rT(^-'^) W- 

'Ja \/x + \/x 
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The equation to the tangent at (a/, y') is then obtained 
by putting ck" = m' and ■</' - y', and is 

- S ■Jy' , ,, 



- + _^_ ft^ It. 



Tills is the rec[uired equation. 

[In the foregoing we tave assumed that (a', «') lies on the portion 
FAQ (Fig., Art. 243). It it lie on either of the other portions the 
proper Kigna mnfit be aiEsed to the tadioala, as in Art. 240.] 

Hx. To find the condition that the straight line -^-f - — 1 may be a 

IS (S), if 

f = sJaS and g=^,Jby^, 

/:■.{, ..a Tf.f. 

Hence -^ + 1 = 1. 

This is the required condition; also, since .r'=— and y'—-r, 
the point of contact of the given line is I'— . r J ■ 

Similarly, the straight line lx-i-my=n will touch the parabola if 

243. To find the focus of file parabola 

Let S be tlie focus, the origin, and P and Q the 
points of contact of the parabola with the axes. 

Since, by Art. 230, the triangles OSF and QSO are 
similar, the angle SOF=^ angle SQO. 

Hence if we describe a circle through 0, Q, and S, then, 
by Euc. in. 32, OF is the tangent to it at 0. 



Jl 
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Hence S lies on the circle passing through the origin 
0, the point Q, (0, 6), and touching the axis of x at the 
origin. 




The equation to this circle is 

x' + 2x]/ cos 10 + y^ = bi/ (1). 

Similarly, since I SOQ = L. SPO, S wOi lie on the cirde 
through and P and touching the axis of y at the origin, 
i.e. on the circle 

fl!'+2a^cos<u4-j/'^ = «a; {2^. 

The intersections of (1) and (2) give the point required. 
On solving (1) and (2), we have as the focus the point 



V + 2a6 cos~ur-rP ' 



4-2a6c. 



244. To find the equation to the axis. 
If V be the middle point of PQ, wc know, by Art. 223, 
that or is parallel to the axis. 

Now r is the point (^, ^J. 
Hence the equation to F is y t=- x. 

The equation to the axis (a line through S parallel to 
F) is therefore 



a \ a^+ 2a6cosoi + 6v ■ 



ay — bx 



a h («= - 6°) 
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245. To find the equation to the directrix. 

I£ we find the point of intersection of OP and a 
tangent perpendicular to OP, this point will (Art. 211, y) 
be on the directrix. 



A straight line through the point {f, 0) perpendicular 
to OX is 

y = m{x -/), wJiere (Art 93) 1 + m cos (0 = 0. 
The equation to this perpendicular straight lino is 
then 

«, + j/cosa.=/ (1). 

This straight line touches the parabola if (Art. 242) 

The point ( -, , ) therefore lies on the directrix. 

^ \ffi + i cos w ' / 

Similarly the point I 0, t - 1 is on it. 

The equation to the directrix is therefore 

ic ((t + £ cos (o) + y (6 + a cos 0)) = ab coa w (2). 

The latus rectum being twice the perpendicular distance 
of the focus from the directrix = twice the distance of the 

/ _»^1^ _ _ ti'^ \ 

X^Ti^bcosm + b"' a^+~2a6cos^+7(7 
from the straight line (2) 

40.%'^ sin' 0. 
~ (a' + 2ab cos m + &)i' 
by Art. 96, after some reduction. 

246. To find tlie coordinates of the vertex and the 
equation to the tangent at the vertex. 
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Tho vertex is the intersection of the axis and the curve, 
i.e. its coordinates are given by 

6 ~ a " ^+2^6TiSV+ 6' ^''" 

and by /^_ |y ._ -^5- %+ 1 ^ (Art. 240), 

(M*0'-v (^)^ 

From ()) and (2), we have 

ab^{b + a CI 






f ^ab coa CO + 1>\\ (a? + 2ab cos «. + 6=f ' 
«'6( a4-6c 



(k^ + 2a6 cos (0 + b^y ' 
These are tlio coordinates of the vertex. 
The tangent at the vertex being parallel to tho directrix, 
its equation is 



6 + M COS <u a + 6 COS <o ci" + 2ab cos oi + 6^ ' 
[The equation of the tangent at the vertex may also be 
written down by means of the example of Art. '24:2.] 

EXAMPLES. XXXI. 

1, If a parabola, whose latus rectum is ie, slide between two 
reotaiign]ar axes, prove that the looua of ita foous is x^^—i^ {^^ + y^), 
and that the curve trawd out by i'a vertex is 

2. Parabolas are drawn to toueli two given rectangular axes and 
their foci are all at a constant distance e from the origin. Prove that 
the locua of the vertices of these parabolas is the curve 
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3. The axes faeing reotangular, prova that the looua of the focua 
of the parabola (- + ^ -1) — -—t , f lud 6 beiDg variablaa enoh 
that ab=d', ia the curve {x^+i/)''=o'h:y. 

i. Parabolas ate drawn to touch two given etraight lines whioli 
are inoUned at an angle lo ; it the chords of coataot all paaa through 
a flsed point, prove that 

(1) their direotrioeg all pass throagt another fixed point, and 
(2) their foci all He oa a oirole whioh goes through the intersection of 
the two given straight lines. 

5, A parabola touches two given straight lines at given points ; 
prove that the loons of the middle point of &e portion of any tangent 
which is intercopted between the given etraight lines ia a straight 



t^.i,..aS-iSi- 



8. A parabola touches two given straight lines ; if its asis pass 
throi^ the point {k, k), the given lines being the ases of coordinates, 
prove that the Iooub of the focus is the curve 



9, A parabola touches two given straight lines, which meat at O. 
in given points and a variable tangent meets the given lines in P and 
Q respeotively ; prove that the locus of the centre of the cireumeirele 
of the triangle OPQ is a &xed straight line. 

10. The sides AB and AC of a triangle ABC are given in position 
and the harmonic mean between the lengths AB taiAAC ia also given; 
prove that the locus of the focus of the parabola touching the sides at 
B and is a circle whose centre lies on the line bisecting the angle 
BAG. 

11, Parabolas are drawn to touch 
an angle u, and their direotxices all p 
Prove that all the p: 
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CHAPTER XII, 



THE ELLIPSE. 



24?> The ellipse is a conic section in which the 
eccentricity e is less than unity. 

To find the equation to an ellipse. 

Let ZX be the directrix, S the focus, and let SZ bo 
perpendicular to the directrix. 




There \yiU be a point A on S.Z, such that 

SA = e.AS. (1). 

Since e < 1, there will be another point A', on ZS produced, 
euyh that 

SA' = e.A'2 (2). 

h. 15 
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Let the length AAI bo called 2», and let C be the middle 
point of AA!. Adding (1) and (2), we have 

'i.a = AA'^e{AZ-^A:Z) = ^.6.CZ, 

i.e. CZ^.- (3). 

Subtracting (1) from (2), we have 
e{A'Z-AZ)^SA--SA^{SO+CA')-{€A-C^, 
i.e. e.AA'^ 2CS, 
and hence GS—a.e (4). 

Let C be the origin, CA' the axis of x, and a line tlirough 
C perpendicular to AA' the axia of y. 

Let P be any point on the curve, whose coordinates are 
X and y, and let PM be the perpendicular upon the directrix, 
and PN' the perpendicular upon AA'. 

The focus S is the point (— ae, 0). 

The relation SP^^e^. PM^ =-- e? . ZJV^ then gives 

(x^aer + y-^e'(x^^'j'_, (Art. 20), 

1^-^- <»>^ 

If in this equation we put k = 0, we have 

shewing that the curve meets the axis of y in two points, 
£ ajid ff, lying on opposite sides of C, sucli that 

B'G = GB--=a4T^\ i.e. CB'^CA'-CS^. 
Let the length CB be called b, so that 

The equation (B) then becomes 

S+p="- <">■ 
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248. The equation (6) of the previous ariicle may be 
written 

''-^- ~ b' ~ a" '' 

i.e. PN^ : AS-.JfA' ■.: BC : AC 

Def. The poiats A and A' are eailed tlie vertices of 
the curve, AA' is called the major axis, and S£' the minor 
axis. Also C is called the centre. 

249. Since S is the point {—m, 0), the equation to 
the ellipse referred to S as origin is (Art. 128), 

a' '^ b'~ ■ 
The equation referred to A as origin, and AX and a 
perpendicular line as axes, is 



Similarly, the equation referred to 2X and ^JC ai 
since (7.^---, 



(-!)" 



The eq^uation to the ellipse, whose focus and direetrin are any 
given point and line, and whose eeeentrieity is known, is easily 
written down. 

For example, it the foous be the point (-3, 3), the direotriK be 
tte line 3ic + 3j + 4 = 0, and the eccenttioity be ^, the req^uired equa- 



261j;2 + 181)/2 - 192!ti, + 1041* - 2384;/ + 3969 = 0. 

15—2 



yGoosle 



COORDINATE GEOMETRY. 



350. There ea^t a second Jbcus and a second dirsetrin: 
for t/ie ewrm. 

On the positive aide of the origin take a point S', which 
is such that SO — CS' = ae, <and another point Z', such that 

Draw Z'K' perpendicular to 22', and PM' perpen- 
dicular to Z'E'. 

The equation (5) of Art. 247 may be written in the 

x^ - 2aex + aV + 2/^ = eW - 2aex + a", 

i.e. S'P^=e.PM-\ 

Hence any point P of the curve is such that its distance 
from S' is e times its distance from Z'E', so that wo should 
have obtained the same curve, if we had started with S' as 
focus, Z'K' as directrix, and the same eccentricity. 

251. The siww of the focal distances of any pomt on the 
curve is equal to fJie major axis. 
For (Fig. Art. 247) we have 

SP^e.PM, and S'P^e.PM'. 
Hence 

SP + S'P = e (PM + PM-} - e . MM' 

= e.ZZ' = 2e.CZ = '2a (Art. 247.) 
= the major axis. 
Also SV^e.PM==e.2^2=e.CZ+e.Cl^=a + ex', 
and S'V^e.PJlf=.e.NZ' = e.CZ'-e.CW=:a.-ex\ 
where a/ is the abscissa of P referred to the centre. 
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S52. Mechanical construction for an ellipse. 

By tlie preceding article we can get a simple mechanical 
method of constructing an ellipse. 

Take a piece of thread, whose length is the major axis 
of the required ellipse, and fasten its ends at the points S 
and ;S' which are to be the foci. 

Let the point of a pencil move on the paper, the point 
being always in contact with the string and keeping the 
two portioniS of the string between it and the fixed ends 
always tight. If the end of the pencil be moved about on 
the paper, so as to satisfy these conditions, it will trace out 
the curve on the paper. For the end of the pencil will be 
always in such a position that the sum of its distances from 
S and S' will be constant. 

In practice, it is easier to fasten two drawing pins at iS 
and ^'j and to have an endless piece of string whose total 
length is equal to the sum of SS' and AA'. This string 
must be passed round the two pins at 8 and S' and then be 
kept stretched by the pencil as before. By this second 
arrangement it will be found that the portions of the curve 
near A and A' can be more easily described than in the first 
method. 

253. Latus-feetum of the ellipse. 

Let LSZ' be the double ordinate of the curve which 
passes through the focus S. By the definition of the curve, 
the semi-latus-rectum SL 

= e times the distance of L from the directrix 

= e..SZ=e{0^-CS)^B.C2-e.CS 

= «-oe^ (by equations (3) and (4) of Art. 247) 

= -. (Art. 247.) 

254. To trace tJie ettrve 
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The equation, may be ■written in either of the forms 

'=±'^'-5 ** 



Froui (2), it follows that if cc' > a^, i.e. if a; > « or < - ra, 
then y is impossible. There is therefore no part o£ the 
curve to the right of A' or to the left of A. 

From (3), it follows, similarly, that, if y>h or ^ ~ 6, 
X is impossible, and hence that there is no part of the curve 
above B or below ff. 

If X lie between —a and + a, the eij;uation (2) gives two 
equal and opposite values for y, so that the curve is sym- 
metrical with respect to the axis of x. 

If y lie between. -- h and + b, the equation (3) gives two 
equal and opposite values for f, so that the curve is sym- 
metrical with respect to the axis of y 

If a number of values in sucoession be given to x, and 
the corresponding \alues of y be deteimmed, we siiall 
obtain a series of points which will all be found to lie on a 
curve of the shape given m the figure of Art 247. 

2S6. The qumitity -j + t? - 1 ^ negative, zero, or 

positVM, aceordinff as tlie point (a/, y') lies vnthin, upon, or 
withoui the ellipse. 

Let Q be the point (a/, y"), and let the ordinate QJV 
through Q meet the curve in P, so that, by equation (6) of 
Art. 247, 



= 1^- 



If Q be within tJie curve, then y', i.e. QSf, is < PIf, si 
that 

2/'= PIP . , x'^ 
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Hence, in this ease, 



if Q" be without the cv 



256. To find the length of a radius vector fro\ 
rttre drawn in a given Mreetioti. 



"We thus have the value of the radius vector drawn at any 
inclination $ to the axis. 

Since '■'=15 — f i~ ii\~'-~'i~D! "^^ ^^^ tha,t the greatest 
value of r is when ^ = 0, and then it is eqiial to a. 

Similarly, 9 — 90° gives the least value of r, viz. b. 

Also, for each value of 6, wo have two equal and opposite 
values of r, so that any line through the centre meets the 
curve in two points eqmdistant from it. 

257. Auxiliary circle. Def. The circle which is 
described on the major axis, AA', of an ellipse as diameter, 
is called the auxiliary circle of the ellipse. 

Let IfP be any ordinate of the ellipse, and let it be 
produced to meet the auxiliary circle in Q. 

Since tho angle AQA' is a. right angle, being the angle 
in a semicircle, we liave, fay Eiic. vi. 8, QIif= = Alf. WA'. 



y Google 



12 COORDINATE OEOMETKY. 

Henoe Art. 248 gives 

PN BC b 

that _;_v = ■r^ = — . 

QN AC a 




The point Q in which the ordinate JfP meets the 
auxiliary circle is called the corresponding point to P. 

The ordiniites of any point on the ellipse aad the 
corresponding point on the auxUiary circle are therefore to 
one another in the ratio 6 : a, i.e. in the ratio of the 
semi-minor to the semi-major axis of the ellipse. 

The ellipse might therefore have been defined as follows : 

Take a circle and from each point of it draw perpen- 
diculars upon a diameter ; the locus of the points dividing 
tiiose perpendiculars in a given ratio is an ellipse, of which 
the given circle is the auxiliary circle. 

258. Eccentric Angle. Def. The eccentric angle 
of any point P on the ellipse is the angle NGQ made with 
the major axis by the straight line GQ joining the centre C 
to the point Q on the auxiliary circle which c 
the point P. 

This angle is generally called <^. 
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We havo CM = CQ . cos .p ■■= a cos ^ 

and iV§ = CQ sin ^ =,a dn ^. 

Hence; by the last article, 

The coordinates of any point -P on the ellipse are there- 
fore a cos ij) and 6 sin <fi. 

Since /* is known when ^ is given, it is often called 
" the point <l>." 

259. To obtain the equation of the straight line joining 
two points on the ellipse whose eccentric anffles are given. 

Let the eccentric angles of the two points, P and F, be 
^ and 1^', so that the points have as coordinates 
{aoos(j>, hsin-t.) and (acosf, 6ain^'). 

The equation of the straight line joining them is 



f(.-.c»« 






.o„[*-*-±*:].c„.*I_*' (,). 

This is the required equation. 

Cor. The pointa on the auxiliary oiiclo, eorreepoiiding to P and 
P', have tts oooxdioates (a ooa iji, a sin ^) and {acosil>', «sin ^'). 
The equation to the line ioinlag them ie thocefore |Avt. 178) 
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2S4 codhniN'ii.E (tMjmi m\ 

ThiB straight line ani (1) olsailj maka the same iiiteioept on the 

Henee the stiajRht hce joimnt any two points on an ellipse and 
the straight line joining the corie'jpon linj, points on the aaxihary 
ciicle m et the majoi a^id in the same point 

EXAMPLES XXZIL 

1 F nd th q t t he ellipees whoie eentiea aia the 
gin wh ax a th of coordinates and which pass 

thi gh ( ) th p t (2 } nd (3 I) 

and (p) tl p t (1 4) a d ( b 1) 

rdtheq tnfth 11 [ referred to its centre 

2 wh latu t m Sad ^hose eccentricity is |, 

3 Vfb n XI q 1 to the distanco between the foci and 
h It eot ra 10 

4 h f a th p nt (4, 0) and (-4, 0) and whose 

5 Pind th lat turn the eccentricity, and the coordinates 
f th f f th Up 

(1) +3y=o (2)5 +4yS=l, aaa(3) 9a:' + 5j('-30i/=O. 

6 P nd th eo nt ty f an ellipse, if its latns rectum be equal 
to one half itsjmmor aiLis. 

7. Pind the equation to the ellipse, whose focus is the point 
(-1, 1), whose directrix ia the straight line 3!-j) + 3=0, and whose 
eccentricity is ^. 

8. Is the point (4, - 3) within or without the ellipse 

9. Find the lengths of, and the aqnatione to, the focal radii drawn 
to the point (4 ^3, 6) of the ellipse 

25a:5 + 16i/==1600. 

10, Prove that the sum of the sqimreB of the reciprocals of two 
perpendicular diameters of an ellipse is constant, 

11, Find the inclination to the major asis of the diameter of the 
ellipse the square of whose length is (1) the arithmetical mean, 
(2) the geometrical moan, and (S) the harmonicaJ mean, between the 
squares on the niajor and minor aies. 

12, Pfnd the loena of the middle pointa of chords of an ellipse 
which are drawn through the positive end of the minor axis. 

13, Prove that the looua of the intersection of AF with the 
straight hne throngh A' perpendicular to AT Is a straight hue which 
is perpendienlar to the major axis. 
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14. Q is the point on tha auxiliary circle corresponding to P on 
the ellipse; PLMiM drawn parallel to CQ to meet the aKeBiiiI,audJH"; 
prove that FL = b and PM— a. 

15. Prove that tha area ol the triangle formed by three points on 
an ellipse, Vi'hose ecceiitrio angles are 8, $, and ^, is 

Prove also that ita area ia to tha area of the triangle formed \>y the 
corresponding points on the aasiliary oirule ash -.a, anil hence that 
when the latter triangle ia eq.mlateral, i.e. when 



16, Any point P of an ellipse is joined to the eKtremitias oi the 
major axis; prove that the portion of a directriit interceptocl by them 
subtends a right angle at the ooirespouding locus. 

17, Shew that tha perpendionlnrs from the centre upon all chords, 
which join the ends of perpendicular diameters, are of constant 
lei^h. 

18, If a, (3, y, and 3 be the eccentric angles of the four points of 
interBeation of the ellipse and any circle, prove that 

n+(3+v+3ia an even multiple 
of TT radians. 

[See Trigonometi-y, Part II, Art. SI.] 

19, The tangent at any point P of a circle meets the tangent at a 
fixed point A in 2', and T is joined to B, the other end of the 
diameter through A; prove that the locus of the intersaotion of AP 
and BT is an ellipse whose eccentrioilry is -;- . 

20 F in any point P on the ellipse, PN is drawn perpendicular 
h ad produced to Q, so that NQ equals PS, where S is a 

hat the locus of Q is thetwo straight lines i/±ac + a^O. 

21 C n the base of a triangle and the snm of its sides, prove 
th h of the cenWe of its iacircle ia an ellipae. 

22, With a given point and line as fooaa and directrix, a series 
of ellipses are described; prove that the locus of the extrranitiea of 
their minor axes is a parabola. 

23, A line of fixed length a+b moves so that ita ends are always 
on two fixed perpendienlar straight lines; prove that the locus of a 
point, which divides this line into portions o! length a and b, is an 
ellipse. 

24, Prove that ,tha extremities of the latera recta of all ellipses, 
having a given major axis 2a, lie on the parabola 3^= -it (y -a). 
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260. To find the intersections of any straighi line wilh 
the ellipse 

5^=' <»■ 

Let the equation of the straight line be 

y-mxt6 (2). 

The coordinates o£ the points o£ intersection o£ (1) and 
(2) satisfy both equations and are therefore obtained by- 
solving them ae simultaneous equations. 

Substituting for y in (1) from (2), the abscissae of the 
points of intersection are given by the equation 

a? (inx + cf 
-.+ — p— = 1- 

i.e. a? {a?m? + 6=) + Sa^mcic + ft' (c^ - 6') = (3). 

This is a quadratic equation and hence has two roots, 
real, coincident, or imaginary. 

Also corresponding to each value of x wo have from (2) 
one value of y. 

The straight line therefore meets the curve in two points 
real, coincident, or imaginary. 

The roots of the equation (3) are real, coincident, or 
imaginary according as 

(2a'nw;)°— 4 {6°+ftVi') x ft'(c'— J') is positive, aero, or negative, 
i.e. according as 6^(J'+a.W)—fiV is positive, zero, or negative, 
i" is -< = or > aW + S^ 



261. To find t/ie length of tlie chord intm'cej^ted by thn 
ellipse on the siraight line y = niK + c. 
As in Art. 30i, we have 



" -T — ^ ^ , n.nn .ov.r.^ =i — ^ - . 



o that 



, and XiXs = 
2ab -Jahr 



mP + b^ 
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The length of the required chord thtirefore 
_ 2ffl6 Jl + m^ Jd'm'+b^-c^ 

262. Tojmd the equation to the tangent at any point 
(x', y') of the ellipse. 

IJet P and Q be two points on the ellipse, whose coordi- 
nates are (a;', y") and {x", y"). 

The equation to the straight line PQ is 

"-!'■■«("'-»'■> <■'• 

Since both 1' and Q lie on the ellipse, wo have 

5 + ^"-l (2). 

and^+^-1 (3). 

Hence, by subtraction, 

( y"-y')(/ + /) „ _ {^"-x')( x" + ^') 

' b^ a" ' 

i e y-y* _ _ *! «>"_±^ 

x"-x'" a^y" + y'' 
On substituting in (1) the equation to any secant FQ 
becomes 

v-v---i-r, — -,(x-x) (i). 

To obtain the equation to the tangent we take Q 
indefinitely close to P, and hence, in the limit, we put 
a/' = a:' and ij' — y'. 
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The equation (4) then becomes 

y-y ^~a^y'^^-~^>' 

i.e. ^ + ?f' = ^% ^% 1, by equation (2). 

The required equation is therefore 

^ + ¥11-1 

Cor. The equation to the tangent is therefore ob- 
tained from the equation to the curvG by the rule of 
Art. 152. 

363. To find tlie equation to a tangent in terms of the 
tamgent of its indination to the vnajor aads. 
As ill Art. 260, the straight line 

J—*' (1) 

meets the elhpse in points whose abscissae are given by 

a^ (b^ + ahn') + 2moa.hi + a' {c^ - b") - 0, 
and, by the same article, the roots of this equation are 
coincident if 

In this case the straight line (I) is a tangent, and 
it becomes 

y = mx + Va^nP+P (2). 

This is the required equation. 

Since the radical sign on the right-hand of (2) may 
have either + or — prefixed to it, we see that there are two 
tangents to the ellipse having the same m, i.e. there are 
two tangents parallel to any given direction. 

The above form of the equation to the tangent may be deduced 
from the equation of Art. 262, as in the case of the parabola 
(Art. 206). It 'will be founil that the point of contact is the point 
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264:. By a proof siimlar to that of the last article, it 
may be shewn that the straight line 



touches the ellipse, if 

p2 = a^ cos2 a + b3 sin^ a. 

"^imiliil^ it may he shewn that the straight line 



touchLf. the ellipse, if o^P + h^m? = 



The coordinates of the point are (it cos ^, h sin ^). 
Substituting x' — a cos <^ and ;/' = 6 sin ^ in tlie equation 



e have, as the required equation, 
- COS ^ + p Bin ^ = 1 



This equation may also be deduced from Art. 259. 
For the equation of the tangent at the point "i^" is 
obtained by making ^' = i^ in the result of that article. 

TSx. Find the intersection of the tangents at the points and ip'. 
The eqnaticma to the tangents are 



The required poiut ie found by solving these equation 
We ohtain 
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266. Equation to the normal at tJie pomt {x', y'). 

The required normal ia the straight liae which pMsea 
through the point (ic", y) and ia perpendicvilar to the 
tangent, i,e. to the straight line 



Its equation is therefore 

-where m(-^-^ = -\, i.e. m = ^,, (Art. 69). 

\ ay/ b''x ^ ' 

The equation to the normal ia therefore y — ^~ -~ , {x ~ k"), 

i e Jt-x' _ y-y' 

X' ~ y ■ 



267. Equation to the normal at the point whose eccentric 
igle is 0. 
The coordinates of the point are a coa ^ and b sin 0. 
Hence, in the result of the last article putting 
Si' —a coa ^ and y' = h sin <ft. 



The required normal is therefore 

ax sec ^ - by cosec ^ =: a^ - b^. 
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#S8S. Equation to the normal in the form y=mx + e. 
Tlie equation to the normal &t (a;', y') ie, as in Art. 256, 



Let p^^=w, BO tliat - = - . 

Hence, sicoe {x', y') eatisfleB the relation -^ + y^^l, i 



The equation to the normal is therefore 



When it is desired to have the equation to the noi 
in tcims of one indepenilent parameter it is generally better to 
the equation of liie previous aztiole. 



To find the length of tlie subtangenl and t 




Let tlie tangent and normal at F, the point (x', y'), 
meet tho axis in T and G respectively, and let PN bo the 
ordinate of F, 
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The equation to the tangent at P is (Art. 262) 

l' + f^=l «■ 



Hence tlie aubtangenfc jVT" 

The equation, to the normal ia (Art. i 
x-x' y-y' 



To find where it meets the axis, 


we put y = 


0, an 


d have 




'-^-^--f- 


-*■', 








a= b^ 








CQ 


. W , a^-b' _. 


^e^x'^e'. 


CN,. 


.(3). 


HenoG the subnom.l SO 










-CJV-C(?=(1-, 


3=) CN, 








JV6 :: JVC :: I ~ ■ 


S^Tl 








::i=: 


a". (Art 


.Ml. 





Oor. 

perpeni 


If the tangent meet the 
3icular to it, we may, siaa 


minor axis 
ilarly, prove 


in t and Pn 
ithat 




Ct.C'a = h\ 









270. Some pToperti«s of tlie eUiiwe. 

(a) SG — e.SF, and the tangent and nomtal at P bisect the 
exUiiial and internal angUs betJoeen the foeal distances of P. 
ByArt. 269, TTehaveCG = e=ie'. 



y Google 



SOME PROPERTIES OF THE ELLIPSE. 243 

Hsnce SG = SC+CG = ae + e'x'=e.SP,hy ATt.25l. 
AliBo S'G^CS' ~ CG=e(a-e^) = e . S'P. 

HetMM SG : S'G :: SP : S'P. 

Therefore, by Euo. yi, 3. PG bjseeta the angle SPS'. 
It foUowa that the tangent biseota the exterior angle between 
SP and S-P. 

{fi} If Sr and S'Y' be the perpendictilars from the foci upon the 
tangent at any paiiU P of the ellipse, then Y aadTlie on the auxiliary 
circle, and SY. S'Y'^W. Aha CY and S'P are parallel. 

The equation to any tangent is 

Koosa + j/einn^jj (1), 

where p= Ja^eos^a + b'tia'a (Art. 264). 



t-ycosa^O (2). 

since ¥ hes on both (1) and (2), wi 

ft era a + 1; Bin n= ^o^ ooaS a + 6= ain^ o, 
and heina-kcoBa^ -aesina= ~ ^^^^ sm'a. 

Squaiii^ and adding these equations, we have Ti^+h^^a^, so tha 
r liea.oD the aniiliary circle a;' + y°=a^. 

Similarly it may te proved that 1" lies on tHs circle. 
Again S is the point ( - ae, 0) and S' is (ac, 0). 
Hence, from (1), 

SY=p + ae cos a, and S'Y'=p-ae cob a. (Act, 75.) 
Thus SY. S'r'=j.s~a=e=coE2n 

=a3oOs=a + ii=Bia= a- (a^- 6^) eos' a 

A1.0 CT = ^l, 

«na therefore a'T^g^-..^- "'"-^^^' . 

GT _ a CY 

'" S-T~a~e.CN~S'P' 
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(7) If the normal at any point P meet tlie major and minor axes 
in Q and g, and if CF be the perpendicular vpoa this itormal, then 
PF. FG = li^ and FF . Pg=a\ 

TliQ tangent at any point P (the point " ^") is 

■^eo8 + '^sin0 = I 
Hence PF= perpendicular fvom C upon this tangent 



Tlie normal at F is 

"^ by _^. 

Kwe put f/=0, wa have GO-^-^c^ 



i.e. PG = ^Vi"=O09=^ + a^sinV' 

From this and (1), we have P^.PG = R 
If we put a = in (2), wo aea that g is the point 

Hence Pg'=a''oo>i'^+(bBin^ + —^ em .pj , 

so that ^S = T Jb^eoe^'i' + a^sin^"'^. 

From thia result and (I) we therefore have 
PF.P3=o'. 

271. To find tJie locuis of the point of interseclion of 
tangents v^tich meet at right angles. 

Any tangent to the ellipse is 

y = mai + •Ja'n^ + 6^ 
and a perpendicular tangent is 
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Hence, if (A, k) be their point of intersection, we have 

k — 'mA=-Ja?m' + b' (1), 

and mk + h=i J a!' + 6 V (2). 

If between (1) and (2) we eliminate m, we shall have a 
relation between . A and k. Squaring and adding these 
equations, we have 

(F + A')(l+m=) = K-i-;>^)(l+™=), 
i.e. 7^= + P = a' + 6^ 

Hence the locus of the point (A, k) is the circle 

i.e. a circle, whose centre ia the centre of the ellipse, and 
whose radius is the length of the line joining the ends 
of the major and minor axis. This circle is called the 
Director Circle. 



EXAMPLES. XXXin. 

Find fha equation to the tangent and normal 

1. at the point {1, J) of tte elKpee 4a;^+%^=20, 

2. B.t tha point of the ellipse 5ji^ + 3y' = 187 whose ordinate is 2, 

3. at the ends of the latem recta of the ellipse 9x> + 16if'-144. 

4. Prove that the straight line y—^c + t^-^ touohes the ellipse 

5. Find the equations to tha tangents to the ellipse 4a^+3i/^=5 
whioU are parallel to the straight line y=3a; + 7. 

Find also the coordinates of the points of oontaot of the tangents 
which are inclined at 60" to the axis of a:. 

6. Find the equations to the tangents at the ends of the latera 
recta of the ellipse -j + 4 = 1, and stev; that th^ pass through the 
interseotiona of the asia and the directrices. 

7. Find the points on the ellipse aneh that the tangents there 
are equally inclined to the axes. Prove also that the length of the 
perpendicular from the centre on either of those tangents is 



^W- 



y Google 



24(5 COOllDINATE GEOMBTRy. [Ex3. 

8, In an ellipse, referred to its oentre, the length of the sub- 
tangent corresponding to the point (3, *^) is J^; proYe that the 
eccentricity ia |. 

9, Prove that the sum of the squares of the perpendiculara on 
any tangent from two points on the minor asis, each distant tja' - h'' 
from the centre, is 2«*. 

10 Find the equations io the normals at the en3a of the latera 
reuta, all tht hpseO gh dfth laif 

e' + e^^l 

11. If any d t 1/P m t th ta e t t J Q s th t 
MQ and SP ai n I 

12. T tang t to tl 11 1 t t t gl t g\ 1 
tibat th m C th (1 f th h J wh 1 th 1 y 1 
intercept th m t t 1 q 1 t th ] th 1 
joining th f 

13. It P b 1 t n th 11 1 h se 1 t y p 
that th 1 b t th t t t P d th f 1 1 t £ P 

- 

14. SI W th t tl gl b t een tl tan^ t t th Up 
^ + ^^-lajicltb 1 -1- = & tth p t f t t 



-vs 



15. A. circle, of radius i; is oonoentrio with the ellipse; prove 
a tangent is inclined tu the major axis at an angle 

' "3 and find its length, 

18, Prove that the common tangent of the ellipses 
■c^ j/S 23! , x^ y' 2x „ 

subtends a right angle at the origin. 

17. Prove that PG. Pjf =^SP. ST, and CG. CT=^CS=, 

18. The tangent at P meets the ases in T and !, and CY is the 
perpendicular on it from the centre; prove that (1) 3'! . PY=a?- b\ 
and (2) the least value of Tt is a + 6. 

19. Prove that the perpendicular from the focus upon any tangent 
and the line joining the centre to the point of contact meet on the 
corresponding directrix, 

20. Prove that the straight lines, joining each toeua to the foot of 
the perpendicular from the other focus upon the tangent at any 
point P, meet on the normal at P and bisect it. 
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22. Viai the tangent of the angle between GP and the normal at 
F, and prove tliat its greatest value is . 

23. Prove that the straight line lx + my=:ii, is a normal to the 

24. Find the loona of the point of interseotioa of the two straight 
lines --|^+t=Oana- + ^-l = 0. 



26. Any ordinate NP of aa ellipse meets the auxiliary circle in 
Q; prove that the locus of the intersection of the normals at P and 
Qis the eireie iE' + 2/'=(o + i}^. 

27. The normal at P meets the axes in G and g; shew that the 
looi of the middle points of PG and Gg are respeoliyelj the ellipses 

^^^ + ^'=1, and aV + bY=i(a2- 62)2. 

28. Prove that the loous of the feet of the perpeadiouiar drawn 
from the centre upon any tangent to the ellipse is 

)^=aSoos2e + i5ain=fl. [Use Art. 264.] 

29. If a number of ellipses ba described, having the same major 
axis, but a variable minor axis, prove that the tangents at tha ends of 
their latera recta pass through one or other of two fixed points. 

30. The normal GP is prodttoed to g, so that OQ^n.OP. 
Prove that the locus of Q is the ellipse ^. ^_ — jrj + -^2= 1- 

31. If the straight line y^mx + c meet the ellipse, prove that the 
equation to the circle, described on the line joining the iwints of 
intersection as diameter, is 

(a2m= + V) (!■= + !/=) + 2mahx - 2!^oy + c^ {a^+b^) ~ aW (1 + m^) = 0. 

32. Pit and PN are perpendiculars upon the axes from any point 
P on lie ellipse. Prove that MW is always normal to a fixed 
concentric ellipse. 
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33, Provo tha-h the sum of the eocenttio angles of the extremities 
of a chord, wMoh is drawn in a given direction, is oonsti 
equal to twice the eocantric angle of the point at whioh the ta 
parallel to the given direction. 

34, A tangent to the ellipse — ^ + ^ - 1 meets the ellipse 



272. Ta iprove t}iat through any given point (kj, y^) 
iliere pass, in general', tioo tangents to cm ellipse. 

The equation to any tangent is (by Art. 263) 

y=mx + 'JaFm^ + b^ (1). 

Tf this pass through the fixed point {x,, y,), we have 
y^-mx,= ^/a'm? + b\ 
i. e. yi - 2mXiy^ + m^x^ = a^^ + 6", 
i.e. m=(V-«')-2»M,^,+ (3/,= -6=) = (2). 

Por any given values of % and y^ this equation is in 
general a quadratic equation and gives two values of m, 
{real or imaginary). 

Corresponding to each value of m we have, by sub- 
stituting in (1), a different tangent. 

The roots of (2) are real and different, if 

(- 2«j;/i)° ~ 4 {x^ - a^) (j/t ~ b^) be positivoj 
i. e. if b^x^ + a^y^ — a^b' be positive, 

i. e. if ^ + ^ - 1 be positive, 

i.e. if the point (cb,, y,) be outside the curve. 
The roota are equal, if 

be zero, i.e. if the point (iCj, y,) lie on the curve. 



y Google 



CHORD OF CONTACT OF TANGENTS. 249 

The roots are iraaginary, if 



bo negative, i.e. if the point {iCj, ^j) lie witliiu the curve 
(Art. 255). 

273. Equation to the chord of contact of tangents 
drawn from a point (a^, t/j). 

The equation to the tangent at any point Q, whose 
coordinates are x' and y', is 



Also the tangent at the point .ffi, whos 
cc" and */", is 



If these tangents meet at the point T, whose coordi- 
nates are Xi and y,, we have 



6= " 



..(1), 



and ^+4^ = 1 (2). 

The equation to QS is then 

5+^=1 w. 

Por, since (1) is true, the point (x\ y') lies on (3). 

Also, since (2) is true, the point (x", y") lies on (3). 

Hence (3) must be the equation to the strayht hne 
joining (a;', yj and (a/', ■>/'), i.e. it must be the equation to 
QB the required chord of contact of tangents fiom {},,, j/i) 

274. To find the equation of tite poltM of ilie j>otnt 
(a;j, j/i) vntli respect io the ellipse 

^ + ^,-1. [Art. 163.] 
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Let Q and Ji be the points in which any chord drawn 
through the point (a^, y,) meets the ellipse [Fig. Art. 214]. 

I^t the tangents at Q and M meet in the point whose 
coordinates are (k, k). 

We require the locus of (A, k). 

Since QR is the chord of contact of tangents from 
(A, k), ita equation (Art. 273) is 

Sinoo this straight line pasHea through the point («,, j/j), 

^+|!.I (1). 

Since tlie relation (1) is true, it follows that tlie point 
[h, k) lies on the straight line 

5+?'=^ w 

Henco (2) is the equation to the polar of the point 
Cor. The polar of the focus (ae, o) is 



i.e. the corresponding directrix. 

276. When the point (a^, y,) lies outside the ellipse, 
the equation to its polar is the same as the equation of the 
chord of contact of tangents from it. 

When (%, )/i) is on the ellipse, its polar is the same as 
the tangent at it. 

As in Art, 215 the polar of (mj, i^,) might have been 
defined as the chord of contact of the tangents, real or 
imaginary, drawn from it. 

276. By a proof similar to that of Art. 217 it can be 
shewn that If ilie pola/r of P pass through T, tlten tlie polar 
of T passes through P. 



y Google 



VAIR OF TANGENTS FROM AiSfY POINT, 251 

277, To find the coorditmles of the pole of any yiven. 

Ax + By+C=0 (1). 

Let {x„ yi) be its pole. Then (1) must be the same as 
the polar of (a;,, yi), i.e. 



Comparing (1) and (3), as in Art. 218, the required pole 
is easily seen to be 



[ "C ' c )■ 



278. 2'o find the equation to the pair of tangents that 
can he drawn to the ellipse from the paint {xt , y-^. 

Let (A, k) be any point on either of the tangents that 
can be drawn to the ellipse. 

The equation of the straight line joining {It, h) to 
(iSi. yi) is 



y = mx + Va'wi' + h\ (Art. 263.) 

.J^JZll, and f^lZ^y.aV + 6=. 
A — Kj. \ h — x^ J 

V A-iCi / \h-Xi) 



Hence 



Eat this is the condition that the point (A, k) may lie 
1 the locua 

{xy^-x^f=a^{y-~y,y + hH^'~'^iy (1). 

This equation is therefore the equation to the required 
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It would be found that (1) is equivalent ti> 

279. To find tlie locus of the vviddle points of parallel 
chords of the ellipse. 

Let the chords make with the axis au angle whose 
tangent ia m, so that the equation to any one of them, 
QR, is 

0). 



y--^ + c 

where c is different for the different choi'ds. 




This straight line meets the ellipse in points whose 
jscisaae are given by the e 
^= (m 



■ cr_ 



i.e. x^{a^m^+h^)^'>.a^mr.x + a^c' -U')^(i (2). 

Let the roots of this equation, i.e. the abscissae of Q 
and B, be a;, and x^, and let V, the middle point of QR, be 
the point (A, K). 

Then, by Arts. 22 and 1, we have 

''-^~-^Sw^= ^'^^■ 
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Also V lies on the straight line (1), so tbat 

k = mh+c (i). 

If between (3) and (4) we eliminate c, we havu 

i.e. 6% = — rt^mii (5). 

Hence the point (A, k) always lies on the straight Line 

"-L" (">■ 

The required locus is therefore the straight line 

^■^mx where ™=- — 
^ ohil' 

™.^-| w 

280. Equation to the chmd iBhole viiddU poiat U (k, k). 
The required ef[uation ia (1) of the foragomg article, where m and 
e are given by equations {i] and (5), so that 

The requned equation ia tiierefora 

^~ a^k"'^ a=ft ' 

It is therefore parallel to the polar of (k, k). 

281. Diameter. Def. The locus of the middle 
points of parallel chords of an ellipse is caJled a diameter, 
and the chords are called its double ordinates. 

By equation (6) of Art, 279 we see tliat any diameter 
passes through the centre C. 

Also, by equation (7), we see that the diameter y = ni^x 
bisects all chords parallel to the diameter y = mm, if 

»»..^-'" (I). 
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But the symmetry of the result (1) shows that, in this 
case, the diameter y = nn: bisects all chorda parallel to the 
diameter y — niiX. 

Such a pair of diameters are called Conjugate Diameters. 
Hence 

Conjugate Diameters. Def. Two diameters are 
said to he conjugate when each bisects all chords parallel 
to the other. 

Two diameters ij = in,x and y = iniX are therefore con- 
jugate, if 



282. TJie iimgent at tlie extremity of amy diameUr is 
pa/mllel to ilie chords which it bisects. 

In the Figure of Art. 279 let («', y') be the point P on- 
the ellipse, the tangent at which is parallel to the chord 
QE, whose equation is 

y— +« (1)- 

The tangent at the point (as', j/') is 

5-' + f'-l (2). 

Since (I) and (2) are parallel, we have 



!. the point {x', y') lies on the straight line 



But, by Art. 279, this is tlie diameter which bisects QR 
and all chorda which are parallel to it. 

Cor. It follows that two conjugate diameters (7P and 
CD are such that each is parallel to the tangent at the 
extremity of the other. Hence, given either of these, we 
have a geometrical construction for the other. 
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283. The ta/ngents at the ends of any chord meet on thi 
diameter which bisects the chord. 

Let the equation to the chord QR {Art. 279) be 

?—"+« (!)■ 

Let T be the point of intersection of the tangents at (^ 
and R, and let its coordinates be x^^ and y,. 

Since QB is the chord of contact of tangents from T, ib 
equation is, by Art. 273, 

xh yk ^ 

^^6^"^ 

The equations (1) and (2) therefore represent the s 
straight line, so that 



^ {/(, k) lies on the straight line 



which, by Art. 279, is the equation to the diameter bisect- 
ing the chord QR. Hence T lies on the straight line CP. 

S84. If the eacmiric amgles of the ends, P and J), of a 
pmr of conjugate diameters be <ti and <{>', then </> and <^' differ 
by a right angle. 

Since P ia the point (a cos ^, 6 sin ^>, the equation to 
Ci-is 

y = x.- tan ^ (1). 

So the equation to CD is 

y=a) . ~ tan ij>' (2). 

Thase diameters are (Art. 281) conjugate if 
—^ tan tjt tan <j> = ^ , 

i. e. if tan <jt-—~ cot <{>' — tan (^' ± 90° j, 

i.e. if ^-^'= + 90°. 
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Cor. 1. The points on the auxiliary circle correspond- 
ing to P and D subtend a right angle at the centre. 

For if p and d be these points then, by Art. 268, we 

LpCA' — ^ and i.dCA' = <Ji'. 
Hence 

LpCd = L dCA' - LpCA' = ^ - f = 90°. 

Cor. 2. In the figure of Art. 286 if P be the point 4>, 
then D is the point ^ + 90° and D' is the point <i> - 90°. 

285. J"rom the previous article it follows that if P be 
the point {a cos 0, S sin 0), then D is the point 
{a cos (90° + ^), 6sin(90'' + ^)} i.e. (- d sin ^, 6 cos ^). 
Henee, if PN and DM be the ordinsites of P and D, 






JVP CM 






Cir MD 



286. Jf PCP' and 2>GI>' be a pair of conjugate dia- 
meters, then (1) CP' + CD^ is constant, and (2) the arm of 
the pwrallelogrmn formed hy the tangents at the ends of these 
Is constant. 
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Let -P be the point <l>, so that its coordinates are a cos i^ 
and 6 sin <^. Then B ia the point 90° + ^, so that its co- 
ordinates are 

acos{<)0°+<l>} and 6 sin {90°+ ^). 

(1) Wp. tliRrefore have 

CP= = a»cos=^ + 6'ain^^, 
and CD^ = a^ sin^ <fi + ¥ cos^ </). 

Henee CP^ ^CD" ==a'+¥ 

= the sum of the squares of the semi-axes of the ellipse, 

(2) Let KLMN be the parallelogram formed by the 
tangents at P, D, P', and D'. 

By Eue. i. 36, we have 

area KLi^m = 4 . area CPKD 

-4. OU.PK^iCU .OD, 
where Ct?" is the perpendicular from G upon the tangent 
at P. 

Now the equation to the tangent at P is 

~ cos ^ + ^ sin ^ - J . U, 

so that {Art. 75) we have 

GU=- 



'J-^ 



Hence CU.OD = ab. 

Thus the area of the parallelogram KLMN - 4«6, 
which is equal to the rectangle formed by the tangents 
at the ends of the major and minor axes. 

287. The product of the focal distances of a povnt P is 
equal to the square on the eemidiameter pwraUel to t/ie to/ngent 
at P. 

If P be the point ^, then, by Art. 251, we have 
^P = a + a«c08^, and 5T-rt;-aecos ^. 
L. 17 
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Honce SF . S'P ---a'- a'e' cos= ./* 

38a. Ex. If P and D be the ends of conjugate diaiiteters, find 
tlie locus of 

(1) the middle point of I'D, 

(2) the intersectioit of the tangents at P and D, 

and (3) the foot of the perpendicular from the centre upon.FD. 
i> ie the point (a COB 0, fisin^jandDis (-amti^, bcos-}!). 

(1) If (a!, y) be the middle point of PD, we havo 

If we eliminate we shall get the required Iocue!. We obtain 

J + g=J[(coB0-aiM*)=+(siu« + oos*)^=^. 

The loons is therefore 6 concentrio and similar ellipae. 
[N.B. Two ellipaes are similar if the ratios of their axes are the 
same, so that they have the same eccentricity.] 

(2) Tlie tangents ace 

|cos0 + |mn0 = l, 

ancE — ain^+y^coai/i— 1. 

Both of these eq^ 
If ■wa eliminate ip w 
intersections. 

By squaring and adding, we have 

so that the locus is another similar and concentrio ellipse. 

(3) By Art. 269, on putting ^'=90° + ^, the equation to PD is 

5 COB (45° + *} + ^ sin (45° + i>) = cos 45=. 
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Comparing the eq^uatioiis, we have 

coa(J5'' + 0) = °°°^"°°^^^ , and sin (45° + ^) ^ '' ^'" " ""^ ^''° . 

Hence, by aquaring and adiling, 2p^=a^cos^ u + b'^aiifi ui, i.e. th* 
loQne required is the curre 

2r= = a=cos^fl + i^ain'e, i.e. 2(a^,+aS)2=a=3J'+%=. 

289. Mqmconjugate diameters. Let P and 2) be ex- 
tremities of eqwiconjugate diameters, so that CF'= C'D\ 

If the eceentrio angle of P be i^, we then have 
M* cos^ rfi + h^ sin' <f> = a!' sin" ifi-i-b' cos' rj), 
giving tan'(^= 1, 

i.e. ^ = 45°, or 135°. 

The equation to CF is then 



If a rectangle be formed whose aides are the tangents 
at A, A', B, and B' the lines (1) and (2) o.r& easily seen to 
be its di^onals. 

The directions of the eqniconjugates are therefore along 
the diagonals of the circumscribing rectangle. 

The length of each equiconjugate is, by Art. 286, 



^/^ 



SdO. Supplemental chords. Def. The chords 
joining any point F oit an ellipse to tlie extremities, M and 
R\ of any diameter of the ellipse are called supplemental 
chords. 

diords wre parallel to eonjiigaie diameters. 
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Let P be the point whose eccentric angle is ^, a,nd S 
and B' the points whose eccentric angles aie ^i and 
180° + ^. 

The equations to PR and PR' are then (Art. 259) 



■■6=' 



-(1), 




X 0+18O° + <^i y . <^+18Q° + ^i , ^-180°-^ , 

-cos— ^- +-sin ^ ■ --cos ^ . 

^ fi - - Bin ^-^^ + ^ cos '^^'^' = sin ^~^' (2) 

The "m" of tho straight lino (1) ---cot ^4^. 

The " m " of the line (2) ^ ^ tan ^ ^-^' . 

The product of these "m's"= — j, so that, by Art. 281, 
the lines PR and PS' are parallel to conjugate diameters. 

This propoaition may also be easily proved geometrically. 

For let V and V be the middle points of FR and PR'. 

Since V and C are lespectively the middle points of BP and RR', 
the line CV is parallel to PR'. Similarly CV is parallel to PR. 

Since Crbiaeota PR it bieeotB all otords parallel to Pli, i.e. ai! 
chords parallel to CV. So CV biseotB all chorda parallel to CV. 

Hence Cfand OV are in the direction of conjugate diameters and 
therefore PItf and PR, being parallel to CV and CV' respectively, are 
parallel to oonjngate ditmieters. 



y Google 



CONJUGATE DIAMETERS, 261 

291. To find the equation to an elhpse referred to a 
pair of conjugate diamieters. 

Let the conjugate semi-diameters be GP and GD (Fig. 
Art. 286), whose lengths are a! and 5' respectively. 

I£ we transform the equation to the ellipse, referred to 
its principal axes, to GP and GD e 
then, since the origin ia unaltered, it b 
of the form 

Ax' + %Hxy + By'^\ (1). 

Now the point P, {a, 0), lies on (1), so that 

^«"-l (2). 

So since Q, the point (0, 6'), lies on (I), we have 



Hence 

Also, since CP bisects al] chords parallel to GD, there- 
fore for each value of x we have two equal and opposite 
values of y. This cannot be unless H^Q. 

The equation then becomes 

Cor. If the axes be the equiconjugato diameters, the 
equation is a? + y' = a". The equation is thus the same in 
form as the equation to a circle. In the case of the ellipse 
however the axes are oblique, 

292. It will be noted that the equation to the ellipse, 
when referred to a pair of conjugate diameters, is of the 
same form as it is when referred to its principal axes. 
The latter are m.erely a particular case of a pair of conjugate 
diameters. 

Just as in Art. 262, it may he shewn that the equation 
to the tangent at the point {x', y') is 

P -i- 1| = 1. 

SimUarly for the equation to tho polar. 
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JSx, If QVQ' he a dotible ordinate of the diamoter CP, and if the 
tangent at Q meet CP in T, then GV.CT^CP'. 
If Q be tlie point (a;', y'), the tangent at it is 



Putting !/ = 0, we have 



GV.CT=GP\ 



EXAMPLES. XXXIV. 

1. In the ellipse ss + 'w — 1> find the equation to the chord which 
pasBBiS through ttie point (3, 1) and ia biseoteii at that point. 

2, Find, with roapeet to tha clllpEO ix^ + ly^—8. 

(1) the polar of the point ( - ^, 1), and 

(2) the pole ofthe straight line 12e + 7!( + 1(1 = 0. 

3. Tangents are drawn from the point (3, 2) to the ellipse 
afi+iy'^S. Find the equation to their chord of contact and tlic 
equation of the stra^ht line joining (3, 2) to the middle point of this 
chord of contact. 

4, Write down the equation of the pair of tangents drawn to the 
eUipse Sx^ + 2y^~6 from the poiat (1, 2), and prove that the angle 
between them is tan-^ — ^ . 



5, In the ellipse -2 + p = li write down the equations to the 
diameters which arc conjugate to the diameters whose equations are 
a:~y = 0, x + y = 0, y — ~a!, and y = - s:. 



7. If the produot of the perpendiculars from the foci upon the 
polar of P he conatont an3 equal to c', prove that the locus of P ia the 
ellipse 6*a;S(i^ + a'e=) + c^'j/2=a''6*. 
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10, CK is the perpendiealar from the oeutce on the polar of any 
point P, and PM ia the perpenclioalar from P on the same polar and 
IB produced to meet the major axia in i. Shaw that (1) GK.PL = I^, 
and (2) the product of the perpendiculars from the loci on the polar 
= CK.LM. 

What do these theorems become when P is on the eUipee? 

11, In the previous question, if PN he the ordinate of P and the 
polar meet the axis in T, shew that CX=e=. CW and CT.CN^aK 

12, If tangents 2T and TQ be drawn from a point T, whose 
coordinates arc ft and k, prove that the area of the triangle TPQ is 



and that the area of the ciuadrilateral CPTQ ia 



13, Tangents are drawn to the ellipse from the point 

prove that they intercept on the ordinate through the nearer fooua a 
distance equal to the major axis. 

14, Prove that the angle between the tangents that can be di'awn 
from any point {x^, y,) to the ellipse is 



V' 



-i+S-i 



Xi' + yi'-a'-b' 

15, If T be the point {i,, y^), shew that the equation to the 
straight lines joining it to the foci, 8 and S', is 

Pro've that the bisector Of the angle between these lines also 
bisects the angle between the tangents TP and TQ that can be drawn 
from r, and hanca that 

lSTP = ^S'T<i. 

16, If two tangents tf 
that the locus of its eenti 

17, Prove that the straight lines joining the centre to the inter- 
sections of the straight line if = mn: + */ — :^~— with tiie ellipse are 
conjugate diameters. 
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19, K GP be oonjiigftlxi to the noiniil at y prove that CQ is 
ooDJngate to the POTmal at P. 

20. If a fixed straight line parallel to oithci axis meet a pair of 
oonjogate diameters in the pomti K and L, shew that the circle 
dfiBoribed on KL as diameter passes through two fised points on the 



22. ThB eooentrio angles of two points P and Q on the ellipse are 
rj/^ and i#3 ; prove that tJie area of the parallelogram formed by the 
tangents at the ends of the diameters throagh P and Q is 

4a(ooaeo(^ ^J, 
and hence that it is least when P and V are at tlie end of conjugate 



23. A. pair o£ conjURate diameteic is produced to meet the 
directrix ; shew that tlie orthooentre of the triangle so formed is at 
the foous. 

24. K the tangent at aay point P meet in the points L and L' 
(1) two parallel tangents, or (3) two conjugate diameters, 

prove that in eaoli case the rectangle LP .PL' is equal to the square 
on the semidiameter which is parallel to the tangent at P. 

25. A point is Bach that the perpendicular from the centre on its 
polar with respect to the ellipse is constant and equal to e ; shew that 
its loeas is the ellipse 



26. Tangents are drawn from any point on the ellipse -5 + 1^ =1 
to the circle sfl+y^—r^; prove that the chorda of contact are tangents 
to the ellipse a^^+tY^r*. 

If -3 = -^ + ^ , prove that the lines joining tlie centre to the points 
of contact with, the circle are oonjugate diameters of the seoond 
ellipse. 

27. CP and CD are eonjngate diameters of the ellipse ; proTe that 
the locus of the orthooentre of the triangle CPD is the carve 

28. If circles he described on two Bemi-oonjugate diameters of the 
ellipse as diameters, prove that the locus of their second points of 
intersection ia the carve 2(a?+y^}^=a^+bhj^. 
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293. To pro\3e that, in general, four normals cwn be 
drawn from, any point to an ellipse, and that the sum, of the 
ece&ntric a/ngles of tkei/r feet is equal to an odd fnuUiple of 
Iwo right a/ngles. 

The normal at any point, whose eccentric angle is ^, is 

cos ^ sin (^ 
If this normal pass through the point (/t, k), we have 

;^-iEj-" ' '■ 

For & given point (A, k) this ecjuation gives the 
eccentric angles of the feet of the normals which pass 
through (/i, k). 

Let tan ^ = /, so that 

Substituting these values in (1), we have 
,1 + 1" ,,1 + 1? , , 

le. Ut* + 2(' (o/i + aV) + 2t{ah- a'e") - 6i = . .. (2). 

Let ij, ij, ij, and (4 be the roots of this equation, so tliat, 
by Art. 3, 

f, + t,+ t, + t, = ^2^,^^ (3), 

i|fj+(A + M4+'!'3 + Mj + Mj = (i), 

i3isi4+^A + Vi'a + *iV3 = -2^^^^- (5), 

and (1(5(3(4 = -! (6). 
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Hence {THgonomeiry, Art 125), we have 

/d), A, A, AA s, — S-, s, — s. 



and hence <j>, + ^2 + (/i3 + c^4 = (2m + 1)w 

= aa odd multiple of two right angles, 

294:. We shall conclude the chapter with some ex- 
amples of loci connected with the ellipse. 

Ex. 1. Find l/ie Uictu of tti^ inUneetion of tangents at the ends 
of chords of an. ellipse, which aire of constant length 2c. 

Let QH be any suoh chord, aEd let the tangeata at Q and R meet 
in a point P, whose coacdina,tes are (h, k). 

Since QR ia the polar of P, its equation is 

?|+«J.i (1). 



■aight line n 



(>-S)'=p('-5). 

x' {W F\ 2xh , S' 



If ^i and x^be the roots of this equatiou, i.c. tlie abseisH^e of Q 
and B,, we have 



.■. (a%-a;gj^=(a:i + i2)^-4iia 



_4a'[yft° + a^i'-a'6^jt'' 



If i/j ana Ss bo tlie ordinates of Q and K, we have from (1| 



that, by subtraction, 
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The condition of tlie question tlierefore gives 



16 point (A, i!:) always lies on the 



-Sly (2). 



which is tlierefore tte locus of P. 

Bs. 2. Find the lomis (1) of the middle poinia, om([ (2) of the poles, 
of liOTiaal c)u>rdi of the elUpae, 

The chord, whose middle point is (ft, k), is parallel to the polar of 
{ft, ft), and is therefore 

...(1). 





(^ 


-'')~,+ (i'~*)|=0 ( 


If this be a normal, il 


; must be the same as 




)rc have 

a^ 


eof ftycosace-a^ 6* .. ..[' 


We thercfc 


6 -beoseoe a^-S' 
ft ^~F' 
65 5=+F' 


so that 
and 


sine 


a= /ft' itn 
'-ft(a^-r6-^U='^W' 


Hence, 


hy the elimin 


,ation of e. 






S)(^5)-=<-'-'-- 


The equation to the required locus ia therefore 




(5* 


■gS-?)-'"-'-' 


Again, 
equation n 


if (a^i. i/i) be the pole of the normal chord (3), the 1 
luat be equivalent to the equation 






= + !S=l 1 



Comparing (9J and (3), v 
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and hance the mciiiireS locus is 

Bx. 3. Chords of the ellipse -j + fj =^ 1 aliitays touek the eoncenlrie 
and coaaal ellipse —^ + §3=1; fi^d the iocus of their poUs. 

Any tangent to the second oUipsa is 

y-im:+^oPvt^ + ^ (1). 

Let the tangents at the points wtare it meets the first ellipse meet 
in {k, k). Then (1) must be the same aa the polar of (ft, k) with 
respeot to the first ellipse, i.«. it is the same as 

5 + |t-l-0 (2). 

Since (I) and (2) coinoide, we have 

Hence ™ — ^'J. ^^ V«W+^-g. 

Eliminating m, we have 

i.e. the point (ft, i) lies on the ellipse 

i.e, on a ooneentcio and coaxal ellipaa whose somi-axes are - and — 
respeotiyely. 

EXAMPLES. XXXV. 

The tangents drawn from a point F to the ellipse malce angles 0^ 
and e,j with the major axis ; find the locus of F when 

1. flj + ^a jsconstant (=2ii). [Compare Ex. 1, Art. 2&5.} 

2. tan ^i + tanflgis constant (=«). 

3. tanSi-tanSaisoonstant ( = iJ). 

4. tau^Si + tun'^aJs constant (=\]. 
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Find the loBaa of the iaterseotion of tangents 
5, which meet at a given angle a. 

3, if the Earn of the ecoentric angles of their points of contact 
be equal to a constant angle 2a. 

7, if Ihe difference of these eccentric angles bo 130°, 

8, if the lines joining the points of contact to tlie centre be 
perpendicular. 

9, if thesmnof theordinates ot the points of contuct be equal to &. 
Find tlie loena of tlie middle points of chords of an ellipse 

10. whose distance from the centre is the oonetant length c. 

11. which subtend a, right angle at the centre. 

12. which pass throi:^ the given point (ft, ij. 

13. whose length ia constant ( — 2c). 

14. whose poles are on the ausiliary circle. 

15. the tangents at the ends of which interseot at right angles. 

16. Prove that the locus of the intersection of normals at the 
ends of conjugate diameters is the curve 

2 (a V + W/)'- (a" - by (aii:t= - b^f. 

17. Prove that the locus of the intersection of normals at the ends 
of chords, pai'allel to the tangent at the point whose eccentric angle is 

If the chords be parallel to an q ] g te d m t t1 1 

is a diameter perpeudicular to the th q 1 g t 

18. A parallelogram circumscribe Ih 11 j d tw ft 
opposite angular points lie on th t 1th =1 i th t 
the loons of the oOier two is the co 



^f:(- r)- 



19. Circles of constant radius dr w t p thr gh til 
ends of a variable diameter of th elhp P tl t tl 1 f 
their oentres is the ourve 

20. The polar of a point P with pttanilp t h 
fixed circle, whose centre is on th maj xi 1 whi h p 
through the centra of the ellipae Sh th t th 1 f P 
paiahola, whose latus rectum isathd^ p ti It th d mt 
of the circle and the latus rectum f th Up 

21. Prove that the locus oftheplwth ptttl Ihpse f 
any tangent to the auxiliary circle th "414 = " 
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22. Shew that the loeus of the pole, with respect to the auxiliary 
oiicle, of a tangent to the ellipse is a similar oonoeutrio ellipse, 
whose major axis ^ at tight angles to that of the original ellipse. 

23. Chords of (he ellipse touch the parabola ay'= -2()% j prove 
that the loous of their poles is the parabola ay^ = 26'^. 

24. Prove that the eum o! the angles that the four normala 
drawn from any point to an ellipse make with the axis is eqnal to 
file sum of the angles that the two tangents from the same point 
make willi the axis. 

[Use the equation of Art. 268.] 

25. Triangles are formed by pairs of tangents drawn from any 
point on the dlipse 

o=.r= + iV=K+''Ttotheellip3e-^+^3 = l, 

and their chord of contact. Prove that the orthooentre o£ caoli such 
triangle lies on the ellipse. 

26. An ellipse is rotated through a right angle in its own plane 
about its centre, which is fixed ; prove that the locus of the point of 
interseotiou of a tangent to the ellipse in its original posiljon with 
the tar^;ent at the same point of the curve in its new position is 

27. IE r ana Z he the feet of the perpendiculars from the foci 
npon the tangent at any point P of an ellipse, prove that the tangents 
at Y and Z to the auxiliary circle meet on the ordinate of P and tliat 
the locus of their point of intersection is another ellipse. 

28i Prove that the directrices ot the two parabolas that can be 
drawn to have their foci at any given point P of the ellipse and to 
s through its foci meet at an angle which is equal to twice the 
' LO angle of P. 

29. Chorda at right angles are drawn through any point P of the 
ellipse, and the line joining their extremities meets the normal in the 
point Q. Prove that Q is iho same for all such chords, its 
a^e^coao , -a'te^sina 
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CHAPTER XIII. 



THE HYPERBOLA. 



395. The hyperbola ia a Conic Section in wliicli the 
eccentricity e ia greater than unity. 

To jmd the equation to a hyperbola. 
Let ZK be the directrix, S the focus, and lot SZ be 
perpendicular to the directrix. 

There will be a point A on AZ, such that 

SA=e.AZ (ly 
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Since e> 1, there will be another point A', on S^ pro- 
duced, such that 

SA' = e.A'Ji. (3). 

Let the length A A' be called 3a, and let C be the middle 
point of AA'. 

Subtracting (1) from (2), we have 
2a^AA' = e.A'2-e.AZ 

^e[OA- + CZ]-e{CA-CZ'\=--e. 2CZ, 

le. CZ=^ (3). 

Adding (1) and (2), we have 

e {AZ+ A'Z) = SA' + SA = 2GS, 
i.e. e.AA' = 2.CS, 
and hence CS-ae (4). 

Let C be the origin, CSX the axis of x, and a straight 
line CY, through C perpendicular to CX, the asis of y. 

Let -P be any point on the curve, whose coordinates are 
X and y, and let PM he the perpendicular upon the directrix, 
and P2f the perpendicular on AA', 

The focus S is the point (ae, 0). 

The relation SJ" = e''. PM'^ = e' . ZJH'^ then gives 

Hence !r?{e?-l)~^ = a'{f?-\\ 

*■'■ l^-^(f^)=^ 

Since, in the ease of the hyperbola, e>\, the quantity 
ffl" (e* — 1 ) is positive. Let it be called j^, so that the equa- 
tion (5) becomes 

^-p=i c'). 

where h'^^a^e^'-a^^GS^-CA' (T), 

and therefore GS^ = a' 4- &^ (8). 



..(6). 
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296. The equation {6) may be writteii 

PF^ AJV. NA' 



so that P^^ : AN . ^A' :: ¥ : a\ 

If we put 3: = in equation (6), we have ^=^ — V, 
shewing that the curve meets the axis CT in imaginary 
points. 

Def. The points A and A' arc called the vertices of the 
hyperbola, G is the centre, AA' is the transverse axis of the 
curve, whilst the line BB' is called the conjugate axis, 
where B and B' are two points on the axis of y equidistant 
from C, as in the figure of Art. 315, and such that 
B'G=CB^h. 



1 and foot of the 



Tha equation to the hyperbola, w 
trieilrf are aay given cuiantitiea, maj 
of the ellipse (Art. 249). 

298. There exist a second foeuiS omd a second directrix 
to the curve. 

On SO produced take a point S', such that 
SG = CS'^ae, 
and another point Z', such that 
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Draw Z'M' perpendicular to AA\ and let I'M be pro- 
duced to meet it in AC. 



(^ + «e)' + ;/- = «=g+^J, 



i.e. S'l" ^ ^ {Z'C + CNy = e^ . FM"'- 

Hence any point P of the curve is such that its distance 
from S'. is e times it« distance from Z'lC, so that we should 
have obtained the same curve if we had started with S' as 
focus, Z'K' as directrix, and the same eccentricity e. 

299. The difference of the foctd distances of any pomt 
on the hyperbola is e^ai to the transverse axis. 

For (Fig,, Art 295) we have 

Sr=^e.PM, and S'P = e.PM'. 
Hence S'P- SP = e{PM' -PM)^e . MM' 
= e.ZZ' = 2e.CZ^2a 
= the transverse axis AA'. 
Also Sl'-^e.PM = e.ZN-^e.GN-e.OZ=Gx: - a, 
and S'P = e. PM' = e . Z'F=^ e . ON ■>r e.Z'C = ex' + a, 
where ai' is the abscissa of the point P referred to the centre 
as origin. 

300. Latus-reeUi,Tn of the Hyperbola. 

Ijet LSL' be the latus-reotum, i.e. the double ordinate 
of the curve drawn through S. 

By the definition of the curve, the semi-latus-roctum SL 
= e times the distance of L from the directrix 
= e.SZ = e{CS~CZ) 
^e.CS-eCZ^ae-'-a-J-, 
by equations (3), (4), and (7) of Art. 295. 
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301. To trace the curve 

i'-r' W- 

Tlie equation miiy be written in either of the forms 

'J-'^sf%-^ <^'' 

'-^JV' w- 

BVom (2), it follows that, if ^ < a", i.e. if a; lie between a 
and — «, then y is impossible. There is therefore no part 
of the curve between A and A'. 

For all values of ii:^>«^ the equation (3) shews that 
there are two equal and opposite values of y, so that the 
curve is symmetricdl with respect to the axis of x. Also, 
as the value of x increases, tiie corresponding values of y 
increase, until, corresponding to an infinite value of tc, we 
have an infinite value of y. 

For all values of y, the equation (3) gives two equal 
and opposite values to x, so that the curve is symmetrical 
with respect to the axis of y. 

If a number of values in succession be given to x, and 
the corresponding values of y be determined, we shall 
obtain a series of points, which will all be found to lie on a 
curve of the shape given in the figure of Art. 295. 

The curve consists of two portions, one of which extends 
in an infinite direction towards the positive direction of 
the axis of x, and the other in an infinite direction towards 
the negative end of this axis. 

302. The quamtity — ^ — ^ — 1 is positim, -^ero, m- 

Tbegafive, according as the point {x', y') lies within, upon, 
or imtkowt, the cwme. 

Let Q be the point (a/, y^), 'and let the ordinate iJiV 
18—2 
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b the curve in P, i«) that, hy equation (6) oi 



I£ Q be within the curve then y', i.e. QR, is leas than 

7>jV, aotliat ^<_p-, i.e.<: — -1. 

Hence, in this ease, — — tj > 0, i.e. is positive. 
Similarly, if Q be without the curve, then y'^l'N, and 



303> To find Uie lengfk of any central radius drawn in 
a ffiven direction. 

The equation (6) of Art. 295, when, transferred to polai 
coordinates, becomes 



So long as tan^^-< -j, the equation (1) gives two equal 
and opposite values of r corresponding to any value of 0. 

For values of tan' fl > — , the corresponding values of 
-; are negative, and the corresponding values of r imaginary. 
Any radius drawn at a greater inclination than tan"' — 
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does not therefore meet the curve in any real points, so 
that all the curve is included within two straight lines 

drawn through C and inclined at an angle ±tan"' — to CX. 

Writing (1) in the form 



cos^^f -5— tan^^j 

we see that r is least when the denominator is greatest, i.e.. 
when fl = 0. The radius vector GA is therefore the least. 

Also, when tan fl = =t - , tho value of r is infinite. 

For values of $ between and tan"' - the corresponding 

positive values of r give the portion AR of the curve (Fig., 
Art. 395) and the corresponding negative values give the 
portion A'M'. 

For values of d between and - tan~^ - , the positive 

values of R give the portion AR^, and the negative values 
give the portion A'E-^. 

The ellipse and the hyperbola since they both have a 
centre G, such that aU chords of the conic passing through 
it are bisected at it, are together called Central Conies. 

304, In the hyperbola any ordinate of the curve does 
not meet the circle on AA' as diameter in real points. 
There is therefore no real eccentric angle as in the case of 
the ellipse. 

When it is desirable to express the coordinates of any 
point of the curve in terms of one variable, the substitutions 

X = a sec and y = b tan ^ 
may be used ; for these substitutions clearly satisfy the 
equation (6) of Art. 395. 

The angle ^ can be easily defined geometrically. 

On AA' describe the auxiliary circle, (Fig,, Art. 306) 
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and from the foot JV of any ordinate iVP of the curve draw 
a tangent JV^?/ to this circle, and join CU. Then 

i.e. x^GIf^aseaJSfCU. 

The angle JVCU is therefore the angle if.. 

Also iV77= CU tan ^ = ts tan </>, 

so that jVF : SrU ■.: b : a. 

The ordinate of the hyperbola is therefore in a constaiit 
ratio to the length of the tangent drawn from its foot to 
the auxiliary circle. 

This angle ^ is not so important an angle for the 
hyperbola as the eccentric angle is for the ellipse. 

305. Since the fundamental equation to the hyper- 
bola only differs from that to the ellipse in having — 6' 
instead of H', it will be found that many propositions for 
the hyperbola are derived from those for the ellipse by 
changing the sign of 6^. 

Thus, as in Art. 260, the straight line y=.mx + e meets 
the hyperbola in points which are real, coincident, or 
imaginary, according as 

As in Art.. 262, the eijuation to the tangent at (x, y') is 



As in Art. 263, the straight line 

y = ma; + /Jahtv' — V 
s always a tangent. 
The straight line 

xcosa + ysina^p 
is a tangent, if p^ = a' cos° a — P sin^ a. 

The straight line Ix + my = n 
is a tangent, if r? =■ aH^ - b'W. [Art. 264.] 
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The normal si the point {«', y') is, a,s in Art. 266, 

^-^' y-y' 

^ y' ' 



306. Witii sonjo modifications the pwiperties od Aits. 
269 and 370 are true for the hyperbola also, if the 
corresponding figure be drawn. 

In the case of the hyperbola the tangent bisects the 
interior, and tho normal the exterior, angle between the 
focal distances SP and S'P. 




It follows that, if an ellipse and .i. hyperbola have the 
same foci S and S', they cut at right angles at any common 
point P. Por the tangents in the two cases are respec- 
tively the internal and external bisectors of the angle SPS', 
and are therefore at right angles. 

307. The equation to the straight lines joining the 
points (a sec ^, 6 tan <^) and {a sec <f>', h tan ^') can be 
shewn to be 
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Hence, by putting <fi = rj>, it followK that the tangent at 
the point {a seo ijt, b tan i^) is 



It could easily be shewn that the equation to the 
normal is 

oiC sin ^ + 6j/ — (a' 4- 6^) tan <f>. 

308. Tlie proposition of Art. 272 is true also for the 
hyperbola. 

As in Art. 373, the chord of contact of tangents 
from (%, i/j) is 

As in Art. 274, the polar of any point (at,, »/j) is 



As in Arts. 379 and 381, the loeua of the middle 
points of chords, which are parallel to the diameter y = mx, 
is the diameter j/ = rn^x, where 



The proposition of Art. 278 is tme for the liyperbolft 
also, if we replace b" by — b\ 

309. Director circle. The locus of the intersection 
of tangents which are at right angles is, as in Art. 271, 
found to be the circle x' + ^ = a''-h\ i.e. a circle whose 
centre is the origin and whose radius is ^a^ — b\ 

If ¥ < a", this circle is real. 

If b^^a% the radius of the circle is zero, and it reduces 
to a point circle at the origin. In this case the centre is 
the only point from which tangents at right angles can be 
drawn to the curve. 

If b" > a\ the radius of the circle is imaginary, so that 
there is no such circle, and so no tangents at right angles 
can be drawn to the curve. 
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310. Xiqullateral, or Rectangular, Hyperbola. 

The particular kind of hyperbola in which the lengths 
of the transverse and conjugate axes are equal is called an 
equilateral, or rectangular, hyperbola. The reason for the 
name "rectangular" will be seen in Art. 318. 

Since, in this case, b = a, the equation to the equilateral 
hyperbola, referred to its centre and axes, is x^ — y' ~ a^. 

The eccentricity of the rectcrngvlar hyperbola is J2. 

For, by Art. 295, we have, in this case, 



so that e = ^2, 

811. lix. The perpendiciilars frcna the centre upon the tangent 
and normal at any point of the hyperbola -^ - ^=1 meet them in Q 
and R. Find the loci of Q and B. 

As in Art. 308, the straight line 

xcosa + y^aa-p 
is a tangent, if p==a2 ooe^ a-lfi sin^ a. 

But p and a are the polar ooordiuates of Q, the foot of the parpen - 
dicular on this straight line from C. 

The polar equation to the locus of Q ia therefore 



If the hyperbola be rectangalar, we have a = i, and the polar 
equation is 

Ag^n, by Art 307, any normal is 

aa.8in^4-6y = («' + &'')tan^ (1). 

The equation to the perpeadicular on it From tlie origin is 

hn -ay Bin -p-O (2|, 

If we eliminate ^, v/e shall hava the locus of E. 



From (3), w 
and then tan^ — ~ 



Substituting in (1) the locus is 
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1, whose transverse and conjugate axes ace respectively 3 and 4, 

2, whose conjugate asia ia E and the distance between whose foei 
is lit, 

3, whose conjugate axis is T and which passes through the point 
(S. -2), 

4, the distance between whose fooi is 16 and whose eooentrioity 

5, In the hyperbola 4j?-3)/^=36, find the axes, the coordinates 
of the foci, the eceontrioity, and the latus rectum. 

6, Find the ec[uation to the hyperbola of given transverse ania 
whose vertex bisects the distance between the centre and the focus. 

7, Find the equation to the hyperbola, whose eccentricity is J, 
whose fooua is [a, 0), and whose direotrii is ix~3y~a. 

Find also the coordinates of the centre and the equation to the 
other directrix. 

8, Find the points eommon to the hyperbola 25x^-Qy'' — i25 
and the straight line a53; + l%-45 = 0. 

9, Find the eq^nation of the tangent to the hyperbola 4.t^ - 9y° = 1 
which is parallel to the line 4i/=5a; + 7, 

10. Prove that a eii'de can be drawn tbi'ough the fooi of a, 
hyperbola and the points ia which any tangent meets the tangents at 
the vertioea. 

11. An ellipse and a hyperbola have the same principal axes. 
Shew that the polar of any point on either curve with respect to the 
oliier touches the first curve. 

In both an ellipse and a hyperbola, prave that the focal 

ice of any point and the perpendicular from the centre upon the 

tangent at it meet on a circle whose centre is the focus and whose 
radius is the semi-transverse axis. 

13, Prove that the straight lines — !;=''' *"'' ~ + r = — always 
meet on the hyperbola. 

14. Find the equation to. and the length of, the 
to the two hyperbolas ^ - |^ = 1 and ^ - |^=1. 
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X6. Fiii^ the equation to tlie chord of the hypertola 

vphich ie bisected at the point (6, 3). 

17. In a rectangular hyperbola, prove that 
SP.S'P^CP^. 

IS, tho dietaiioe of any point from the centre varies inversely as 
the perpendicular from the centre upon its polav. 

19. jftheiiormalatPmeetth6aie3JnGandg,theaPG=Pj7 = PC. 

20. tlie angle subtended by any chord at the centre is the 
supplement of the angle bttween the tangents at the ends of the 

21. the angles eubtended at its vertices by any chord which ia 
parallel to ite conjugate axis are Eapplementary. 

22. Tiie normal to the hyperbola — j - p = 1 meets the axes in M 
and N, and lines MP and A'P are drawn at right angles to the axes ; 
prove that the loeuB of P ia the hyperbola 

aV -bY^t,"^ + !>''?■ 

23. If one axis of a varying eentral conio be fixed in magnitnde 
and position, prove that the locas of the point of contact of a tangent 
drawn to it from a Exed point on the other axis i^ a parabola. 

24. If the ordinate MP of a hyperbola he produced to Q, so that 
MQ is eiiual to either of the focal distances of P, prove that the locus 

' Q ■ th f pair f p U 1 t aight lines. 

25 S ha h oc th a circle which touches 



mal chorda isith 



30. Shew that the Jooub of poles with respect to the parabola 
y^^iax of tangents to the hyperbola ic^-y^=a^ is the ellipse 
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[8 o£ the pole with lespeot to tlie lijparbola 
— -£- = 1 of Buy tangent to the cirole, vfhose diameter is the line 



32, Proye thai Hie loons of tho intersection of tangents to s, 
hyperbola, which meet at a, oocstant angle ^, is the curve 

(ici+j,2 + ja_aS)==4oot=i|9(«V-*V + a26'). 

33, From points on the oirole ^+-^"=0^ tangents are drawn to 
the hyperbola a" -J/''=a^i prove that the loeua of Hie middle points of 
the chorda of contact is the curve 



hyperbola whose centre ia the point ( ^ , ^ I , and which is similar to 
ather the hyperbola or its eonjngate. 

312. Asymptote. Def. An asymptote is a straight 
line, which meets the conic in two points both oi wliich are 
situated at an. infinite distance, but which ia itself not alto- 
gether at infinity. 

313. Tojlnd tlie asymptotes of the hyperbola 
As in Art. 260, the straight line 

3/=«^+« a) 

meets the hyperbola in points, whose abscissae aj-e given by 
the equation 

a?{5=-ffl%i^)-2o=wjc3;-a=(c'' + 5') = (2). 

If the straight line (1) he an asymptote, both roots of (2) 
must he infinita 

Hence (C. Smith's Algebra, Art, 123), the coefficients of 
a? and x in it mu.st both be zero. 
We therefore have 

6' ~ o?m^ — 0, and a'mis = 0. 
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«, = *-., and C = 0. 



Substituting these values in (1), we have, 
quired equation. 



There are therefore two asymptotes both passing 
through the centre and equally inclined to the axis of x, 
the inclination beinj; 



The equation to the asymptotes, written as one equa- 

Cor. For all values of c one root ot equation (2) is 

infinite if Ki = ±-. Hence any straight line, wliich. is 

parallel to an asymptote, meets the curvo in one point at 
infinity and in one finite point. 

314. That the aBymptoto paeaea through two coincident points 
at infinity, i.e. tonohea tie curve at infinity, may be Been by finding 
Hie equations to the tangents to tie euive whioh pass through any 
point [ ij, — Wj ) on the aaymptote y — -x. 

Ab in Art. 305 the eijaation to either tangent through thia point m 

where -a:^=mj:j+ ^aW- \fl, 

i.e. on clearing of surds, 

One root of this equation ia m — -, so that one tangent through 
the given point isy^-.-c, i.e. the asymptote itself. 
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315. GeomelHcal constraotion/or tlte asymptotes. 

Let A'A be the transyerse axis, and along the conjU' 
gate axis measure off CB and Cff, each equal to h. 
Through B and B' draw parallels to the transverse axis 
and through A and A' parallels to the conjugate axis, and 
let these meet respectively in, K-i, X,, IC, and K^, as in the 
figura 




UlearJy tlio equations of K-fiK^ and /r^O/f^ are 
b , b 

and these are therefore the equations o£ the asymptotes, 

316. Let any double ordinate PNP" of the hyperbola 
be produced both ways to meet the asymptotes in Q and (^, 
and let the abscissa ON be a:'. 

Since P lies on the curve, we have, by Art. 302, 



iv-p==-^V^ 
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Since Q is on the aHymptnte whose equation i s ;/ — — a:, 

we have ^'3 = ^^ 

Hence I'Q = NQ - lYl' =-(«'- VS'"="<?). 

and FQ = ^{'^' + -Jx^-'a^). 

Therefore }'Q. FQ^^ {:>:■' -{^^ -a')} = b'. 

Hence, ii from any point on an asymptote a straight 
line be drawn perpendicular to the transverse axis, the 
product of tlie segments of this line, intercepted between 
the point and the cnrve, is always equal to the square on 
the semi-conjugate axis. 

Ag.m, 

FQ is therefore always positive, and therefore the 
part of the curve, for which the coordinates are positive, 
is altogether between the asymptote and the transverse 

Also as x' increases, i.e. as the point P is taken further 
and further from the centre C, it ia clear that PQ con- 
tinnally decreases; finally, when cc' ia infinitely great, PQ 
is infinitely small. 

The curve therefore contimially approaches the asymp- 
tote but never actually reaches it, although, at a very great 
distance, the curve would not be distinguishable from the 



This property is sometimes taken as the definition of a 
asymptote. 

317. If S.F be the perpendicular from S upon a 
asymptote, the point F lies on tlie auxiliary circle. Thi 
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follows from the fact that the asymptote is a tangent, 
■whose point of contact happens to Jie at infinity, or it may 
be proved directly. 
I'or 

Also ^ being the toot of the directrix, wc have 

CA^=CS. CZ, {Art, 295) 

and henco CF^ = CS . CZ, i.e. CS:GF::CF: CZ. 

ByEuc. VI. fi, it follows that lCZF= i.CFS = s.r\g\\.t 
angle, and hence that F lies on the directrix. 

Hence ilie p&r'petidicv.lars froTti the foci on eitlier asyjnptote 
tneet it in the sa/me points as the eorresponiUng direcirisc, 
mid the common points of interseetion lie on ihe anxilia/ry 
cvrde. 

318. Equilateral or Rectangular Hyperbola. 

In this curve (Art. 310) the quantities a and b are equal. 
"Hie equations to the asymptotes are therefore y — -^m, i.e. 
they are inclined at angles ^ 45° to the ajcis of re, and hence 
they are at right angles. Hence the hyperbola is generally 
called a rectangular hyperbola. 

319. Coi^Ugate Hyperbola. The hyperbola which 
has SB' as its transverse axis, and AA' as its conjugate 
axis, is said to be the conjugate hyperbola of the hyperbola 
whose transverse and conjugate axes are respectively AA' 
and £B'. 

Thus the hyperbola 

i-i-^ (». 

is conjugate to the hyperbola 

?-F=l P> 

Juat as in Art. 313, the equation to the asymptotes of 

(i)i. f"-5-o, 
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which, by the same article, is the equation to the asymp- 
totes of (2). 

Thus a hyperbola and its conjugate have tho same 
asymptotes. 

The conjugate hyperbola is the dotted curve in the 
figure of Art. 323. 

320. InUrsmtions of a hijperbola with a pair of con- 
jugate diameters. 

The straight line y = nhipc intersects the hyperbola 



in points whose abscissse are given by 

i.e. by the equation x^= ^ 5 — =. 

The points are therefore real or imaginary, according as 
a'm^ ia < or > If, 
i.e. according as 

m^ is numerically < or > - (1), 

i.e. according as the inclinatioa o£ the straight iine to the 
axis of fli is leas or greater than tho iaclination of the 



Now, by Art. 308, the straight lines y — wija; aniJ y = iryc 
are conjugate diameters if 

™.»..4. w 

Hence one of the quantities m, and m^ must be less 
than - and tho other greater than - . 

Let TO, be <-, so that, by (1), the straiglit line y^m^ 
meets the hyperbola in real points. 
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Then, by (2), mj must be > - , so that, by {1}, the straight 
line y = tn^ will meet tlie hyperbola in imaginary points. 

It follows therefore that only one of a pair of conjugate 
diameters meets a, hyperbola in real points. 



321. ^ a pair of diametera he conjugate with respect 
to a lif/perbola, they will he conjwffate with respect to its eon- 
jugate hyperbola. 

For the straight lines y = m^x and y = in^ are coojugate 
with respect to the hyperbola 

J-f!-! (1), 

it "."."J » 

Now the equation to the eonjugate hyperbola only 
differs from (1) in having — «'' instead of a^ and —W instead 
of h\ so that the above pair of straight lines wUl be con- 
jugate with respect to it, if 

j%mj = — -= — (d). 



But the relation (3). is the same as (2). 
Hence the proposition. 

322. If a pair of diamet&rs he cotyugatp. with respect 
to a hyperbola, orte of them meets the hyperbola in real points 
and the other meets the conjugate hyperbola in real points. 

Let the diameters be j/ = m^x and ^ = m^a;, so that 



As in Art. 320 Jet «t, <— , and hence ™3>-, so that t 
straight line y = miX meets the hyperbola in real points. 

Also the straight line y = mijic meets the conjus 
hyperbola tj - -^ = 1 in points whose a 

the equation a^ (-7^ A - 1, i.e. by 
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Since m, > - , these abscissEe are real. 

Hence the proposition, 

323. Ifapavr of conjugate diameters meet the hyperbola 
and its conjugate in P wid D, then (1) GP" - CD" - a' - 5^, 
<md (2) the tangents at P, I) and the other ends of the 
diameters passvng through them form a pofallelogram whose 
vertices lie on ilie aayrtvptotes amd whose area is constant. 

Let P be any point on tlio hyperbola -^ — f^ = 1 whose 
coordinates are (a sec ^, b tan <j>). 

The equation to the diametor OP is therefore 




By Art. 308, the equat: 
is coDJugate to CP, is 



the straight line, wliicli 
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This straight hue n 



W 



the conjugate hyperbola 
id (- a tan ^, - 6 rc 



ill the points {n taoi <^, 6 sec i^), and (- a tan ^, - 6 roc i^) s 
that D is the point (« tan ^ i sec </)). 
We therefore liave 

GF'' ---- a' see= .^ + &Han^ rji, 
and C/) '' --- a' tan^ >^ + 6^ fiec ' <^. 

llenee 

C-P= - Ci>^ = (a=- 6=) (sec= 4. - tan= qi.) = »' - i=. 
Again, the tangents at 1' and D to the hyperbola 
the conjugate hyperbola are easily seen to be 



e meet at the point 



Similarly, the intersection of the tangents at P and /)' 
lies on CI^', that of tangents at D' and P' on CL', and 
those at i> and P' on Ci,. 

If tangents be therefore drawn at the points where a 
pair of conjugate diameters meet a hyperbola and its 
conjugate, they form a parallelogram whose angular points 



Again, tho perpendicular from G on the straight line (1) 



VJ^ 



:'V.H-<.'&n"<). CD PX' 
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HO that PK X perpendicular from C on PK -- ab, 
i.e. area of the parallelogram GPKD = ab. 

Also the areas of the parallelogi-ams CPKD, CDKJ'', 
GP'K'D', and CJ)'Ii;P are all equal 

The ai-ea EK.K'K,' therefore = iab. 

Cor. PX=CI> = D'C = I{^'P, 80 that the portion of a 
tangent to a hyperbola intercepted between the asymptotes 
is bisected at the point of contact. 

324. JRelaHon hetzveert the equation to the hyperbola, 
the equation to its asymptotes, and tJte equation to the co^iju- 
gate hyperbola. 

The equations to the hyperbola, the asymptotes, and the 
conjugate hyperbola are respectively 

5-S=i a). 



and~-|^ = -l (3). 

We notice that the equation (2) differs from equation (1) 
by a constant, and that the equation (3) differs from (2) by 
exactly the same quantity that (3) differs from (I). 

If now we transform the equations in any way we 
please — by changing the origin and directions of the axes — 
by the most general substitutions of Art. 132 and by 
multiplying the equations by any — the same — constant, 
we shall alter the left-hand members of (1), (2), and (3) in 
exactly the same way, and the right-hand constants in the 
equations wUl still be constants, and differ in the same way 
as before. 

Hence, whatever be the form of the equation to a 
hyperbola, the equation to the asymptotes only differs from 
it by a constant, and the equation to the conjugate 
hyperbola differs from that to the asymptotes by the same 
constant. 
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32S. As an example of the foregoing article, let it be re(]uired 
find the asymptotes of the hyperbola 

Sx^~- Say -2y'' + &x + lly -8 = (1). 

Since the equation to the asymptotes only differs from it by a 
\ it must be of the form 

33?-5xy-2f+5x + lly + e^0 (2), 

Since {2) represents tJie asymptotes it must represent two stradalit 
lines. The condition for this is (Art. 116) 

i.e. c=-12. 

The equation to tlie asymptotes is therefore 

3x'--5xy-2y' + Rx + Uy~l2 = 0, 
and the equation to the conjugate hyperbola is 

33?' - Sarj; - 2j- + 5iC + lly - 16 = 0. 

326. As another example we see that the eqnatifin to a,ny 
hyperbola whose asymptotes are the straight lines 

Ax+By + C=0 and A^x+Biy + C^=Q, 

is iAx+By + G}(A:t^ + B:,y + C,) = \^ (1), 

where \ is any constant. 

For (1) only differs by a constant from the equation to the 
asymptotes, whiot is 

{Ax + By + C){A-,x + Biy + O,) = (2). 

If in (1) we aubstitnte - \^ for V we shall have the equation to its 
conjugate hyperbola. 

It follows that any equation of the form 

{Ax + By + C')(A^^ + Bjj + C,] = \= 
represents a hyperhola whose asymptotes are 

Aa; + By + C=(i, and A,x+B,y + Gj = Q. 
Thus the equation x{x + ^) — a^ represents a hyperbola whose 
asymptotes are j-=0 and 3:+y = 0. 

Again, the equation ay' + 2ii.ycot2a~y^=a-, 
i.e. (reota-y)(.ttano + H} = a=, 

represents a hyperbola whose asymptotes are 

j; oot n - (/ = 0, and j: tan a + y = 0. 

327. It would follow from the preceding articles that the 
equation to any hyperbola whose asymptotes are a — Q and y = is 
j;j/ = con?t. 
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The ooEBtani could be easily 5 
tcaiiBverse and eemi-oocjagate asea, 

la Art. 826 we shall obtain this equaUon by direct tranaformation 
fcom the equation referred to the principal ases, 



EXAMPLES. XXXVn. 



2, lie ande' be the eccentricities of a hyperbola ai 
prove that "g + ~7a~-'- 



4, Shew that the chord, which joinB the points in which a pair o{ 
conjugate diameters meets the hyperbola and its conjugate, is parallel 
to one HBjmptote and is bisected hy the other. 

5, Tangents are drawn to a hyperbola from any point on one of 
the branches of the oojijogate hyperbola; sbew that their chord of 
contact will touch tha other branch of the conjugate hyperbola, 

6, A straight line is drawn parallel to the conjugate asis of a 
hyperbola to meet it aad the conjugate hyperbola in the points P and 
Q ; shew that the tangents at F and Q meet on the curve 



tft- 



and that the normaJs meet on the axis of x, 



7, Frorn a point G on , ^ 
dioular to tJie asymptote, and OP a normal to tha ourve at P. Prove 
ihai LP is parallel to the conjugate axis. 

8, Find the asymptotes of the curve 2x^ + 5ieij + 2y^ + iic + Sii^0, 
and find the general aquation of all hyperbolas having the Eaane 
asymptotes. 

9, Find the equation to the hyperbola, whose asymptotes are the 
straight lines 3; + 2j/ + 3 = 0| and 3ic + 4j/ + 5 = 0, and which passes 
through the point (1, - 1). 

Write down also the equation to the conjugate hyperbola. 
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11, G is tta centra of tlie hyperbola -5 - Ta = l- aitl- "ib tangent at 
any poiat P meets the asymptotes in the pointa ^ and ii. Prove that 
the eijuation to the loans of the oeutre of the circle olicumscribiag 
the triangle CqR ia 4(aV-i)3j,!) = („s + 6!)!!. 

12, A series of hyperbolas is drawn having a common transverse 
axis of IeHe*t' 2a. Prove that the loctia of a point F on each hyper- 
bola, suoh that its distance from tho transverse axis is ei].ual to its 
distance from an asymptote, is the curve {i?-'ij^f=ix^(x^-(^. 

328. To find tlte equation to a hyj/frbtAa re/erred to its 
asymptotea. 



Lefc P be any point on tl:e hyperbola, whose equation 
referred to its axes is 

i-t-^' w- 

Draw PH parallel to one asymptote CL to meet the 
other GIC in H, and let CH and HP be h and k respec- 
tively. Then h aad h are the coordinates of P referred to 
the asymptotes. 

Let a be the semi-angle between the asymptotes, so that, 
by Art. 313, tana--, 

and hence _._ = - = — -.t=;_. 

h a V<i= + 6= 

Draw HN perpendicular to the transverse axis, and HR 
parallel to the transverse axis, to meet the ordinate PM of 
the point P in E. 
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Then, since PH and SB are parallel respectively to CL 
and CM, we have L PHR = L LCM = a. 

Hence GM=GN^HR = ClI cos a + ffP coa « 

and JW = RP - //iV" = HP sin a - Cfl' sin a 

= (*-'*) ^4^' 
Therefore, since OM and .¥/* satisfy the equation (1), 

Hence, since (/t, ^) is any point on the liyperhok, the 
required equation is 

aS + b^ 
^ = — ^- 
This is often written in the form xy = c% where it? 
equals the sum of the squares of the semiaxes of the 
hyperbola. 

Similarly, the equation to the conjugate hyperbola is, 
■when referred to the asymptotes, 

a^ + lf 

^y = — 3— ■ 



329. To find the equation to the tangent at any point 
of the hyperbola, xy ~ c°. 

Let (a/, y') be any point P on the hyperbola, and 
(*") !/") * point Q on it, so that we have 

^Z/' = o= (1), 

and x"y" = c^ .' {2). 

The equation to the line PQ is then 



-s'-yw <"'-'•') P>- 
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But, by (1) and (2), we have 

y" -y' ^^ £^_^ x-'jI' _ <? 

Hence the equation (3) becomes 

y-s'^-i^. {«-»') (*)• 

Let now the point Q be taken indefinitely near to P, so 
that x" — x' ultimately, and therefore, by Art. 149, PQ 
becomes the tangent at P. 

Then (4) becomes 

!'-/-~y.(»'-»)--|: <»■■•'). byy). 

The required equation is therefore 

ay + ieV-2*y = V (5). 

The equation (5) may also be written in the form 

s^H <">• 

330. The tangent at any point of a hyperbola aiU off a Mangle 
of constant area from the asymptolee, and Ike portion of it interc^t^d 
between tlte asymptotes is bisected at the point of eontaat. 

Te^ke tha esymptotes as axea and let the equation to the hyperbola 

The tangent at any point P is — , + -, = 2. 

This meets the aKes in the points {2x', 0) and (0, %'). 

If these points be L and L', and the centre be C, we have 

CL-^, and CL' = 2y'. 
If 2o, be the angle between the asymptotes, the aiea of the tnanelG 
, , . a^ + 6' 

Also, since 7, is tie point (2a;', 0) and L' is (0, 2ij'), the middle 
point of Li' is {sf, if), i.e. the point of contact F. 
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331. As in Art. 274, the polar of any point (s;,, y,) 
with respect to the curve can be shewn to be 

xy-i + x^-^c'. 
Siiioej in general, the point (a;,, y^ does not lie on the 
curve the equation to the polar cannot he put into the form 
(6) of Art. 329. 

332. The equation to the normal at the point (a/, ^) 
is y — 'i/ = 7n,{x — x'), where m, is chosen so that this line is 
perpendicular to the tangent 

y 26' 

If (I) be the angle between the asymptotes we then 
obtain, by Art. 93, 



o that the required equation to the normal is 
y (y' - x cos <^)-x (x' - y' cos <u) == ^^ - 



If the hyperbola be rectangular, then <o = 90'', and tlie 
equation to the normal becomes a^ —yy' — ai' — y", 

333, Equation referred to the asymptotes. 
One Variable. 

The equation \cy = c' is clearly satislied by the substitu- 
tion x^ct and V = - . 

Hence, for all values of (, the point whose coordinates 
are (ot, -\ lies on the curve, and it may be called the point 
" (." 

The tangent at the point "(" is by Art. 329," 
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Also the normal is, by the last article, 

„(l-l"co=»Ki(("-<».«).?(I-l'), 
or, wliUiL tlie hyperbola is rectangularj 

j,-rf.f(i-i'). 

The efjTiatiojis to the tangents at the points " ii' 



and henoe the tangents meet at the point 

U + «a' h + tj' 
The line joining "ij" and "t^," ■which is the polar of this 
point, is therefore, by Art. 331, 

a; + y^it, = e ((i + 1^. 
This form also follows by writing down the equation 
to the straight line joining the points 



Ki) "■«*(*■ 0- 



334. Ex. 1. If a recta/iigtilar hyperbola ciTcumscribs a tnangle, 
it also passes thmiigh the oi'thocentre of the tnangle. 

Let the equation to the carve referred to its asymptotes be 

^ = '^ (1). 

Let the angular points of the triangle be P, Q, and R, and let their 
ooocdinatea he 

fcti.-j, (ct^,~\, and (ctj, ^J 
j:espectively. 

As in the last ertiole, the ec[uatiou to QR is 

The equation to the straight Ime, tlicough P perpendicular to Qli, 
v^-^t^^-hhl^-^^ (^). 
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Siiiiiiavly, tbe equation to the straight hne througli y perpeiidjoular 
to BP is 

tj+^W==V.[^+,-;y (3). 

point of (2) and |3) is clearly 



(^dk' -'''•■h 



and this is therefore the orthooentre. 

But the coocdinates (4) satisfy (1). Hence the proposition. 

Also if j ci,, - ) be the orthoceatre of the points " t^," " t^," and 



Bx. 2. If a cirele and the rectangular hyperbola xij^c'^ meet in 
the fmr points "i,," "t,," " tj," flint 'H^," prove that 

(1) (itaV4=l. 

(3) tlte centre of meam poHtion of the four points bisects the 
distance bet^eeen the centres of the two curves, 
and (8) tlie centre of the circle through the points "t,," "t^," "tg" ia 

Let the e([aation to the circle be 

x^+y^~^yii-tify + k=0, 
BO that its centre is the point (g,/). 

Any point on the hyperbola is ( «'. r ) ■ If this lie on the circle, 

BO that !-i_2^(S + *jl=--t + l = (1). 

If !i, (j, (j.and (^ bo the roots of this equation, we have, by Art. 2, 



nd t2lati + ¥ih + hhh + h¥i=-f (*)■ 

Dividing (i) by (a), wo have 

i+144-? B. 
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The oentce of the mean positiott of the four points, 
i.e. the point J 

is therefore the point f | > s ) > ^"^ ^^'^ '^ ^'^ middle point of the Imi 
joining (0, 0) and (g.f). 



Again, since ti(j(j(, = l, we have product of the abaoiesae of the 
lur points = product of their ordinates=i^. 

EXAMPLES. XXXVUI. 
1. Prove that the I'ooi of the hyperbola ,i;j/= —j — are given by 



3, A straight line alwaya pasaeB through a fixed point; prove 
that the looua of the middle point of the portion of it, which ia 
intercepted between two given straight lines, ia a hyperbola whose 
afijmptoteB are parallel to the given lines. 

4. If the ordinate KP at any point F of an ellipse be produced to 
Q, so that NQ is equal to the subtangent at F, prove that the loons of 
Q is a hyperbola. 

5 From a point P perpendioulais PM acd PIV are drawn to two 
straight linea OM and ON. If the area OiTFN be oonslant, prove 
t^6 the loeua of P is a hyperbola. 

6, A variable line haa its ends on two linea given in position and 
passes through a given point ; prove that the loous of a point whioh 
divides it in any given ratio is a hyperbola. 

7, The coordinates of a point are a tan (9 + a) and 6 tan (^ + ,8), 
where 8 ia variable; prove that the loons of the point ia a hyperbola. 

8, A aeriea of oirolea touoh a given straight line at a given point. 
Prove that the loeua of the pole of a given straight line with regard to 
these oirdes is a hyperbola whose asymptotes are roapeotively a 
parallel to the firat given etrsigbt line and a perpendicular to the 
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9, If a riglit-at^led triangle be iasoribed in a rectai^nlar hyper- 
bola, prove that the taugeiit at the right angle is the perpeudioular 
upon the bypotbonuse. 

'e that all straight lines, which 
the onrve, am parallel to the 
norinal at P. 

11, Chords of a rectangular hyperbola are at right anglea, and 
they subtend a right angle at a fixed point O ; prove that they iuter- 
Beot on the polar of 0. 

12, Prove that any ehord of a rectangular hyperbola subtends 
angles whioh are equal or supplementary (1) at the ends of a porpeu- 
diculai: chord, and (2) at the ends of any diameter. 

13, In a reotanglilar hyperbola, shew that the angle between a 
chord FQ and the tangent at P is equal to the angle whiob PQ 
subtends at the other end of the diameter through P. 



15. If Pi.Ps, and Pj be three pointE on the reotanglilar hyperbola 
" — '---e abseisete are x^, x^, and x^, prove that the area of the 



triangle PiP^Pa i 



and that the tangents at theae points form a triangle wlioso 

„, (■-.—.)('.-''.)('■-■■) 

(•, + l!ll». + »J (>■,+ •■)■ 

16. Find tlie coordinates of the points of contact of c 
tangents to the two hyperbolas 

x^-y'i—Sa^ and xy — ia^. 

17. The traasTerse asis of a rectangular hyperbola is 2i: and the 
aeymptctes are the asefi of coordinates; shew that the equation of the 
chord which ia biaected at the point {2c, 3c) is Sx + 2y=:12c. 

18. Prove that the portions of any line wbich are intercepted 
between the asymptotes and the curve aje equal. 

19. Shew that the straight lines drawn from a variable point on 
the curve to any two fixed points on it intercept a constant distance on 
either asymptote. 

20. Shew that the equation to the director circle of the conic 

Prove that the asymptotes of the hyperbola o:y = hx+ky are 



— kandy!^lu 



y Google 



304 C(J0RU1NATE GEOMETRY. [Exs. 

22. Shew tliat the ettftiglit line y — na-\-ic^ - malwaja touches the 
hyporliola xy = c', and that its point of contaot ia ( j—— . ev -m I . 

23. Prove that the locna of the foot of the perpendicular let fall 
from the centre upon chorda of the rectangular hyperbola xy — c'' 
which Buhtend half a right angle at the origin is the curve 

24. A tangent to the parabola x'^=^4ay meets the hyperbola a:j/ = A' 
in two points F ajid. Q. Prove that the middle point of PQ lies on a 
paiabola. 

25. If a hyperbola he rectangular, and its equation be !cy=:c^, 
prove that the locus of the middle points of chorda of constant length 
Si is (i»+/)(:cj/-e2) = <Pm/. 

26. Shew that (he pole of any tangent to the rectangular hyper- 
bola xy = <:'^, with respect to the circle x^ + y^—a^, lies on a concentric 
and Eimilarly placed rectangular hyperbola, 

27. Prove that the loons of the poles of all normal chords of the 
rectangular hyperbola a^ = e" is the curve 

28. Any tangent to the rectangular hyperbola imij = ab meets the 
ellipse ^ + 1-2 = 1 in the points P and (j ; prove that the normals at P 
and Q to the ellipse meet on a fixed diameter of the ellipse. 

29. Prove that triangles can be inscribed in the hjpeihola xy = i:\ 
whose sidea touch the paj:abola y''='iaa. 

30 A point moves on the given straight lioe y~mx\ prove that 
the locas of the foot of the peipendicolai let fall from the centre upon 

ita polar with respect to the ellipse --5+„ = l is a rectangular 
hyperbilfl, one of whose leymptotes is the diameter of the ellipao 
which la conjugate to the giiea Ktiaight line 



■eof U 

32. d.,B., C, and D are the points of intersection of a circle and a 
reetangular hyperbola. If AB pass through the centre of the hyper- 
bola, prove that CD passes through the centre of tho circle. 

33, If a circle and a rectangular hyperbola meet in four points F, 
Q, R, and S, shew that the orthooectres of the triangles QRS, ESP, 
SPQ, and PQii also lie on a circle. 

Prove also that the tangents to the hyperbola at R and S meet 
in a point which lies on the diameter of the hyperbola which ia at 
right angles to PQ. 
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h "p b I ia drawn, having for asymptotes tha 
II p shew that tho oommon ohovds of the 



h;)p t lae I th Uipse aie all pamllel to one of the aonjngate 
diani t f a eH t 

36 -A. I P 'li ugh tha ceotraofareetangular hyperbola, 

t th ut til p t A B, C, and D ; prove that the eiroum- 

1 t tl tn gl f m 1 by the tangents at A, B, and C goes 

through the centre of the hyperbola, and has its centra at the point 

of the hyperbola which ia diametrieally opposite to D. 

36. Given five poicta on a circle of radius a ; prove that the 
centres of the reotangalar hyperbolas, eaoh paKsing tlirDiigh four of 

these pomts, all lie on a circle of radlns ^ ■ 

37. If a rectangular hyperbola oiroumaoribe a triangle, slieiv that 
it meets the circle circumscribing the triangle in a fourth point, ivhioh 
is at the other end of the diameter of the hyperbola which passes 
through the orthocentre of the triangle. 

Hence prove that the locus of the centre of a reotaaigular hyper- 
holfl which oiroumsoribes a triangle is the nine-point eiculo of the 
triangle. 

33, Two rectacgulai hyperbolas are such that the asymptoies of 
one are parallel to the axes of the other and the centre of eai^ lies on 
the other. H any circle through the centre of one out the other again 
in the points F, Q , and E, prove that PQR is a triangle euoh that each 
side is the polar of the opposite vertex with respect to the first 
hyperbola. 
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CHAPTER XIV. 



33S. Let S be the focus, A tiio vertex, and 2M tiie 
directrix ; draw S2 perpendicular to 2M. 






Let ZS be chosen 
initial line, and produt 

Take any point F o 
curve, and let its poli 
ordinate^ be r and &, si 

SF^r, and lXSP = 6. 

Draw FN perpendicular 
to the initial line, and PM 
perpendicular to the directrix. 

Let SL be the semi-latus- 
rectum, and let 8L = I. 

Since 5'Z = e.5^; we have 



Hence 



the ■ 



! direction of the 




er + SP.co^6\ = i + 



yGoosle 



THE POLAR EQUATION, FOCUS BEING POLE. 307 

This, being the relation holding between the polar 
coordinates of any point on the curve, is, by Art. 42, the 
required polar equation. 



« = 1, and Lhe equation 



If the initial line, iasiead of being the asis, be such that the axis 
a inclined at an angle y to it, then, in the prcyious article, instead of 
' we mnst substitute ff-y. 



Case I. e = l, so that the equation is --l-cosA 

When $ is Kero, we have - = 0, so that )■ is infinite. As 
increases from 0°. to 90°, cos 6 decreases from 1 to 0, 
and hence - increases from to 1, i.e. r decreases from 
infinity to l. 

As e increasea from 90° to 180°, cos^ decreases from 
to — 1, and lieuce - increases from 1 to 2, i.e. r decreases 
from I to ^l. 

Similarly, as d changes from 180° to 370°, r increases 
from q to i, and, as & changes from 270° to 360°, t increases 
from ^ to 03 . 

The curve is thus the parabola ro FPLAL'FF' <n oE 
Art. 197. 

20—2 
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Case II. e<l. When 6 is j-.evo, wo Imvo l^^l-e, 
;, r= i . This gives tbo point A' in tho figure of Art. 

17. 
As increases from 0° to 90°, cos B decreases from 1 to 
and therefore 1 — e ooa 6 iaci-easen from 1 - e to I, i.e. - 



from 1—e to 1, i.e. r deci'eaaes from -, ■ to /. 

We thus obtain the portion A'FBL. 

As 6 increases from 90° to 180°, cos $ decreases from 
t« — 1, and therefore 1—e cos 6 increases from 1 to 1 + e, 

i.e. -increases from 1 to 1 4- e, i.e. r decreases from Ito r^ — . 
r \+e 

We tliuB obtiiiii the portion LA of the curve, where 
BA = ^-^. 

Similarly, as 6 increases from 180° to 270° and then to 
360°, we have the portions AL' and L'ffP'A'. 

Since cos e = cos {-*») = cos {360° -tf), the curve is sym- 
metrical about the line SA'. 

Case III. e > 1 . When $ is zero, 1 - e cos ^ is equal 
to 1 - E, i.e. ~{e- 1), and is therefore a negative quantity, 
since e=. 1, This zero value of 6 gives r ^ -^-f- (e- 1). 

Wc thus have the point A' in the figure of Art. 295. 

Let e increase from 0° to cos"' f-V Thus l-ecosi5 
increases algebraically from -(e — 1) to —0, 
i.e. — increases algebraically from — (e — 1) to — 0, 

i.e. r deereaaes algebraically from — — ^ to — os . 

For these values of S the radius vector 
negative and increases in numerical length from to 
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We thus have the portion A'P^R' co of tlio cui'vo. For 
this portion r is negative. 

If 6 bij very slightly greater than cos~^ - , then coa 6 is 

slightly less than - , so that 1 - e cos fl is small and powitive, 
and therefore r is very great and is positive. Hence, as 6 
increases through the angle cos"' — , the value of r changes 



from to 1 + 6 and hence r decreases from oo to ,- . 

Now :j is < — =- . Hence the point A, which corresponds 

to 6 = 7r, is such that SA <SA'. 

For values of 9 between cos"'- and ir we therefore 

have the portion, to RPA, of tho cnrve. Por this portion 
r is positive. 

As 6 increases from x to Stt — cos"'-, ecosfi increases 

from —e to 1, so that I — ecosfl decreases from 1 +e to 0, 

and therefore r increases from ^ — to cc . Corresponding 

to these values of we have the portion AL'R-^ oo of the 
curve, for which r is positive. 

Finally, as 6 increases from 27r-cos-'- to ^ir, ecosS 

increases from 1 to e, so that 1 — e c 

jttly from to 1— e, i.e.. - is i 

nuniericaJIy from to e— 1, and therefore r is negative and 

decreases from so to — = . Corresponding to these values 

of 6 we have the portion, oo Si A', of the curve. For this 
portion r is negative. 
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r is therefore always positive for the right-hand branch 
of the curve and negative for the left-hand branch. 

It will he noted that the curve is described in the order 
A'F,'S- M CO MPAVR-y w oj R(A'. 

338. Ill Case III, of the last article, let any straight line be 
drawn through S to meet the nearer branoh in f, and the farther 
braijoh in 5. 

The veetorlal angle of jj is JtSp, anil we have 



The veBtorial angle of q is not XSf but the angle that gS produced 
malies with SX,.i.e. it is ZSg=F?r. Alao for the point g the radiua 
vector is negative so that the relation (1) of Art. 336 gives, for the 
point q, 



This ia the relation oonneoticg the distance, Sq, of any point on 
the further branch of the hyperbola with the angle XSq that it mates 
with the initial line. 

339. MqvMlion to the directrices. 

Considering the figure of Art 295, the numerical values 
of the distances SZ and SZ' are - and - -f '2,CZ, 

since C2= ^ = ^ ' . [Art. 300.] 

The equations to the two directrices are tlierefore 



r; 'M -|_ 



The same equations would be found to hold in the case 
of the ellipse. 
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340. Equation to tiie asymptotes. 

The perpendicular distance from S upon an asymptote 
(Fig., Art. 315) 

'-^aSsi-ciAGK.^ae. - , ^ =h. 
Va= + 6= 

Also the asymptote CQ makes bm angle CM"'— with the 

axiB. The perpendicular on it from S therefore makes an 

angle - + co)*"^--. 

Hence, by Art, 8fi, tli© pohir equittion to the asymptot* 

CQ is 

The polar equation to the other asymptote is similarly 

341. Bx. 1. In any conic, prove that 
reeiproeals of t 

70 per^endiauiar focal chords is 

1b 

(1) By equation (1) of Art. 335, we hai 

Hon.. i*SP''' 
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(2) Let QSQ' be the fooal chord perpendicular to PSF, bo that the 
vectorial angles of Q and Q' ara ^ + n and -^ + a- We tliea have 



,.(!«). 



Hence 

and ^'^' = '^^ + '^'3'^l+7'^a + r^*^^=i-"^ 
Therefore 

PP'"'"^^'" 3i "*■ 2i ^ Si 

aud is therefore tJie same for all saoh pa.irB of chorda. 



le any chord, the angle PSS beiug d, so that 



^~l-eoo3(5r + e) l + «oose' 
Let H be the middle point of PQ, and let its polar coordinates fas 

Tranaforming to Carteaian coordinates this eqitation beonmeH 

■^+t-e^^^lex {1). 

If the original cocio be apaiahola, we have e = l, and equation (1) 
heeomea y'^ = lx, so that the locua is a parabola whose vertex ia S and 
latus- rectum I. 

If e be not eq.«al to unity, equation (1) may be written ia the form 
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342. To find tlte polar equation of the ta/ngent at any 

point P of the conic seetion - = 1 — e cos 8. 

Let P be the point {r-t, a), and let Q be another point 
on the curve, whose coordinates are (r^, (3), so that we have 



■•(1), 

..(2). 



By Art. 89, the polar equation o£ the line I'Q in 

By means of equations (1) and (3) this equation becomes 

. (.m(l!-a) + sin ifi-S}}^. {.in (« -.) co,/3 + »in((i-fl)oo..} 
-isu,-— cos ^-- 





ln(/3-.), 


--^•"•(»-^0- 


>ae 1 



This is the equation to the straight line joining two 
points, P and Q, on the curve whose Tectorial angles, a and 

To obtain the equation of the tangent at P we take Q 
indefinitely close to P, i.e. we put ^ = a, and the equation 
(3) then becomes 

- =cos(^-«) -ecos0 (4). 

This is the required equation to the tangent at the 
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343. If we BSBUme a, suitablo fomi for tho equSition ta the 
joimng ohord we oan more eaailj obtain the required equation. 
Let the required equation be 

i.Ico.(»-T)-.«.» (1). 

[On transfoTinatiou to Oartesiua oooidinatos this equation ia 
eBB&y seen to represent a straight line ; also sines it containa two 
arbitrary constants, t and 7, it can be made to pass tlirough any two 
points.] 

If it pass through the point {r^, a), we have 

i-"- Lcos{<c-y) = l (2). 

Simiiaiij, if it pass through the point {i\, ^) on the curve, we hays 

I.oo.((i-T)-l I"). 

Solving these, we have, [since a and are not equal] 

Sabstitatmg this value in (3), we obtain i := see " -„" . 
The equation (1) is then 



*344. To find the polar equation 0/ the polar of am/ 
point (r,, 0,) with respect to the cmiic section - = I —eeogO. 

Let the tangents at the points whose vectorial angles 
are a anti fi meet in the point (rj, 6^. 

The coordinates r-, and 6-1 must therefore satisfy equation 
(4) of Art. 342, so that 

i = cos(e,-a)-eco.e, (1). 



..(2). 
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Subtracting (2) from (1), we have 

oo.(«,-.).co.((),-«, 
and therefore 

e^-a = -{e^-ji\ [since a and ^ are not equal], 

"• 'i-"'"' (=>)■ 

Substituting this value in (1), we ha.vo 



Also, by equation (3) of Art, 343, the equation of the 
line joining the points a and j3 is 

i.,. + .co,«) (A + aoos«,).co.{«-«.) (5). 

This therefore is the required polar equation to tlie polar 
of the point (r,, ^i), 

#34S. fToJlnd the equaiion to the norma.1 at the. point 
whose veMorial angle is a. 

The equation to the tangent at the point a is 



!,, in Cartesian coordinates, 

^(coea-.)+ysina = ; (1). 

Let tho equation to the normal be 

^cose + i5sin(5 = - (2), 

.., Ax + By = l (3), 
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Since (1) and (3) are perpendicular, we have 

J(oos.-,) + £o,,..0 (4). 

Since (2) sees througli the point [^ ■ , a) we have 

A cosa-i-£sma--^l -e oona (5). 

Solving (4) and (5), we have 

_ (l-,co,.)(,- oo..) 



e ' """* " esma 




The equation (2) then becomes 




^,-n«(.™fl4-/^ msnWinfl ^^^™ 


la 




»sa)' 






346. If the asis of the eonio bo inclined sit a 
initial Une, so that tho equation to the eonio is 


m angle 



the equation to the tangent at the point a is obtained by substituting 
a - 7 and S - 7 for a and 8 in the equation of Art. 343. 
Tlio tangent is therefore 



The equation to the polar of the point (I'j, flj is, by Art. 344, 



»(»i-7)}=i!0>(»-«,). 



AIbo tie equation to the normal at the point a 

,|..m(«-T)tri.(.-»ll-; '"''';!'^, . 

347. Bz. 1. If the tangents at any tioo pointi P and Q of a 
conic meet in a point T, ajwt if the straight line PQ meet the diTectrix 
eorresponding to S in a point K, tlten the angle KST is a nght angle. 
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Also the equation to the directrix is, by Ait. 31 



But, by subtracting (3) from (1), we have 



SO tbat SK biaeets the exterior angle between S'P and SQ. 

Also, by equation (3) of Art. 344, we have the vcotorial angle of 1' 
eqaa\ bo °''t-^- , i.s. ITSX^"^. 

Hence £KST=^ lESX- L 7'SX=^. 

Ex, 2. S is tli&fociii amd P and Q tivo points oil a eonic eiwh that 
the aaigle P8Q U comtant and eqiial to 2S; prove that 

(1) the locus of the intersection of tangents at P aiid Q is acoidc 
section tehose foeus ii S, 
and (2) the line PQ always touches a coiric whose focus is S. 

(1) Let tte vectorial angles of P and Q be reepeciivel j 7 + 3 and 
yS, where y is variable. 

By equation (4) of Art. 343, the tnngentB at P and Q are therefore 

■UeoB(S-7-S)-eeose (1), 

and -=^oos(fl-7 + 3)-coose (2). 

If, between these two eqaations, we eliminate the variable quantity 
y, we shall have the locus of the point of intersection of the two 
tangents. 

Subtracting (2) from (1), we have 

oos(S-7-S) = eo3(fl-7 + S). 

Hence, (aiiiee 6 is not zero) we have y = 6. 
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SubBtituting for y in (1), yie tava 



lee 



X Scoa 0. 



Heiioe the required loens is a eoiiio whose fooiis is S, whose latu 
20tum is 21 see S, and whose eccentricity is e aeo 3. 

It is thetefore aa ellipse, parabola, or hyperbola, according a 
aeoS is <l = >1, i.e. according sa oo3S^ = -=«. 

(2) The equation to PQ is, by equation (3) of Art. 342, 



Also tha directrix is in eaoh oase the eamo as that of the original 
omo. For both r ana v are eqoBl to - . 

of a eofiii! and meeU it 
I's , and i-j . Prove that 

(1) fir^aTj = — J- , where 21 and e are the latus rectnm and 

eccer^Ticity of the conic, and d is the diameter of the circle. 



|.i-». (1). 

K tie diameter of tha circle, which paaaea through S, bo iaoliaed 
t an angle 7 to the axis, its equation ia, by Art. 172, 

r-doos(e-).) (2). 

If, between (1) and (2), we eliminate d. we shall have an equatioa 
1 r, whose roots are ij, Tj, Jj, and r,. 

Prom (1) we have cos e = — ;-, and hence EinO= \/ ^ -('——] , 



and theu (S) ^ves 



>o^y(r-l)}^^a?^^y[eV~{r-in 
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Hence, by Alt. 2, wo linvo 

'■i''S^3'4 = -Ti 



EXAMPLES. XXXIX. 

1, Id a parabola, prose that tha length of a focal eliord which is 
inclined at SO^to tjie axis is tour times the length of the latus-toctum. 

The tangents at two points, P and Q, ot a conic meet in T, and S 
is the focus ; prove that 

2, if the oonio be a paiabok, then ST^^SF. SQ. 

„ .. .1 ■ I . , ., 1 11. „PSQ 

3, .r the oomo be central, then ^^^-^ - — = - sm^-. -, 

where 6 ia the semi-minor axis. 

4, The Tectorial angle of T is the semi-sum of the vectorial 
auglea ot P and Q. 

Hence, by reference to Art. 338, prove that, if P and Q be on 
difierent branches of a hyperbola, then ST bisects the supplement of 
the angle PSQ, and that in other eases, whatever ba the conic, ST 
bisects the angle FSQ. 

5, A straight line drawn through the common foeus ^^ of a 
number of conies meets them in the points P,, Pg, ... ; on it is taken 
a point Q such that the reciprocal of SQ is equal to the snm of the 
reciprocals of SF^, SPj, .... Prove that the locus of iQ is a conic 
section whose focus is S, and show that the reciprocal of its latiis- 
reclum is e^ual to the enm of the reciprocals of the latera recta of the 

6, Prove that perpendicular fooal chorda of a rectangular hyper- 
bola are equal. 

7, PSP' and QSQ' are two perpendicular fooal chords of a conio ; 

8 &h w that the length of any focal chord of a eonio is a third 
I p rt It the transyerse asis and the diameter parallel to the 

h d 

9 If t ight line di'awn through the focus S of a hyperbola, 
pai 11 H n ymptote, meet the cmve in P, prove that SP ia one 
quarter of the latus rectum. 
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10, Prove that the eqnations - = l-^cose and -=-ecosS-l 
cepreGeiit the same oonio. 

11, Two oonios have a common focaa; prove that two of their 
oommon chords pa^ tbcoogh the intereeotion of theii direotiioes. 

12. P ia any point on a oouio, whose foous is S, and a atra^ht 
line is drawn through S at a given angle with SP to meet the tangent 
at P in T ; prove that the locus of T is a conic whose foouB and 
directrix are the same as thoae of the original conic. 

13. If a chord of a conic aaolion sabtenda constant angle 2n at the 
focua, prove that the locus of the point where it meets the internal 
biseotoc of tha angle 2a in the ccnic section 



n focus about which one of 

them is turned ; prove that the oommon chord is always a tangent to 
another oonio, having the same focus, and whose eeeeniricity is the 
ratio of the eccentricities of the given conies. 

15. Two ellipses have a common fooua ; two radii veotores, one to 
each ellipse, are drawn from the foous at right angles to one another 
and tangents are drawn at their extremities ; prove that these tangents 
meet on a fixed oonio, and find when it is a parabola. 

16. Prove that the sum of the distances fi 
points in which a 
a fixed point on tl 

17. Shew tliat the equation to the circle circnm scribing the triangle 

formed by the three tangents to the parabola r = - drawn at 

the points whose vectorial angles are a, j9, and y, is 

and hence that it always passes through the foous. 

18. If tangents he drawn to the same parabola at points whose 
vectorial angles are a, ft y, and 8, shew that the centres of the circles 
circumscribing the four triangles formed by these four lines all lie on 
the circle whose ei^uation is 

r=-a coseo - ooseo ^ ooseo '^ oosec ■* cos [$ - ^l^+l+TI . 

19. The circle oiroumsocihing the triangle formed by three tangents 
to a parabola is drawn; prove that the tangent to it at the foeus 
makes with the axis an angle eq.nal to the sum of the angles made 
with the axis by the three tangents. 
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20. Shew that tha eqaatiou to the oiroie, vhidi parses through 
the foons and tonehes the onrve - = l-eeosflat the point e^^a, is 

r(l-e oosa)^=;oo3 (9 - o) - el cos (8 - 2a). 

21. A given eicele. whose centre is on the asia of a parabola, 
passea through the fueus S and ifl cnt in four points A. II, C, and B by 
any aonio, of given latas-rectum, having S as focus and a tangent to 
the parabola for dii'eutrix ; prove that the sum of the distances o£ the 
points A, B, C, and 2> from S is constant. 



the cireumterenoe as foGua is r=3ao<ffi'-, the fixfd point h' 
pole and the diameter through it the initial line. 
23. Tvfo conic seotione have the same foous and directrix 



a oommon tangent, ehew that the angle PSQ is aqaal to 2 sin-' -^ . 

25, Prove that the two conies ^ = 1 - c^cose and -^ = 1^ e^<ios(e - <i.) 
"Bill touch orie another, if 

hHl-ei^ + ia' (1 - ^i') + 3'i Vi«2 cos <t = 0. 

26. An ellipse and a hyperbola liave the same focus S and 
intersect in four real poiuts, two on each branch of the hyperbola ; if 
r, and r^ be the distaneeB from S of the two points of intersection on 
the nearer branch, and r, and r^ be those of the two points on the 
further branch, and if I and l' be the semi-iatera -recta of the two 
conies, prove that 



„„,(i + l).«^0(l + i)^4. 



[Make use of Art. 33H.] 
27. If [he normals at three points of the parabola r = aeoaee2-, 
y, meet in a point whose vectorial 
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CHAPTER XV. 



GENERAL EQUATION Of THE SECOND DKCiREE. 
TEACING OF CURVES. 

348. Particular cases of Conic Sections. The 

general definition of a Conic Section in Art. 196 was that 
it is the locus of a point P which moves so that its distance 
from & given point A' is in a constant ratio to its perpen- 
dicular distance PM from a given straight line ZK. 

When 3 does not lie on the straight line 2K, we have 
found that the locus is an ellipse, a parabola, or a hyperbola 
according as the eccentricity e is <—■ or > I. 

The Circle is a sub-case o£ the Ellipse. For the 
equation of Art. 139 is the same as the equation (6) of 
Art. 247 when 6' = a=, i.e. when e = 0. In this case 



05 = 0, and SZ^--t 

Conic Section, whose eccentricity 
trix is at an infinite distance. 

Next, let S lie on the straight li 



The Circle is therefore i 
i,nd whose direc 




other of the two straight lines S(^ 
and SU' inclined to KK' at an angle 



-©• 
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GENERAI. EQUATION LI IHE SECOND DEGREE. 32S 

If e = l, then P&U H a ii^lit Angle, and the loeus 
becomes two coincident straight Imea coinciding with SJ^. 

If e < 1 , the i FSM is imaginarj and the locus consists 
of two imaginary straight lines 

If, again, both KK and S be at infinity and S be on 
KE', the lines SU and SU of the previous figure will be 
two straight lines meeting at infinity, i.e. will be two 
parallel straight lines 

Finally, it may happen that the a^ces of an ellipse may 
both be zero, so that it leduce? to a point. 

TJnder the head of a come section wo must tliercfore 
include : 

(1) An Ellipse (inLluding .i lucIo and a point). 

(2) A Parabola. 

(3) A Hyperbola. 

(4) Two straight bnes, I'eal or imaginary, inter- 
secting, coincident, or parallel, 

349. To shew that the general equation of the seannil 

ac^+'ihay + b^^ + ^gx+2fi/ + c = (1) 

always represents a, eorma section. 

let the axes of coordinates be turned through an angle 
0, so that, as in Art. 129, we substitute for x and y the 



quaatit 

tively. 

The 


ies xt 
equatii 

e-,A 


«s e - y sin fl and xi 
m (1) then becomes 


,in» + , 

■ «)(,. si. 


i« 


$ respi 
.,.yoo»() 


+ 6(«» 


net, 

.,■(,.0 


,8-» + 24cos»s 


*V(' 


!in= $} 


ee, 


,9) + .^ 


+ ,,'(., 


.i.,-«- 


+ 2a5,{4(oo. 
2Acos^sine + 


ftcos'^) 


+ 2«,fee 


6) 


9+/sm 






+ %(/oos«^ 


-J. in*) 


+ 0-0,. 




(2)- 
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Now choose the angle 9 so that the coefficient of 9-y 3 
this equation, may vanish, 

i.e. aofchat A(cos=i9-sm=il) = («-6) sin^cos (9, 
i.e. 2Acos2e-(a.-6)siii2SI, 

a-h' 



othat tan2e = 



Whatever be the values of a, b, and A, there is always 
a value of satisfying this equation and such that it lies 
between — 45" and + 45°. The values of sin & and cos B are 
therefore known. 

On substituting their values in (2), let it become 

Ax' + By^-i-'lG<K+'iFy + c=--0 {?>). 

First, let neither A nor ]i bo zero. 

The equation (3) may then be written in the form 

Transform the origin to the point ( — -7 1 ~ s ) - 



The equation b 

..(5). 



/f If 



If -J and -=T be botli positive, tlie equation represents an 
ellipse. (Art. 247.) 

If -J and — be one positive and tlie other negative, it 

represents a hyperbola (Art. 295). If they be both 
negative, the locus is an imaginary ellipse. 

If K be zero, then (4) represents two straight lines, 
which are real or imaginary accoi-cling as A and S have 
opposite 01' the same signs. 
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CENTRE OF A COMIC SECTION. 325 

Secondly, let either A or B he zero, and lut it be A. 
Then (3) can he written in the form 

TraHsforin the origin to the point whose coordinates 

\ IG IBS' b) 

This eq^uaticiii then becomes 

}hf+2Gx = 0, 



which iepreaents a parabola. (Art. 197.) 

If, in addition to A being zero, wo also Jiavtj 6 
equation (3) becomes 



F_ 11^ _ c 



and this [lipresents two parallel straight liuea, real oi' 
imaginary. 

Thus in every case the general equation i^eprescnts one 
of the conic sections enumerated in Art. 348. 

350. Centre of a Conic Sectloti. Def. The 

centre of a conic section is a point such that all clioi'ds of 
the conic which pass through it are bisected there. 
When the equation to the conic is in the form 

ao? + '2hxij ^hy' + c = (1), 

the origin is the centre. 

For let («', y') be any point on (1), ko tliiit we have 

ax^ + 2]t£^ + by'^-vc = Q (2). 

This equation may be written in the form 

and hence shews that the point (—a;', —y") also lies on (1). 
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326 cooKDiXA'i:ii gbometry. 

But the points (*', y') and (—a;', ~y') lie on the same 
straight line through the origin, and are at equal distances 
from the origin. 

The chord of the conic which passes through the origin 
and any point {x, ij) of the curve is therefore bisected at 
the origin. 

The origin is therefore the centre. 

351. Wlieu the equation to the conic is given in the 

ffii'= + 2A^'2/ + V+2?a; + 3/l/ + c=0 (1), 

liie origin is the centre only when bothy and g are zero. 

For, if the origin be the centre, then corresponding 
to each point {pi, y) on (1), there must bo also a. point 
(~x', -^) lying on the curve. 
Hence we must have 

<u>/' + ^/ia;y + bf'+2ffx' + 2jy + c = Q (2), 

and aie'^ + 2Mi/ + bj/^-2gx'-2Jy' + c = (3). 

Subtracting (3) from (2), we have 

gx' +fi/ 
This i-elation is to be. true fo <dl the po s j) 

which lie on the curve (1). B t this cjj on y be tl case 
when g — and /= 0. 

352. To ohiain the cootdmat^ of tip c t o/ t/w 
conic given hy tlie ge-iteral tuj t oi, aid ob t he 
equation to the curve refei-red to ozes t ro ql tJ en 
parallel to the original axes. 

Transform the origin to the po t (r _/) so that fo ar 
and y we have to substitute a; + n The q at o 

then becomes 

a{^ + ^)= + 2A(u: + ce)(y-i-2J) + JC/ j) j{ ) 

+ 2/(y + ^) + c = 0, 
i.e. (ia? + 2hxy + by'' -^^ 2x(a£ + hy+g) + 2y{hx + b^+/) 
+ ax'-i-2hsy-i-hf + 2g!S + 2/y + G = (2), 
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EQUATION REFERRED TO THE OENTEE, 32J 

If the point (x, ■ij') be the centre of the conic section, the 
coefficients of 33 and y in the equation (2) must vanish, ao 
that we have 

rtie + /i2? + ^ = fl (3), 

and 7M)+6y+/ = (4). 

Solving (3) and (4), we have, in general. 

With these values the oonatant term in (2) 
= a/i? + 2fij£^ + 6*/^ + 2g& + 2/j + c 
= « {we + % + ff) + 2? (A« + fiy +/) + jra + /y + 

= gx + f7 + c (6), 

by equations (3) and (4), 

_(Aa- 2fgh — af — b;f — uK^ 



af,~li' 



'—, by equations (5), 



where A is the diacriminaiit of the given general equation 
(Art 118). 

The equation (2) can therefore be written in the form 

This is the required equation referred to the new axes 
through the centre. 

Ex. Find the centre of the conic section 

aild its equation wAen tran^ormed to the centra. 

The oentra is given by the equations 2S - f 5 - J = 0, and 
-^-3^-3=0, Bothata=-f, and ^= -|. 
Tlie equation referred to the centre is then 
2a'-E3Tj/-3y= + c' = 0, 
where c'= -i.ffi-3.? + 6 = |+f + fl = 7. (Art. 353.) 

The reqnirei equation ie thus 
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353. Sometimes the equations (3) and (i) of the last 
article do not give suitable values for a; and y. 

For, if ah — A^ be zero, the values o£ ai and y in (5) are 
both infinite. When ah - W is zero, the conic section is a 
parabola. 

The centre o£ a parabola is therefore at infinity. 

Affain, if y = t = t.j the result (5) of the last article is 
° ' h b J 
of the form ^ and the equations (3) and (4) reduce to the 
same equation, via,, 

a^. + hi) + g - a. 
We then have only one equation to determine the 
centre, and there is therefore an infinite number of centres 
all lying on the straight line 

ax + hy + g^Q. 
In this case tlie conic section, consists of a pair of 
parallel straight lines, both parallel to the line of centres. 

354. The student who is acquainted with the Dif- 
ferential Calculus will observe, from equations (3) and (4) 
of Art 352, that the coordinates of the centre satisfy the 
equations that are obtained by differentiating, with regard 
to X and y, the original equation of the conic section. 

It will also be observed that the coefficients of iB, ■§, and 
unity in the equations (3), (4), and (6) of Art. 352 are the 
quantities (in the order in which they occur) which make 
up the determinant of Aii. 118. 

This determiaant being easy to write down, the student 
may thence recollect the equations for the centre and the 
value of 0. 

The i-eaoon w hy this relation hold') will appeal from the 
next aiticle 

38S. Bx. Find the cottdiUon that the gonial egtiatum of the 
aecuiid di^iee mat/ jejtiesejtt tioo stiaight hncy 
Tiie centie (s, J) of the oonio m given by 
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£QUA1'10^- 'I'O THE ASYMPTOTES. 329 

Also, if it be tranafoimefl to the cantra as origin, the equation 

a^+Uhxy + ly^ + c'^O (14), 

where c' = eS+/J? + e. 

Now the equation (3) representB two straight lines if e' be zero, 
i.e.U g^+fil + c = (4). 

The equation theiefore repreaentB two straight lines if the rolationa 
(1), (2), and (4) be eimiiltaneoaalf trae. 

Eliminating the quantities 3! and p from thoao equations, wc have, 
by Art. X2. 

! k, h,f =0. 

I a, /, c I 

This IB the condition found in Art. 118. 

356. Tojbid tlieeqjuiHon to tJie asi/mptoteti of (lie conic 
/section ffiven by iHie general equation of the second degree. 
Let the equation be 

(tar' + 2/ta3i/ + V+%^ + Vi/ + «-0 (I). 

Since the equation to the asymptotes has been shewn to 
differ from the equation to the curve only in its constant 
term, the required equation must be 

(KO^ + 'Ihxy + hy' + 2gx + ^fy + c + A. = (2). 

Also (2) is to be a pair of atuaiglit lines. 
Hence 
td,{e-i-k) + ifyh-aP-b'/-{i; + \)h^^Q. (Art. 116.) 
abe + f fyh~a>r-h(f'-cJ<? A 

Theretoi-e A ^ '^ — r- - ,, ■ = - -r" i ■■ ■ 

The required equation to the asymptotes is therefore 

«3^U 2&«2/ + &!,= + 3y,c + 2/y + e - ^^-^^,— .. .(2). 

Cor. Since the equation to the hyperbola,, which ia 
conjugate to a given hyperbola, differs as much from the 
equation to the common asymptotes as the original equation 
does, it follows that the equation to the hyperbola, which is 
ooiyugate to the hyperbola {!), is 

A 
aa? + 'ihxy + hi/ + 2</m; + 2/y + c — 3 -. — yj = 0. 
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357. To determme hy an examinalion of the general 
equation what kind of conic section if represents. 

[On applying the method of Art. 313 to the ellipse and 
parabola, it would be found tliat the asymptotes of the 
ellipse are imaginary, and that a parabola only has one 
asymptote, which is at an infinite distance and perpen- 
dicular to it3 axis.] 

The etradght lines aa? + 2hxi/ + ii/' = (1) 

are parallel to the lines (2) of the lait article, and hence 
represent straight lines parallel to tlie a*yrciptotes. 

Now the equation (1) represents real, coincident, or 
imaginary straight lines according as A' is > = or < ah, 
i.e. the asymptotes are real, coincident, or imaginary, 
according as k' > = or < ab, i. e. the conic section is a hyper- 
bola, parabola, or ellipse, according as A° =- = or ■= ab. 

Again, the lines (1) are at right angles, i.e. the curve is 
a rectangular hyperbola, if a + b = 0. 

Also, by Art. 143, the genera! equation represents a 
circle if a = 6, and h = 0. 

Finally, by Art. 116, the equation represents a pair of 
straight lines if A = ; also these straight lines are parallel 
if the terms of the second degree form a perfect square, i.e. 
if A' = ait. 

358, The results for the general equation 

ax^ + 2kei/ + b!/' + 2gx + 2/y + c = 
are collected in the following table, the axes of coordinates 
being rectangular. 

Curve. Condition. 



Ellipse. 
Parabola. 
Hyperbola. 
Circia 

Rectangular hyperbola. 
Two straight lines, real or 
imaginary. 

Two parallel straight lines. 






abe+2/ffh-af'-bf-ch^^0. 
A - 0, and h^ — ab. 
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EXAMPLES. 



If the asee ol coordinates be oblique, tte linea (1) of Art. 35f 
at right aaglee if a + 6-2ftQosw=0 (Art. 93); so that the c 
section 13 a rectangular hyperbola if + 6-2/icosu^O. 

Also, by Art. 175j the conic saotion is a circle i£ 6= a and 



EXAMPLES. XL. 

What conies do the following equations represent? When 
possible, find their centres, and also their equations referred to the 
centre. 

1. 12jr--2Sxy + 10!/^-25x + 2&y = li. 

2. U^-lSxy + ily^+Sx + Uy-i^O. 

3. ^*-2^33;j/ + 3a2 + 6a;-4j/ + 5=0. 

4. 3ica-723;2/ + 23j"-it!-2%~48=0. 

5. 6i5-5!Ey-6y* + 143: + % + 4=0. 

6. S3^ - Sxy - 3i(= + lOa; - lay + 8 = 0. 

Find the asymptotes of the following hyperbolas and also the 
eqiiations to their ooujugate hyperbolas. 

9, 55x2 _ i30j^ ^2%* 4- 643; - 48!f = 0. 

10. 19a;' + 34m/+/-3ac-% = 0. 

11. It (S, 17) be the centre of the conic section 

f{x,y) = ax^ + 'ilt!cy + hf^2gx + ify + c = (i, 
prove that the equation to the asymptotes is / {x, y) =f % ^). 

It [ be a variable quantity, find the locus of the point (k, y) when 

12. x = a[t + ^^ and;,-«(t-J). 

13. x^at + bt' and y^U + af. 

14. 3:=l + ( + (= and j/ = l-.l + t5. 

If S he a variable angle, find the locus of the point (j;, y) when 

15. a; = atan(e + o) and i/ = 6 tan (fl + j3). 

16. 3: = acos(fl + a) and )/ = 6c08 (P + ^). 
What are represented by the equations 

17. i.x-yf + {it~af=(i. 18. :':y + i>?=aix+y). 
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332 COORDINATE GEOMETRY. [BxS. XL 

■?+y''-a^ (x-i-y)+a^{y -i>:)=0. 21. {li'-oPf-y^^O. 
iroosB-a}{r-aoos8) = 0. 25, r ain^ = 2o cos 0. 



1 



i-(4-3sm'^fl) = 6a(K 



27. 



-JSsl 



359. To traoe ike jiarabola //iveu by the general equa- 
tion of ike second degree 

«a.^+2Aa^ + S/+2^a; + 2/y + c=0 (1), 

a/nd lo find its lotus rectum. 

First Method, Since the curve ia a parabola we 
]iave k' = ai, so that the terms of the aecond degree form 
a perfect square. 

Put then a — a? and 6 = ^, ko that h = a^, and the 
oqiiation (I) becomea 

(«x + ft)>+2jn.3/j, + ..0 (2). 

Let the direction of the axes be changed so that the 
straight lino aj: + jii/ — Q, i.e. y-- — -g^'j "iiy bo the now 
axis of X 




Wo have tlierefore to turn the a 
Much that tan 6 = — —, and therefore 



^/a=+"^' 
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TRACING OF PAHABOLAS. 333 

For X wf! liftve to substitute 

and for y the quantity 

For ax + liy we therefore substitute Y V(«^ + 1^)- 
Tlie equation (3) then becomes 

i... {r-icf.-i^=^,[x-ii] (3), 

where A-=- °»tj/ (41 

(.■ + /)■)• 

>nd -1 f-f^.R.K'--^', 

sc^z-wL" (u'j-m-j "• 

The equation (3) represents a parabola whose latus 

rectum is 2 — — ^, , whose axis is naralleJ to the new axis 

of X, and whose vertex referred to tlie new axes is tlie 
point {If, K). 

360. Eq}iation of tlie axis, and coordinates of the 
vertex, referred to the original asses. 

Since the axis of the curve is parallel to the new axis of 
X, it makes an angle $ with the old aais of x, and hence 
the perpendicular on it from the origin makes an angle 
90° + ft 

Also the length of this pei-pendicuiar is K. 
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+ 2/y + . = (7). 



334 COOBD1KA.TE UEOMETRY. 

The ecjuation to the axia of tlie parabola is tlierefore 
m cos (90" + i9) + y sin (90° + 0) = K, 
i.e. -xs\ne + yc<ys.B^K, 

i.e. ^: + li,j = K^a^T-^^-^''^±^- (6). 

Again, the vortoJC is the point in which the axis (6) 
meets the curve (3). 

"We have thei'efore to solve (6) and (2), i.e. (6) and 

(.• + /?)■ 

The solution of (6) and (7) therefore gives the required 
coordinates of the vertex. 

361. It was proved in Art. 224 that if /"F be a 
diameter of the parabola and §Fthe ordinate to it drawn 
through any point Q of the curve, so that QV is parallel to 
the tangent at P, and if d be the angle between the diameter 
F V and the tangent at P, then 

QV' = 4rUcoiec'0.Fr (1). 

If QL be perpendicular to PF and QL' be perpendicular 
to the tangent at P, we have 

QL = QVEind, and QL' = I'rdn&, 
so that (1) is QL" = ia cosee 6 . QL'. 

Hence the square of the perpendicular distance of any 
point Q on the parabola from any diameter varies &s the 
perpendicular distance of Q from the tangent at the end of 
the diameter. 

Hence, if Ax + By + C = be the equation of any 
diameter and A'cc + B'y + (7' - be the equation of the 
tangent at its end, the equation to the parabola is 

{Ax+By + Cy^-\{A'x + B-y+C') (2), 

where X is some constant. 

Conversely, if the equation to a parabola can be reduced 
to the form (2), then 

Ax + By + C-Q (3) 
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IB a diameter of the parabola and the axis of the parabola ia 
paraOel to (3). 

We shall apply this property in the following article. 

362. To traae the parabola given hy iihe, general equa- 
tion of the second degree 

ax'+2hxy + by'' + 2gx + -2/y + <,-^0 (1). 

Second Method. Since the curve is a parabola, the 
terms o£ the second degree must form a perfect square 
and fi?-ai. 

Put then a^o.^ and b^^, so that A=a^, and the 
equation (1) becomes 

{cu^^pyr=~{2gx -^2/^ + 0) (2). 

As in the last article the straight line ax + jly-Q in a, 
diameter, and the axis of the parabola is therefore parallel 
to it, and so its equation is of the form 

<a + ft + i = (3). 

The equation (2) may therefore be written 

.a»(X.-j) + 8j(/31-/)+X'-r (4). 

Choose A. so that the straight lines 

'^ + ;3z/ + ^ = '/') 

and 2ic(X,x-3) + 2yOS\-/)+A=~c = (C) 

are at right angles, *. e. so that 

a(Xa-,g) + ,3(^X~/)=0, 

i.e. sothat ^ = ?'~? ^^^■ 

The lines (5) and (6) are now, by the last article, a 
diameter and a tangent at its extremity ; also, since they 
are at right angles, they must be the axis and the tangent 
at the vertex. 
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Tlie equiitioii (4) may now, by (7), be written 

+ ri. 
"'" ^ - 5 (./^ »)<*-■''• 

where i'jV is the ppipendicular from any point F of the 
curve on the axis, and A is the vertex. 

Hence tlie axis and tangent at the vertex are the lines 
(5) and (6), where k has the value (7), and the latus rectum 

_, »/-?^ 

303. Ex. Trace the parabola 

9a!' - 2ixy + Uy^ - l&e - lOljy + 19 = 0. 
The equation ia 

{3.7:-4yf-lSx-iaiy + m=0 (1). 

First UeOiod. Talte 3.r-4j; = as the new axis of x, i.e. turn 
the axes through an angle 0, whei'e taQfl=Ji and therefore ein0 = J 
and cose =4. 

For x we therefore substitute XeoeS- Ysin$, i.e. ■ ■ ^ ; lot 

y we pnt XBiuff+YooaB, i.e. — -, — , nnd hence for &ii-4j/ the 



The ei^uatlon (1) therefore becomes 

2SY^-l[72X-54Y]~i[303X+iOiTl + lQ^O, 

e. 2Sr'-75X-70r+19=O (2). 

This is the equation to the curve reierred to the axes OX and OY. 
But (y) can bo written in the form 

e. (F-f)^ = 3^-U+K = 3(^ + ~^l- 



yGoosle 



TRACING OF .FAEABOI.A 



■■ - 'n /X 

O 



Eeferred to AL and AM tte equation, to tha parabola is r^=3.Y. 
It is therefore a parabola, whose vertes is A, whose latua reotum is 3, 
and whose axis is AL. 

Seoond Uetliod. The eq^uation (I) oau 'bs wi^iUeu 

(3fl^-4j/4-?.)'=(6X.4-13)3! + );(101-'8Al+X'-19 (3). 

Choose \ so that the straight lines 

3ffi-4?/ + X = 
and (6\ + 18) x + y (101 - S\) +\^- 19=0 

may be at right angles. 
Henoe X ia given by 

8(6X + 18)-4(101-BX)=.O (Ai't.69j, 
and therefore X=7. 

The eciuation (3) then beoomes 

(3»:-4i, + 7)' = li.(4,i: + % + 2|, 

'■'■ { V26 ) "^-""""Tas — '''■ 

Let AL be the straight line 

3j-4v + 7 = (J), 

and ^M the sti'aight linn 4c + 3'/ + 2 = (6). 

These are at right angles 

If P be any point on the parabola and I'N he peiiiendicular to 
./IL, the equation (4) gives PK^=3 AN 

Henoe, as in the fiist method, we have the parabola. 

The rertex is found by soiling {B) and (6) and is therefore the 
point {-M.M). 
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la dcBwiag curves it is often advisable, as a verifioation, to find 
whether they out tbe original axes of oooi:dinateB. 

Thus the points in whiah the given pavabola oiit3 the asia of i: 
are fonnd by patting ^ = in the original Equation. The resulting 
equation is 9a^-l&c + 18=0, whioli haa imaginary roots. 

The parabola does not tlxerafore meet Oa:. 

Similarly it meets Oi/ iii points given by 16?y^-101?/ + 19 = 0i the 
rootB of which are nearly 6J and fV- 

The values of OQ and OQ' should therefore be nearly ^^ and 6^. 

364. To find the direction and nhognitude of tlm axes 
of the central conic section 

ax^ + ^/ixif + b^^^l (1). 

First Method. We know thatj when the equation to 
a central oonic section has no term containing ay and the 
axes are rectangula,r, the axes of coordinates are the axes of 
the curve. 

Now in Art, 349 we shewed that, fco get rid of the term 
involving xi/, we must turn the axes through an angle 6 
given by 

UnW^---,- (3). 

a-b ^ ' 

The axes of the curve are therefore iiiclined fco (.lie axes 
of coordinates at an angle & given by (2). 
Now (3) can be written 

2 tan fl 2/* 1 . , 

.'. tan2^+2Atani9-l-0 (3). 

This, being a quadratic equation, gives two values for 0, 
which differ by a right angle, since the product of the two 
values of tan ^ ia — 1. Let these values be 0, and &^, which 
are therefore the inclinations of the required axea of the 
curve to the axis of x. 

Again, in polar coordinates, equ^^tion (1) may be written 
r" (» eos= + 2h cos tf sin ^ + 6 sin' i() = 1 - cos^ 6 + sin= 6, 

„ cos'' + sin= e _ 1 + tan' e_^ 

'' " a cos^ e + 2h cos 6 sin fl"+6"sin' B~ a +"37*"tan"e + &"tan^ 
(4). 
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If in (4) we subafcituto either value of tan $ darived 
from (3) we obtain the length of tlie corresponding 



The directions and magnitudes of tlie axes are tlierefore 
both found. 

Second Method. The directions of the axes of tlie 
conic arc, aii in Lliu first method, given by 



lien referred to the axes of the conic section <i 
if coordinates, let the equation become 



Since the equation (1) has become equation (5) by a 
cliange of axes without a change of origin, we have, by 
Art. 135, 



^id ^^|^-.«i-A' (7). 

Theue two equations easily determine the semi-axeB a 
and ^. [For if from the square of (6) we subtract four 

times equation (7) we have (—-03)- Mid hence -1— -^j; 
hence by (6) we get -, and ^ , 

The difficulty of this method lies in the fact that we 
cannot always easily determine to which direction for an 
axis the value a belongs and to which the value j3. 

If the original axes be inclined at an angle lu, the equa- 
tions (6) and (7) are, by Art. 137, 

1 1 a + b-2hcos«, 
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Cor. 1, The reciprocals of the squares of the s 
xes are, by (6) and (7), the roots of the equation 

Cor. 2. From equation (4) we Iiave 

Area of an ellipae = xa^ = — , _ . 

365. Jix.. I. Trace the eurae 

lisfl-ixy + lly'^-iix -58;; + 71 = i 



Since ( - 2^ - 14 . 11 is negative, the ourte is an elhpae. [Art. 358.] 

By Art. 352 tlie centre (S, y) of the curve is given by the equations 
14S-2y-22=0, and - 2:i' + 11;/ - 23 - 0. 

Hecca E=2, and y = 3. 

Tlie equation referred to pajallel axes through the centre is 
therefore 14j.-^ - Axy + lly- + 1' = 0, 

where c'= -22^-29^ + 71= -CO, 

BO that the etjuatiou is 

14a:^-4[ry + lV = 6() (9). 

The dh'GctionB of the axes are given by 



Therefore tan S^ = 2, and tan ffj = - J. 
Befsrred to polar coordinates the equation (2) is 
S-^{Uoo5'S-4cosCsm(* + llsirfe) = (iO(co! 
l + tftii=^ 
'"ii^itaaS + ntan"^- 



-eo^ 
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therefore ^6 ancl 2. 



The lengths of the semi-axea an 

Hence, to draw the curve, 
talte the point G, whose coordi- 
nates are (2, 3). 

Through it draw A'GA in- 
clinerl at an angle tan'' 2 to the 
axis of X and mark oS 

A.'C=CA=^Q. 

Draw BCB' at right angles 
to ACA-aad. talieB'C=Cif=2. 

The reijuired ellipse has AA' 
and BB' as its axes. 

It would be found, as a veri- 
ftoation, that the curve does not 







that i 
about 2 and 3 

"Ex. 2. Trace tlte curve 

x'^-S.-cy + y'^ + lOa^-lOij-i- 21=^0 

a hyperhola. 



The 



: f — j - 1 . 1 is positive, tho cuito is a h; 

;entre (s. ij} if 



lothat 



:-2, and 5 = 2. 



The equation to the curve, referred to parallel aJies through 
:ntce, is then 

.T^ - 3:cj -1- yi -i- E ( - 2) - 6 >; 3 -}- 31 =. 0, 

e. x^-S.-C!i + y^=-l (' 

The direction of tlie axes is given by 



tan 29 = 



2h 



~-i 



39=90° or 270°, 
8,-45° and 0^ = 1 



Tlie equation (2) in pola; 
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Wliea Sj^iaS", ra== - ,—5—; = ^- , 






-x/v- 



mrve take the point C whose coordinates are - 2 
and S, Through C draw a straight line ACA' IncUned at 45" to the 
axis o( X and mait off ^'C= Cvl =^2. 

Also through A draw a etraight line EAK' perpendicular to GA 
and taka ^ff=S"^ = ^f. By Art. 315, CK and C^' are then the 
asymptotes. 

The carve is therefore a hyperbola whose centre is C, whose 
tviuisverse axis is A' A , and who^e nsjmptotes aie CK and CK'. 




On putting .T=0 it will he found that the curve meeta the axis of 
J/ where jf = S or 7, and, on putting 1; = 0, that it meets the axis of .v 
where a=- 3 or -7. 

Henoe 0Q = 3, 0Q' = 1, 0B = 3, and 0R'=7. 

366. To find tlie eacentricity oftlie central conic section. 

a<^^+2lmj + hf = l (1). 

First, let, h'' — nh he negative, so that tlie curvo in 
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aji ellipse, and let tho equation to the ollipse, roi'erreil l,o 



By the theoiy of ]!nvariants {Art. 135) we liitve 

^■^^ = "^' (-*' 

id A.=«6^A^ (3). 

Also, if I? ha tiie eccentricity, wo liavo, if a 1k!>^, 



But, froni (2) and (3), we have 

Hence 



(4). 



ffl+6 

This equation at once gives e°, 

Secondly, let A" -at be positive, so that the curve is 
^ hyperbola, and let the equation refon'od U> its pi'incipal 



i~t..i 



o that in thi 
1 1 



a + b, and - -^-^ = ab -h^- = - (h- - ah). 

Hence o? — B' = -~ y^ — -^ and a^B^ = ■ ,., ■ ■■ , - , 
li —ab h — ab 

tliat aH /3= = + ■J{^-^f-^i<x^ = + j~^^'j^''' • 
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we, if e be the eccentricity, "wc 



This equation gives e^. 

Ill each case we see that e is a root of the equation 






i«, of the equation 

e'{ab-h^) + {{a-yf-\-'^l<?]{e-'-l)-^:Q. 

367. To obtain thefoei of the central eonii: 
oa? + %hxy + hjf — 1. 

Let the direction of the axes of the conic be obtained 
in Art. 364, and let B^ be the inclination of the major aj 
in the case of the ellipse, and the transverse axis in the ca 
of the hyperbola, to the axis of x. 

Let r-^ be the square of the radius corresponding to ^ 
and let r^ be the square of the radius corresponding to the 
perpendicular direction. [In the case of the hyperboh 
will be a negative quantity.] 

The distance of the focus from the centre is sjr-^- 
(Arts. 247 and 295). One focus will therefore be the point 

and the other will be 

Bx. Findthefocinf the ellipse traced in Art. 365. 
Heretanfl,= 9, so that Biafl,= -^ andoo3fl,= -T=, 

Alaor,^=6, aAdr^^=i, eo that /Jr^r^=^2. 

The coordinates ot the foci referred to ases through G are therefore 
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Thwr ooordinateB referred to the original asea OX and 0¥ ai 






368. The method of obtaining the cdordinates of the 
focus of a parabola given by the general equation may be 
exemplified by taking tlie example of Art. 363. 

Here it was shewn tliat the latua rectum is equal to 3, 
so that, if S be the focus, AS is ^. 

It was also shewn that the coordinates of A referred to 
OX and 07 are - 1 and f 

The ooordinatea of S referred to the same axes are 
-| + Jand^,i.e. /it and -^. 
Its coordinates referred to the original axes aro therefore 
,/g- COB 6 — i siti fl and /^ sin ^ + i cos 6, 
i-e- w-T-14 ^^^ W-T + l-T' 

i.e. -^^ and j^g. 

In Art. 393 equations will be found to give the foci of 
any conic section directly, so that the conic need not fir.st 
be traced. 

369. Ex. 1. Trace tlie cuTi!e 

3(3a-ai/ + 4)' + 3(33; + %-5)==3S (1). 

The etiuation maj be w 






Kow the straight Unes Sx-2y+i~0 and 2x- 
right ariglea. Lei Uiem be CM and 
CN, intersecting in C whioh ia the 
point (-^, ft). 

If P be any point on the curve 
and PM and PN the perpendioulara 
apon tlieae lines, the lengths of PM" 
wid PK" are 

3jc-2i/ + ^ , aK + SH-5 

Hence equation (2) states that 

PIP PN^_ 
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Hx. 2. What i3 rej^esented by the eipuitioii 

The epilation may be ■written in the form 

l.e. {x^ + y^f-2a^{x^ + y')+a*=2x'h/^ 

The locus therefore consists of the two ellipses 

iB=+V2.'Ci/ + !/=-«'i=0, ana x^-^2xy + if-a^-0. 
Tli^se ellipses are equal and their semi^axea wuulil be fomid to be 

aj2+:j2 and aj2-^2. 
The major axis of the first is inolined at an angle of 13ij° to the 
ftsia of .-c, and that of the second at an angle of iri", 

EXAMPLES. XLI, 
Trace the pariibolne 
1. (a!-%)==5l!/. 2. (^-?,)'=.r + j, + l. 

3. (^-l'iy]!' = 2ax + 2^ay + a-. 

4. {4i! + % + 15)2=5(^E-4a). 

5. 16,T!=i + 24T^ + 9;/'-5.r-10j; + l = 0. 

6. %i^+2iits + 16y'-iy--x + 7 = 0. 

7. 144it= - laOxy + 2%' + 619a; - 979i/ + 6(!3= 0, and find its focus, 

8. 163!2-24aTi/ + %H32a+a63-39 = 0. 

9. iaf'-ixy+y^-12a + &y + 9^0. 

Find the position and magiiitudo of the axes of tho eonica 
10. 12x''-12xy-h7y^=iS. 11, ■i3:'' + i.iy + Sy^^H. 

12. ^=-33/-Si;==6. 

Trace the following central conies. 

13. x''--2wycoB2a + y'=2a\ 14. cii^--%vyiiasea2a + y^=a\ 
15, xy = a{a:+y). 16. .v]i-y^=a'. 

17. y^-2(ni + 23^ + 2x-&j = C>. 18, 3!^ + 3^+/ + 3^4-1^ = 1. 
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19. 2^ + S^-2,/-1x-hy-2 = 0. 

20. 40i=+S6w/ + 25i/2_196a-132jf + 203=0, 

21. ^x^-a2:cy + 9y^ + GOs: + li)y-eii. 

22. !^-!^-\-2y^-2ax~&a.y + la!'-0. 

23. lfti?-4&ii/-10j/=+38K + 44)/-6J=0. 

24. ix^+^ay+S5y^~lix-31y~G=(>. 

25. lSx-iy + ani^+Sy + a)=aK 

26. 3{3a;-3j/ + 4)«+2(3j; + 2!/-5p=78. 

27. 3{33!-4!/ + 6)'i-3(4e + 3y-10)S = 150. 
nhd the products of the Bemi-ases of the conies 

28. i/3-4ity + 5ar' = 9. 29. 4(3a: + %-7)H3 (4.t-% + 9)==3, 

30. lla;' + l&rj/ - !/= - 703! - 40t( + 82 =0. 

Find the foci and the eooentricity of the conies 

31, »=-3ay + 4na;=2tt'. 32. 4,vy - 3.Ta-2(iy^0, 

33. 5ti?-\-6xy + 5y' + 12x + iy-i-G=0. 

34. .i!= + 4a!/ + j)2-ae+2t;-6=0. 

35. Shew that the ktuB reetum of the pivraholn 

{,fi + 6«) (a= + ),=) = {bx+ay - ahf 

3G, Pi'ove that the lengths of the aemi-axes of the eonio 
+ 2Ji.-rj/ + ay^ = d 



41 






respecljvelj, and that their equation iS3^-s'^=0. 

37. Prove that the aquareB of the semi-axes of the oonie 

oa? + 2ft3i)/ + 6y^ + 9(;n; + 2J^ + e=0 

are 2A^{(a6-/i=)(a + 6± V("~'')'+4''°)l. 

where A is the discriminant. 

38. H X be a variable parameter, prove that the locua of the 
vertices of the hyperbolas given by the eq.iiation .1:^ - j^ + 'Km = a^ is 
thecvirve(a^+^Y='^*(^^-!'^)- 

39. If the point {o([', 2a(i) on the parabola y'^—iax be called the 
point f,, prove that the axis of the second parabola through the four 
points t], J3, tj, and t^ mates with the axis of tlie flrEt an angle 



..(.iijiii.). 



Prove also that if two parabolas meet in four points the distances 
of the oentroid of the four pointa from the axes are proportional to the 
latera reota. 
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41. Sketch tha curve 6a;^-7m/-5!/^-4i-|-Ui/ = 2, the ansa being 
inolined at an angle of 30°. 

42. Prove that the eeoentrieity of the conic ^iven by tlie general 
equation eatisAes the relation 

where u ia the angle between the aioe. 

43. The axea being changed in any way, witliout any change of 
origin, prove that in the general equation of the second flegree the 

quantities e, sin Su ' Bia=» ' Bm=id **" 

invariants, in addition to the quantities in Art. 137. 

[On malting the most general substitutions of Art. 132 it is clear 
that c ia unaltered; proceed m in Art. 137, but introduce tiie condition 
that the resulting expresBions are equal to the product of two linear 
quantities (Art. 116); the rasotta Mill then follow.] 
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CHAPTER XVI. 

TUB GENEKAL CONIC. 

370. Is the present chapter we shall consider proper- 
ties of conic sections which are given by the general equation 
of the second degree, viz, 

«a!= + 2AcCT/ + V + 2(?a: + 2/2/ + « = (1). 

For brevity, the left-hand side of this equation is often 
called ^ {x, y), so tha-t the general equation to a conic is 

Similarly, ^ (»', y') denotes the value of the left-hand 
side of (1) when x and y' are substituted for a; and y. 

The equation (1) is often also written in the form .S*^ 0. 

371. On dividing by he eq a ( ) 

independent constants - 

To determine these b. e onsti we at e f o e 

require five conditions. Con erse y f fi e depen en 
conditions be given, tl e n t t. ^n be d term ned 
Only one conic, or, at any eoyatmten be of 
conies, can be drawn to sat sfy h e nde] endent nit n 

372. To find tJte equatw o ten y ni 
(x', y") of the come section 

>i,{^,y) = ax^ + 2hay h g ( ) 

Let (k", y") be any other point on the conic. 
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The equation to the straight line joining this point to 
(x, ,/) is 

^--fcl<-'') » 

Since both (a;', y) and (a^', y") lie on (1), we liavu 

«a^ + 2My' + 6y" + 2f/K' + 2/y' + e = (3), 

and aa.'"= + ^kal'y" + hy"^ + 2^ic" + iff + c = (4). 

Hence, by subtraction, we have 

« (^" - «;■■) + 2i («y - « V) + 4 (J- ^ S-, 

+ 3, («■-»,") + 2/{y--s")^0 (5). 

But 

2 (asy - a; V) = (»■ + «,") (y ^ J-) + («■ - :«-) W + y"), 
so that (5) can be written in the form 
(,=■-«") [a K + :.") + 4 (!,'+,") + 2,] 

+ (»■ -S") PK * "^") + 6 (»■ + ?") + 2/] -0, 

The equation to any eeoant is therefore 

,,-,„' = ^ < ^' ^'^')^^ (P' +y) jL^'f /^ _ ^'. mx 

To obtain, the equation to the tangent at (x', y'), we put 
v^' — i4 and y" = ^ in this equation, and it Viecomes 

».e. (oa/ + A/ + ^) a; + (Aic' + 6/ +/) y 

= aa/= + 2Aa/»/' + S/^ + ?^' + ^' 
= - S^ -Jt/ - 0, by equation (3). 
Thp required equation is therefore 
axx' + h (xy' + x'y) + byy' + g (x + x) + f (y + y') 

+ = (7), 

Cor, 1. The equation (7) may be written down, from 
the general equation of the second degree, by substituting 
ao;' for cc*, y^/ for y\ x>/ -mf^ for Stej/, x + x' for 2a;, and 
y + y'ior2^j. (Cf. Art. 152.) 
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Cor. 2. If the coJiic pass thi'ough the origin we have 
e = 0, and then the tangent at the origin (where a;' = and 
y' = 0) is gx +/«/ = 0, 

i.e. the equation to the tangent at the origin is obtained by 
equating to zero the terms of the lowest degree in the 
equation to the conic. 

373. The equation of the previous article may also be obtained 
aa followB ; I( (.t', y') aud (a;", y") be two points on the conio eeotion, 
the equation to tiie line joining them ie 

= aii:-^ + 2lixy + by^ + %flx + 2/y + c (1). 

For tho terms of tlie eecond degree on the two sides o( (1) cancel, 
and the equation reduoes to one of the first degree, thus representing 
& straight line. 

Also, since (a', y') lies on the oiirve, the equation is satisfied by 
patting 1 = 3;' Miiy=y'. 

Henoe (a', y') is a, point lying on (1). 
So (:e", y") lies on (1). 
It therefore is the straight line joining ttiein. 
Patting x" — ic' and y"=^y' we liave, as the equation to the tangent 
at (i', y'), 

a{x-xr + ^h{3>~x'){y-f) + b{y-y']'< 
—a.t^ + 2li^j + hy^ + iffx + %fy + c, 
i.e. 2<ui:.^ + m{x'y+^y-] + 2byy- + 2ys: + 2fy + c 
= ax'^ + 2lix'y' + by'^ 

= -2gx'~2fy'-c, since {x', y') lies on the conic, 
Henoe tho equation (7) of the last article. 

374. To find the condition that any straight line 

is + tB!( + K=0 (1), 

niojf touch tlie con£u 

a»«+2toi/ + 6j/2 + 2ff:B + 2fiy + c=0 {2). 

Substituting for y in (3) from (1), we have for tho equation giving 
the absoiBsie of the points of intersection of (1) anil (3), 
x^ (nra^ - 3ft Jm + 6P} - 2fl: (ftiim - bin - jpn' +flm) 

+ bn'-2Jmn+i:m^=li (3). 

If (1) be a tangent, the values of x given by (3) must bo equal. 
The condition for this is, (Art. I,) 
(hmit-bln-gm^+flMf^(a}ii^-2hlin + bl^){bH'''2fmn+cm^). 
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On simplifying I we lave, after diviBion by vi", 

+ 2Im(fg-eh)=0. 
'Ex. Fmd tite equatioTis to the tangents (u the conic 

■ a?+ixy + Sy^-5x-Gy + d = (1), 

irkich are pa/ralld to the sti'oight lins a; + 4j| = 0. 
The eqnation to aiiy sach tangent is 

a: + % + «=0 (2), 

where c is to be determined. 

This stia^ht line meets (1) in points given by 

3i»= - & {5e + 28) + 30= + 24c + 48 = 0. 
7he roots of this equation are eqnal, i.e. the line (2) is a timgent, 
if {a(5i; + 28)}3=4. 3. (3o^+2ic + 48), i.a. If e=-5or -3. 
The required tangents are therefore 

i + 4j/-5=0, and x + iij-H-G. 

375. Aa in Arts. 314 and 274 it may be proved that 
the polar of (a/, y") with respect to <^{x, y)-^) is 

The form of the equation, to a, polar ia therefore the 
aame aa that of a tangent. 

Just as in Art 317 it may now be shewn that, if the 
polar of P passes through 2' the polat of T passes through 
P. 

The choid of thp com:, whit.h la bisected at (ic', y'), 
being parallel to the polai of (-e, y) [Arts. 231 and 380], 
has as equation 

K + ij+jlt, -,) + (fa +V +/)(?-!/■)=' <)■ 

376. To find the equation to the diameter bisecting all 
chords parallel to the straaght Une y-rax. {See fig. Art. 279.) 

Any such chord is y — fnx+ K (1). 

This meets the conic section 

afc' 4- 2/i«y + iy + 3^a: + 2/i( + c = 
in points whose abscissse are given by 

(^ + Sfc (ma; + r) + 6 (nwi + Kf + Igx + 2/(«i.« + /i')+ « =. 0, 
i.e. by a?{a-^1hin-\-hm')-\-1x{hIC-\-h-m,K^!j-\-f'm) 
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•.^ be the roots of this equation, we therefore 






' ° a+ ihm + bm' 



Let (X, F) bo the middle point of the required chord, 

x^^x ^_ {h + bm)K+g+/ m . . 

' -2 " a+2fm, + bm? ^'' 

Also, since (X, Y) lies on (I) \v& have 

Y='mX+K (3). 

If between (2) and (3) we eliminate /f we have s, 
relation between X and Y. 
This relation is 

- (a f 2fo)* + 6m=) X= (A 4- bm) (Y- mX) + y +JWi, 
i.e. X((t + /(m)+ Y{h+btn) + g +fm = 0. 

The locus of the required middle point is therefore the 
straight tine whose equation is 

fl3 (ra + hm) +y(h + bm) + g +f>n ■— 0. 
If this be parallel to the straight line y --= m'x, we 

'^ ^"I'+'bw, *^*^' 

i.e. a -f h {m + m') + bmm' = (S). 

This is therefore the condition that the two straight 
lines y = ma: and y-m'x may be parallel to conjugate 
diameters of the conic given by the general equation. 

877. To find the condition, that the pair of $traight lines, whose 
eqvatioaii 

AiP + iHxy+By^^O (1), 

may be paralUl to corrugate diameters of the general cotiic 

ax^+2ki!y + by^ + 2gx + 2fy + e^0 (3), 

Let the equations of tha straight lin^ represented by (1) bo y = vix 
and y =ra'iK, bo that (1) is eq.uivale!it to 

B(y-mx](y-m'x) = 0, 
and hence m + m'=--— , and mm = -. 

L, 23 
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<-r)* 



i.c. if Ab~2Eh + Ba=0. 

378. To piuve thit tiio tOttcentnc rrait. sectiiins uhoays han a 
pair, and only one yuii 0/ common tonjujuie dianietei-' and to Jind 
their equatton 

Let ike two concentric conic seotioHS be 

al^ + 2ke!/ + by'=l (1), 

twa a-r' + ik'^yy + hY-l (2). 

Tte straight linea 

Ai>?-y2Hxy-^By' = (3), 

arc conjugate diameters of both (1) and (3) if 
Ah-'iSk + Ba=0, 
and Ab'-2Hh' + Ba' = 0. 

Solving these two equations we have 

J_ -3g B 

ka' - h'a " ab' ~ a'b ~~ bh' - Vh ' 
Subatitutiug these values in (3), we see that the straight lines 

X-' (ha' -h:a)-xy iab' -a'b) + y^ (bk' -Vk) = (i (i) 

are always conjugate diameters of both (1) and (2), 

Ilenee there is always a pair of conjugate diameters, real, e 



EXAMPLES XLH. 

1 How any other eonditione can a conio section Batitjy -when 
wB a a g en (1) ts centre, (2) its fooun (d) its ew,entncitv, (i) its 
axe (5) a tangent (6) a tangent and its point of contact, (7) tba 
p tion of one of ta asymptotes? 

2 Fad the ondition that the straight Ime !j. + 7!ij = 1 may 
to h fha pa ah la {ax-by f -%\a" + b ) {ax + by) + (o.'-\-b )^=:0, and 
shew tl at f th s st aight line meet the ases in P and Q, then FQ 
will when t s a tangent, snbtend a light angle at the point (a, h). 

3 Two pa aholas have a 
11 fi m t ui n the 

te e t n of the i reotrice 
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[EXS. XLII.] INTEBSECnONS OF TWO CONICS. 



4. Shew that the conic ^+ -^ooBa + ^^^eiti' 
the rectangle, the eciuationa to whose eidea are x^=a'^ and y'^^b^, and 
that the quadrilateral formed by joining the points of contact ia of 
oonetant perimBter i ,Ja^ + b\ whatever be the yalue of o. 

5. A variable tangent to & eonio meeta two fixed tangents in two 
poiuts, P and Q; prove that the loons of the middle point of PQ ifi a 
conic which becomes a straight line when tlie given conio is a parabola. 

6. Prove that the chord of contact of tangents, drawn from an 
external point to the conia a!i? + 2hxy + b>/^—l, subtends a light angle 
at the centre if the point lie on the conic 

7. Given the focus and directrix of a conio, prove that the polar 
of a given point with respect to it passes tbrongh another fixed point. 

f conies which touch the 
he straight Una ay^lix. 
9, Prove that the locus of the poles of tangents to the conic 
<tj;' + 2fei^ + iy'=l with respect to the conio a'a;=+aft'K!; + 6'y' = l is 

10, Find the ec[uationB to the straight lines which are conjugate 
to the ooordinafe ases with respect to the conio Ax^ + ^Hxy + By^ = 1. 

Find the condition that they may coincide, and interpret the 
result. 

11, Find the equation to the common conjugate diameters of the 
eonica (1) s:^ + ixy + ey'^l and 2x^ + &xy + 9y^=l, 

and (2) 2x^-5xy + 3y^^l and 2!e^ + Sxy-9y^^l. 

12, Prove that the points of intersection of the conies 

aic^+2]ixy -^iy^^l and a'ic^ + 2h'iy + b'y^=l 
are at the ends of conjugate diameters of the first conic, if 
«6' + afb -2hh'^2 (ab - ft=). 

13, Prove that the equation to the equi-oonjugate diameters of 

„ „, , , ,, aa^+2teu + &u2 2{a;' + «") 

379, Two conies, m general, intersect in four poinln, 
real or imaginwry. 

For the general ecjuation to two conies can be written 
in the form 

a%^+2x{hy + g)+hf + 'ify^c =--(), 
and <tV + 23; {h'y + g') + h'y^ + 3/V + c' ^ 0. 



y Google 



356 COORDINATE GEtJMKTRY. 

Eliminating x frora these equations, we find that the 
result is an equation of the fourth degree in y, giving 
therefore four values, real or imaginary, for y. Also, by 
eliminating x' irom. tliese two equations, we see that there 
ia only one value of x for each value of y. There are there- 
fore only four points of intersection. 

380. Equation to any conic passing tlvrough the inter- 
section of two given conies. 

Let S=asi? + 2k3iy + by^ + 2gx+2Jy + c~0 (1), 

and S' = fflV + 2A'xy+b'f + 2g'x + 2/V + c' = 0...(2) 
be the equations to the two given conies. 

Then S-\S' = (3) 

ia the equation to any eonic passing through the inter- 
sections of (1) and (2). 

For, since S and .5' are both of the second degree in x 
and y, the equation (3) is of the second degree, and hence 
represents a conic section. 

Also, since (3) ia satisfied when both S and .5" are zero, 
it is satisfied by the points (real or imaginary) which are 
common to (I) and (2). 

Hence (3) is a conic which passes through the intersec- 
tions of (1) and (2). 

381. To find the eqvMions to the straight lines passing 
through the interaections of tvx> conies given by t/te general 
equations. 

As in the last article, the equation 
{a - Xo') ic^ + 2{h-Xh')xy + {b- Kb') k= + 2 (j/ - X</) a; 

+ 3(/-X/'}y + (0-X«') = (1), 

represents some conic through the interaections of the given 
conies. 

Kow, by Art. 116, {1} represents straight lines if 
(« - W) (5 - X6') (« - fa') + 2 (/ - V) (j - Xj') (4 - «■) 

-(•-x«')(/-x/')--{i-»')(j-V)"-(=-V)(i-x;o' 

-0 (2). 
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INTERSECrtONS OP TWO CONICS. 357 

How (2) is a cubic equation. The three values of X 
found from it will, when eubatituted successively in (1), 
give the three pairs of straight lines which can. be drawn 
through the (real or imaginary) intersections of the two 

Also, since a cubic equation always has one real root, 
one value of k is real, and it could be shown that there can 
always be drawn one pair of real straight lines through the 
intersections of two conies. 

382. All comes which pass through t!ie intersections of 
ttoo reetangidwr hyperbolae a/re themselves rectangular /i/jfper- 

In this case, if S=Q and S' — O be the two rectangular 
hyperbolas, wo have 

a + b^O, and «' + &' = 0. (Art 358.) 
Hence, in tiie conic iS^ — \S' = 0, the sum of the co- 
efflcienta of x' and y^ 

= {a,-\a') + (b-Xb') = {a + h)~X{a- + b-) = 0. 
Hence, the conic S— kS' ~ 0, i.e. any conic through the 
intersections of the two rectangular hyperbolas, is itself a 
rectangular hyperbola. 



Cor. It two rectanguls^r hjporbolas intersect in four points 
A, B, G, and D, the two straight lines AI> and BC, ■which are a conic 
through the interseetion of the two hyperbolas, must he a reotangular 
hyperbola. Hence AI) and BC must lie at right angles. Similarly, 
Bt> and CA, aud CD and AB, must be at right angles. Henca D is 
the orthooentre of the triangle ABC. 

Therefore, if two rectangular hyperbolas intersect in four points, 
eaoh point is the orthooentre of the triangle formed by the other 

383. If L = (i,M=(3,N^0,omdR^Q be the equations 
to the fiywr sides of a quadrilateral taken in order, tJte 
equoi^on to any conic passing th/rough its wngula/r points is 
LJUr-^X.MS (1). 

For li = passes through one pair of its angular points 
and ^—0 passes through the other pair. Hence Z2i[~ is 
the equation to a conic (viz. a pair of straight lines) passing 
throngh the four angular points. 
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Similarly MB - ia the equation to another conic 
passing through the four points. 

Hence LN'= X . MR ia the equation to any conic through 
the four points. 

aeometfical meaning. Since L is propOTtional to tha perpen- 
dicular from any point (3;, y) upon the straight line L — d, the 
relation (1) Btates that the product of the perpeiidioulare from any 
point of the curve upon tlie atraight lines £ = and W=0 ia propor- 
tional to the product of the perpendiculars from the same point upon 
JH"=0 and E = 0. 

Hence If a coiifo circtiiasa^he a jumJriiolerai, the ratio of tlte 
product of the perpendicular$ from any point F of the conie upon two 
opposite aides of the quadrilateral to the prodvet of the perpeiiiUcala^s 
from P upon the other two sides is the same for ailpoeitiims <ifP. 

384. Equations to the eonie sections passing 
the mtersections of a conic and two 
given straight lines. 

Let S = be the equation to the 

Let M = and v = be the equa- 
tions to the two given straight lines 
■where 

and v = a'x + h'y + a'. 

Let the straight line w = meet the conic 5* — in the 
points F and fi, and let w = meet it in. the points Q and 2'. 

The equation to any conic which passes through the 
points P, Q, B, and T will be of the form 

S-X.u.v (1). 

For (1) ia satisfied by the coordinates of any point 
which lies both on 5 = and on u — G; for ite coordinates 
on being substituted in (1) make both its members ;!ero. 

But the points P and B are the only points which lie 
both on S = and on M = 0. 

The equation (1) therefore denotes a conic passing 
through P and B. 

Similarly it goes through tlie intersections of ^ = and 
w = 0, i.e. through the points Q and T. 
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THE EQUATION S^Xkv. 359 

Thus (1) represents some conic going through the four 
points P, Q, B, and T. 

Also (1) represents any conic going through these four 
points. For the quantity X may be so chosen that it shall 
go through any fifth point, or to make it satisfy any fifth 
condition; also five conditions completely determine a conic 
section. 

Ex. Mild the equation to the conie wMeh passes through the point 
(I, 1) and also through the intersections of the conle 

a^+^sy + Sy^-lx-Sy + GT^O 
vrith the straight lines 2a-j/-5 = and 3i+^-lI^0. Find also 
(fee parabolas passing Ikroagh tlie same points. 

The equatioa to the required conic must by tha last aiticle be of 
the form 

^^+2xy + 5y'-7x-8y + er^\i2x-y-5)iBx+y-n)...{l}. 
Thia paaaes Ihrongii the point (1, 1) if 

l + 3 + 5-7-8 + 6=\(2^1-5} (3 + 1-11), i.e.U X= -^\. 
The required equation tlien beoomes 
38(3?+2a^ + 5y«-7a-8!/ + e) + (3a-^-5)(33! + y-ll) = 0, 
i.e. 34af= + 55a:!/ + 13V-233a!-21% + 223 = 0. 

The equation to the required parabola will alao be of the forni (1), 

a!'{l-6X) + a!if (2 + X)+y5(5+M-a!(7-37\)-!/(8 + 6\) + 6-65\=0. 
THs ia a, parabola (Art. 337) if (2 + \)^=4(l - 6X) (5 + \), 
i.e.i! X=^[-13±V101- 

Substituticg these values in (1), we have the required equations. 

385. Particular cases of the equation 
S = \uv. 

I. Let M = and v = intersect on the curve, i. e. in 
the figure of Art. 384 let the 

points P and Q coincide. y 

The conic S= Xiiv then goes S=o^- ^s^y^ 

through two coincident points \/^''' 'y^' 

at P and therefore touches the ^ -v—^J j 
original conic at P as in the ({ \ "//\--'' 
figure. ■ -S^i^i^' ' 

II. Let M - and w - \ 
coincide, so that v — u. 
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COORDINATE GEOMETRY. 



1 to coincidence 




In this case the point T also mo 
with R and the second conic 
touches the original conic at both 
the points P and R. 

The equation to the second 
conic now becomes S—Xu". 

When a conic touches a second 
conic at each ot two points, the 
two conies are said to have double 
contact with one another. 

The two conies S = Xi*^ and S^O therefore have double 
contact with one another, the straight line w = passing 
through the two points oi contact. 

As a particular case we see that if m = 0, v^O, and 
«i = be the equations to three straight lines then the 
equation vw — Xv,^ represents a conic touching the conic 
vw = where u — meets it, i. e. it is a conic to which 
D = and Ml = are tangents and m = is the chord of 
contact. 

III, Let u = Q be a tangent to the original conic. 
In this case the two points P 

and B coincide, and the conic 
S='kuio touches S=0 where m=0 
touches it, and « =: is the equa- 
tion to the straight line joining 
the other points irf intersection o' 
the two conies. 

If, in addition, v — -j gu™ 
through the point of contact of m = u, we uave iiue (mhi!«jj.oii 
to a conic which goes through three coincident points at P, 
the point of contact of w = ; also the straight line 
joining P to the other point of intersection of the two 

IV. Finally, let u = and m = coincide and be 
tangents at P. The equation S - Xu' now represents a 
conic section passing through four coincident points at the 
point where it — O touches S=0. 




have the equatioi 
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386. Line at infinity. "We h^ve shewn, in Art. 
60, that the straiglit line, whose equation is 

0.ic + 0.z/ + C = 0, 
ia altogether at an infinite distance. This straight line is 
called The Line at Infinity. Its equation may for brevity 
be written in the form C = 0. 

We can show that parallel lines meet on the line at 
infinity. 

For tlie equations to any two parallel straight linos 

Ax + By + C =0 (1), 

and Ax^■By + C■ = Q (2). 

Now (2) may bo written in the form 

Ax + By + C + ^^-^{Q.x^Q.y + C) = 0, 

and hence, by Art. 97, we see that it passes ttrough the 
intersection of (1) and the straight line 

Hence (I), (2), and the line at infinity meet in a point. 

387. Geometrical meaning of the equation 

8^\u (1), 

wh&re X is a constant, and m = ts iha equation of a straight 

The equation (1) can be written in the fonn 
5-XMx{0.a; + 0.2/ + l), 
and hence, by Art. 384, represents a conic passing through 
the intersection of the conic S=Q with the straight lines 
M = and 0,^ + 0. T/ + 1^0. 
Hence (1) p^ses through the intersection of 15=0 with 
the line at infinity. 

Since S ~0 and S — \u have the same intersections with 
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the line at inflnity, it follows that these t 
their asymptotes in the same direction. 

Particular Case. iLet 



o that 3 = represents a circle. 
Any other circle is 



o that its equaiio: 



f the form S = Xu. 



It therefore follows that any two circles must be looked 
upon as intersecting the line at infinity in. the same two 
(imaginary) points. These imaginary points are called the 
Circular Points at Infinity. 

388. Geometrical meaning of the equation. &' = X, where 



This equation can be written in the form 

and therefore, by Art. 385, has double contact with i? — 
where the straight line 0.a: + 0.y + l = meets it, i. e. the 
tangents to the two conies at the points where they meet 
the line at infinity are the same. 

The conies S=0 and 5= A therefore have the same 
{real or imaginary) asymptotes. 

Particular Case. Let 8 = denote a circle. Then 
S = X (being an equation which difiers from S=0 only in 
its constant term) represents a concentric circle. 

Two concentric circles must therefore be looked upon as 
touching one another at the imaginary points where they 
meet the Line at Infinity. 

Two concentric circles thus have double contact at tiie 
Circular Points at Infinity. 
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EXAMPLES. XLIII. 

1, What is the geometrical meaning of the equations S = \. 'T, 
and S = -a^ + ku, where S—0 is the equation of a oonio, T — is the 
equation of a tangent to it, and « = is the equation of any straight 
line? 

2, If the majov axes of two conies be parallel, prove that the 
four points in whioh ttiey meet are conoyolio. 

3, Prove that in general two parabolas can be drawn to pass 
through the intersections of the conies 

ax^ + 2hxi/ + bif + 2gx +2fy + i: = l) 
and aV + 2h'xy + hy + 2g'x+iif'i) + c' = 0, 

and that their asea are at right angles if A (a' - 6') = li' {a ~ I) . 

4, Through the extremities of two focal chords ot an ellipse a 
conic is described ; if this conic pass through the centre of the ellipse, 
prove that it will cut the major aaa in another fixed point, 

5, Through the extremities of a normal chord of an ellipeo a. 
circle ia drawn such that its other common chord passes through the 
centra of the ellipse. Prove that the locus of the intersection of 
these oommon chords is an elHpse similar to the given ellipse. If the 
eceontrieity of the given ellipse be ,/2(,^"2-l), prove that the two 
ellipses are equal. 

6, If two reetar^ular hyperbolic intersect in four points .ft, B, C, 
and B, prove that the oireles described on Ali and CD as diameters 
cat one another orthogonally. 

7, A circle is drawn through the centre of the rectangular 
hyperbola, xy^c^ to touch the curve and meet it again in two points ; 
prove that the locus of the feet of the perpendicular let fall from the 
centre upon the common chord ia the hyperbola ia^^tf*. 

S, If a circle touch an ellipse and paaa through its centre, prove 
that the rectangle contained hy the perpendiculars from the centre of 
the ellipse upon the common tangent and the common chord Ib 
constant for all points of contact. 

9, From a point T whose coordinates are (s', y') a pair of 
tangents TP and TQ are drawn to the parabola y'' = iax ; prove that 
the lino joining tha other pair of points in which the oircumoirole of 
the triangle TPQ meets the parabola is the polar of the point 
(2a - a!, y'), and hence that, if the circle touch the parabola, the line 
PQ touches an equal parabola. 

10, Prove that the eqaaliott to the circle, having double contact 
with the ellipse —^ + ^ = 1 at the ends of a latus rectum, ia 
,1!= + !/' - 2n^' 3;=«2 (1 - e^ - e'). 
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364 COORDINATE GEOMETRY. [Exs. XLIII.] 

11, Two oirolefl have double ooataot with a conic, their chords of 
contact being parallel. Prove that the radical axis of the tiio cnclea 
is midway between the two ohordB of oontaet. 

12. If a circle and an ellipss have double contact with one another 
prove that the lengtli of the tangent drawn from any point of the 
ellipse to the oirde varies as liie distance of that point from the 
chord of oontaet. 

13, Two eonicB, A and B, have double contact with a third come 
C. Prove that two of the common chords of A and B, and their 
chorda of contact with G, meet in a point. 

14, Prove that the general equation to the ellipse, having double 
contact with the circle x^ + y^=o? and touching the asis of e at the 
origin, is cV + (a^ + c^} y^ - 2a^oy = 0. 

15. A rectangular hyperbola has double contact with a fixed 
central eonio. If the chord of contact always passes through a fised 
point, prove that the locus of the centra of the hyperbola ia a circle 
paasing through the centre of the fixed conic. 

16. A rectangular hyperbola has doable contact with a parabola ; 
prove that the centra of the hyperbola and the pole of the chord of 
contact are equidiBtant from tlie directrix of the parabola. 

389. To find tlie equation, of the pmr of tangents that 
eon be drawn/rom any pomt {of, y") to the general eonia 
•^ (ic, y) = ax" + 2kxy + Sy^ + 2^ + 2/y + o = 0. 

Let T be the given point i^, y'), and let P iiud E be the 
points wliere the tangents from 
T touch the conic. 

The equation to PS is there- 
fore M - 0, 
■where u S {ax' + hij + g)x 
+ {kc' + by' +/) y + gaf +/y' + e. 

The equation to any i 
which touches S^i) at both o£ 
the points I' and S is 

S==Xu\ (Ajt. 385), 
Le. ax^ + 2^3:^ + 6^ + 2gx + 2fy + e 

= X [(aa/ + hy'+g)ai + {hx' + hy' +f)y + gx' +fy' + of 

Now the pair of straight lines TP and TR is a conic 
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section whicli touches the given conic at 7' ;ind R and 
which also goes through the point T. 

Also we can only draw one conic to go through iive 
points, viz. T, two points at P, and two points at E. 

If then we iind X so that (1) goes through the point '1\ 
it must represent the two tangents TP and TR. 
The equatioa (1) is satisfied by as' and y' if 
tw/^ + ^hx'y' + h'tf + 2g^ + 2/i/ + c 

= A [W^ + Ihx'i/ + 6^^ + Sf/y;' + 2// + c]= 

i...if ^ = '^-(^Ti7)- 

Tlie required equation (1) then becomes 

--= [(aiK' + V + ?)'« + {Aa^ + %' +/> y + ?»:' +/2/' + <'f' 

i.e. 9*(x,y)x<A(x',y') = «^ 

where M = is the equation to the chord of contact. 

390. Director circle of a eonie given by the general 
equation of the second degree. 

The equation to the two tangents from {x, y) to the 
conic are, by the last article, 

+ ^\h^ {al, y') - {ax' + hy' + g) {ksf + by' +/)] 
+ 1/' [6<^ (x', /} - (hx' + V +/f] + otfier terms = 0...(1). 
If {of, y") he 3. point on the director circle of the conic, 
the two tangents from it to the conic are at right angles. 

!Now (1) represents two straight lines at right angles if 
the sum of the coefficients of a!' and y^ in it be zero, 

;.„. if (o + 6) * (»/,y) - K + %■ + gf - (u + b^ +/)' = 0. 

Hence the locus of the point (a/, j/) is 
(a + 6) (rf + 2fai, + S/ + V + 2/:/ + c) 

— {ax + h^j ^-!r'f — {ha;i-b^+ff = 0, 
i.e. the circle whose equation is 

(a» + !,') (oi - i=) + 2a, (% -/*) + 2j, (o/- ji) 

+ c(» + 6)-/-/- -0. 
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Cor. If tlie given conic be a parabola, then ab—h\ 
and the locus becomes a straigiit line, via. the dii'ectrix of 
the parabola. (Art. 211.) 

391. The equatioD to the director cirale may also be obtained in 
another manner. For it is a circle, whose centre is at the centre of 
the conic, and the square of whose radios is equal to the sum of the 
squares of the semi-axea of the oonio. 

The centre is, Art. 352, the point f^^^ , "^'f, ) . 

Also, if the eqaatiou to the couio be reduced to the form 

and if a and j3 be its semi-axes, we hsTe, (Art. 364,) 

1 1 a+b . 1 afi-ft* 
^ + ^---^,and^, = -^-. 

BO that, by division, a^+^=- ~'^ - ■ ^-- . 

The equation to the required circle is therefore 

\ ab-h^) ^Y a6-ftV ab-h^ 

~ (SsTft^^ (Art. 362). 

392. The equation to Hie {imaginary) tangents drawn 
Jrom, the foaua ij/" a eonio to touek the conio satisfies ike 
analytical condition/or being a m/rde. 

Take the focus of the conic as origin, and let the axis of 
X be perpendicular to its directrix, eo that the equation to 
the latter may be written in the form x + k~0. 

The equation to the conic, e being its eccentricity, is 
therefore a? + y''=e^{x + k)\ 

i.e. fli= (1 - e=) + y= - 2e'kx - eW ^ 0. 

The equation to the pair of tangents drawn from the 
origin is therefore, by Art. 389, 

[x' (1 - e") + / - Se'&c - e'k'^] [- e^¥] = [- e^kx - e^k% 
i.e. a!^(l-e=) + ^/=-2e=A!c-e^F=-e«[^; + ft]^ 
i-o- x' + y^^O (1). 

Here the coefficients of a? and ■^ are equal and the 
coefficient of a^ is zero. 
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However the axes and origin of coordinates be changed, 
it follows, on making the substitutions of Art, 129, that in 
(1) the coefficients of x^ and y^ will still be equal and the 
coefficient of xy zero. 

Hence, whatever be the conic and however its equation 
may be written, the equation to the tangents from the focus 
always satisfies the analytical conditions for being a circle. 

393. To find the foci oftlte conic ffiven hy the gensral 
equation of the second degree 

aa;^ + SAicy + by^ + ^gx + 2yy + c = 0. 
Lei {x', y) be a focus. By the last article the equation 
to the pair of tangents drawn f rom'it satisfies the conditions 
for being a circle. 

The equation to the pair of tangents is 
^ {x\ y) {a^? + 2koy + hf + 2gx + 2fy + c] 

= [m {ax- + h^ + g) + y (/^3;' + by' +/) + (?^' +// + «)]'■ 
In this equation the coefficients of a? and y' must be 
equal and the coefficient of tey must be zero. 
We therefore have 
a^ (x', y') - {ax' + hy'+ gf = 6^ {x', y') - (/«' 4- hy •h/)S 
and /i.> (a/, y') = {ax' + hy' + g) {hx' + by' +/), 

(«a;' + %' + g)^-(W + V +/)' {a^' + hy' + g){h^ + hy'^-f) 
a-b h 

-<'{^,y') (*)■ 

These equa n i being solved, give the foci. 
Cor Sm d rectrices are the polars of the foci, 

we eas y blaa h equations. 

394 T ti 4) of tlie preyioua article give, in general, 

four va d ur corresponding values for y'. Two of these 

would be found f o be real and two imagiuary. 

In the ease of the ellipse the two imaginary foei Ue on the minor 
axis. That these imaginiiry foci exist follows from Art, 2i7, by 
Vrritii^ the standard equation in the foi^m 



+{,-Vi';.-p- 



Vi'^'i 
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This bIigws that the iinagiaarj' point {0, tjb'^-a^} is a foons, the 
imaginary Una y - -. — — — is a, direotris, and that tha oorraepond- 

■J "'-"''' ,_ 

/b^-a'^ 
mg eocentrieitj zB the imaginary quantity */ — t^— . 

Similarly for the hyperhola, except that, in thia case, the eooen- 
trioity is real. 

In the ease of the parabola, two of the foci are at infinity and are 
imaginary, whilst a lliird is at infinity and is real. 

39fi. Bx. 1. Mild tJiefoam of the parabola 

ltix^--2imi + 9f-SOx--li0y + 100^0. 
The focus IB given hy the eqnations 

7" 

_ (16a;'-l2;/'-40)(-laa ' + V-70) 
" -12 

= l&t:'^-U3;'y' + 9y'^S0x' -liOy' + lOQ (1). 

I'ke first pair ol eq^uation (1) give 
12 {16a;' - ISl/' ■- 40)' + 7 (16ar' - 12*;' - 40) ( - ISa;' + 9(/' - 70) 

-12(-12ir' + V-70)2=0, 
i.e. {4(16j;'-l%'-40)-3(-12a:' + V-™)} 

X {3(163'- 12j/'-4O) + 4(-lac' + 9!;'-70)}=O, 
i.e. (100a;'-.7Si,' + SO)x(-400) = 0, 



ithat y'= ' „ ■ 




Wo then have l&n'- 12i/-40= -48, 




,d -iac'+v-70=-a4. 




The second pair of equation (1) then gives 




.^|^=a;'(l&«'-12H'-40) + 3/'(-19x' + V- 


-7O)-40;c'-7Oy' + lO0 


^ - 43a;' - eh/ - iOa;' - 7%' + 100 




= -88i'-134y' + i00. 




„„ „„.., 536a' + 368,,^ 





10 that a'=l, and then y' = 2. 

The focus is therefore the point (1 , 3). 
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In the case of a parabola, we ma.y also find the eqniition to tlie 
direotrix, by Art. 390, and then &aA the ooordinataa of tl»e foens, 
which, ia tho pole of the direotrix. 

Ex. a. Find thefoei of the conk 

55a;= - SOm/ + 3%^ - 40j! - 24y - 464 =0. 
The foei are giTen by the equation 
( o5a'-15 y'-20)''- (- 15j/ + 3%'-1 2)' 
16 

_ <SRe'-15!/'-30 )(- 15.'^' + S9iy'-12 ) 
-15 

= 55a!'2-30a;y + 39^'3-403!'-24/-464 (1). 

The first pair of equations (1) gives 
IS (55^' - 15y ' - 20)=+ 16 (ESb' - IV - 20) ( - 16a:' + 3V - 13) 

-15(-153;' + 3V-12):' = 0, 
Le. {5(5&c'-16j/'-20)-3(-lSa/ + 3V-12)f 

{3(55s'-16j/'-20) + 6(-15i-' + 3V-12)} = 0, 
f,fl, (5s'-3s'-l)(3a!' + Sj'-4) = 0. 



or y-= 5- (3). 

Substituting this first value of y in the sscond pair of equation (J), 
we obtain 

giving 3^ = 3 or -1. Henoe from (2) i/' = 3 or -2. 

On Bubetitntiag the aeeond value of y' in the same pair of equation 
(1), we finally have 

2*'=^ 21' + 13 = 0, 
the roots of whioli are imaginary. 

We should thus obtain two imaginary foci whieh would be found 
to lie on the minor axis of the oonie section. The real fooi are 
therefore the points (2, 3) and ( - 1, - 3). 

396. Equation to the axes of the general 
conic. 

By Art, 393, tlie equation. 
(•j+Sj + sr Hfa + h*/)' _ ( ~t%tg)(fa 4-tyt/) 

■■ (1) 

represents some conic passing through the fooi. 
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But, since it could be solved 
give 2—2- 



quadratic equation to 
,, it represents two straight lines. 



The equation (1) therefore represents the 
jeneral conic. 



397i. To Jmd the length of the straight lines drawn 
Ht/rmtgh a given poiM m a given direction to meet a given 

Let the equation to the conic be 

Let P be any point (a/, j/), and through it let there be 
drawn a straight line at an angle $ 
■with the axis of io to meet the 
curve in Q and Q'. 

The coordinates of any point 



this line distant i 

)3 6 and y' ^ 






(Art. 8 
If this point be on (1), 

»(.:• + 




H-2/i(a!' + 



t2i,(»/ + 



/ + . ■-,!■. «) + *(!,■ + 
>«)+3/(!/' + "m( 






(3). 



r any s 
tion & it gives the values of I'Q and FQ'. 

If the two values of r given by equation (2) be of 
opposite sign, the points Q and Q' lie on opposite sidea 
of P. 

If P bo on the curve, then <!> ix', y') is zero and one value 
of r obtained from (3) is zero, 
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If two (fiords PQQ' and PUSi' he drawn in given 
s t?eroitgh a,ny point i* to meet the citrve in Q, Q' amd 
R, R' respectively, the ratio of tlie rectangle PQ . PQ' to tlie 
reclamfle PS . PR is the same for all paints, and is therefore 
eqtuil to the ratio of the squares of the diameters of tJie conia 
which a/re drawn, in the given, directions. 

The values of PQ and PQ' are given by the equtition of 
the last article, and therefore 

PQ . PQ' ~ product of the roots 

■!'W,y') 



..(1). 
^■.■(3)- 



"aoos^e + 2/4 c( 
So, if PBR' be drawn at an angle 9' to the axis, we have 

PS PR'~ -^ (^' y') 

On dividing (1) by (2), we have 

Pq . PQ' _ a.cos^y + 2Acoafl'siug ' + 6sin''^ 
PR.PR~ acos'e + ikGosesme + bdn^'e " 
The right-hand member of this equation does not contain 
of or y', i.e. it does not depend on the position of P but only 
on the directions 6 and S . 

PQ . PQ' 
The quantity p o ' p p v i^ therefore the same for ali 

positions of P. 

In the particular case ■when P is at the centre of the 

conic this ratio becomes ^ ,, , where C is the centre and CQ' 

and OR" are parallel to the two given directions. 

Cor, If Q and Q' coincide, and also P and M', the two 
lines PQQ' and PRR' become the tangents from P, and the 
above relation then gives 

PG!_^ . PQ _ <yQ" 

PR'^CR"" ■^^" PS OR"' 
Hence, If two to/itgents he droAimfrom a point to a conic, 
Hwir lengths a/re to one another in tlie ratio of the pa/raUel 
aeTrd-diameicm of the conie. 
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399. Jf PQQ' c 
pwrallel directions fro, 
in Q and Q', and Qj and Qi, respectively, then the ratio of 
Hie rectangles PQ . PQ' and P-iQi ■ PiQ,' is imde-pendervt of the 
direction of tlie chords. 

For, if P aad P-^ be respectively the points (a/, y') and 
(x", y"), and 8 be the angle that each chord makes with 
the axis, we have, as in the last article, 

__iSf:,>ri 



PQ-PQ'- 









4O0- If n circle and a conie section, eat oneanotlierinfourpoiTits, 
the straight line joining one pair of pointt of intersection and the 
straight line Joining the other pair are equally inclined to the aid$ of 

For (Kr. Art. 397) let the circle and conio intersect in the four 
points Q, Q' and R, B' and let QQ' and EB' meet in F. 

But, sinee Q, Q', R, and B' are four points on a circle, we have 

PQ.PQ- = PB.PB'. [Euo. III. 36, Cor.] 

,-. CQ" = GB". 

Also in any conic equal radii from the centre are equally inclined 



ta of tlie 



e equally 



401. To shew that any chord of a conic is cut har- 
monically hy the cva-ve, aavy point on 
tlie chord, and the polar of this povnt 
with respect to the comic. 

Take the point as origin, and let 
the equation to the conic be 
ow;^ + Ihxy + by' + ^Hgx + Sj^^ + c = 

(1)- O^ 
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or, in polar coordinates, 
r'(raco8=^ + 2Acosflsmi9 + 6 sin^e) + 2r ((/cos (9 +/«ia^)+<'-0, 

c.i + 2.^.(?cos^+/sine) 

+ a cos= e + 2/i. cos 0sm6^b sin'f == 0. 
Hence, if the chord OFF' be drawn at an angle 6 to OX, 

I 1 



OP OP' 



a of the roots of tliia equatio 



Let iS be a point on this chord such thai 
2__J_ J^ 
OB " OP "*" OP' ■ 
Then, i£ OF = p, we have 

---2 ?— -i^JtZ^i^'^ 

so that the locus of B ie 

j.pcoa^+/.psme + c = 0, 
or, in Cartesian coordinates, 

gx+fy+c = (2). 

But (2) is the polar of the origin with respect to the 
conic (1), so that the locus of R is the polar of 0. 

The straight line PP' ia therefore cut harmonically by 
and the point in which it cuts the polar of 0. 

Bx. Through any point U liraten a straight line to cae a conie 
in P and P' and on it ii taken a point B aucft that OB is (1) the 
arilhrnetic mean, and (2) the geomelfic mean, between OP and OP". 
Find in each case the locus ofS,, 

Using the sama notation as in the last article, we have 

OP ^ OF' ^-2 .JT^t^ -"- T-^, . 
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(1) If fl be the point (p, 9) we hdve 



me+f^ 



C t dm t 

2ft y + by g +ff-'). 
Th 1 tl f PS through O and the inter- 

eet £ tt CO d tt p 1 ! 1 . through the poiata T 

if d h t mpt t p 11 1 to Uiose of the given 

(3) If i b th 1 Up &j h m this case 

Le. iip=ooE8e + 3Voo8Ssine+Vain'S=«, 

i.e, ax^ + ^kxij + !iy' = e. 

The loouB is therefore a oooio, having its centre at and passing 



402. To find the locus of tits middle points of parallel chords of a 
conic. [Cf. Art. 376.] 

The lengths of the E^meuts of the chord drawn through the point 
te', y') at an angle ff to the axis of x is given hj equation (2) of Art. 



The coefScient of r in this equation is 

(ax'+%' + g)cosfl + (ft3;' + Sy'+/)einS=0. 
The loGus of the middle point of chords inclined at an angle 6 to 
le axis of x is thersfora the straight line 

{ai: + hy +g) + {hx + 1iy+f) tan e=0. 
Hence the locua of the middle points of chords paralM to the line 
{ax + hy+g) + {h3: + by+f)m=0, 
e. x{a-f-hm) + {h + lm)y+g +/m= 0. 

This is parallel to the line y=m'x if 



This is thereforo tha condition that j/=iiix and y—m's: should bi 
parallel to oonjugate diameters. 
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40a. Eqmition to the pair of tangents dravfii from a given point 
(it', y') to a given conic. [Cf. Art, 389.] 

If B. straight line be drawn throiigli (x', y'), tlio point F, to meet 
the oocio in Q and Q', tte lengths of PQ and FQ' aro givea by the 
equation 

+2r[{ax'+ky'+g)'iose + gix'+hy'+f)sme]+4,f,x',y')-0. 
The roots of this equation ave equal, i.e. the cotresponaing lines 
touch the conie, if 

(o oos^ a + 2ft cos e Bin ff + 6 sin' e) X ^ « siO 

= Hax-+hy' + g]Qose + {hx'-i-by-+f)smef, 
i.c.ii (a + 2ktB,n& + btm''6)X'p{x',y') 

=[(a3i' + &,' + i/) + {W + V+/)tan0P...(l). 
The roots of this eiiuation give the corresponding directions of the 
tangents through P. 

Also the equation to the line through P inclined at an angle 6 to 
tbeasiaof^is 

|5j = ta^S (2). 

If we substitute for tanS in (1) from (2) we shall get the equation 
to ike pair of tangents from P. 
On enhslitution we have 

^l{ax' + hy' + g){«-^) + {h^ + by'+f)ly-y')f. 
This equation reduces to the form of Art. 389. 

EXAMPLES. XLIV. 

1. Two tangents are drawn to an ellipse from a point P; if the 
points in which these tangents meet the axes of the ellipse be 
oonojolio, prore that the locus of P is a rectangular hyperbola. 



2. A pair of tangents to the oonio Arc^ + By^ 
constant distance 2k on the asis of x ; provo that the loous of their 
point of intersection is the curve 

By^(As;^ + By^-l)=A}i^{By'-l)K 

3, Pairs of tangents are drawn to the conic (tit' + j%2- 
be always parallel to conjugate diameters of the conio 

ax^ + Ii^ + by^=l; 
shew that the loons of their point of intersection is the ooni 
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4. Prove that the director oiroles of !ill ooiiies whidi touch two 
given straight lines at given points have a common radical aiia. 

5. A parabola oircuinaoribea a right-angled triangle. ■ Taking its 
sides as the axes of oooi^diaates, prove that the locus of the foot of the 
perpendioular from the right angle upon the direotrix ia the ourve 
whose equation is 

and that the axis is one of the family of Btraight lines 

where m ia an arbitrary parameter and 2ft and 2ft are the sides of the 
triangle. 

Find the foci of the curves 

e. SOOa^a + 3203:^ + lUy^ - 1220a: - 76Sj/ + 199 =0. 

7, Uny' -U3;y + ^y^+2Sx + Uy + 21^0. 

8, 144.tS-12(k?j4-26!)» + 67a-4% + 13 = 0. 

9, ic'-63;j;-[-j;'-Hb-I% -19=0 and also its direotrioso. 

10, Prove that tile fooi of the conic 

aafi + 2liS!g + ij/^= 1 
are given hy the etinfttionB 

x'-y ^ _xy_ i^ 

a-b " h ~a?-l^' 

11, Prove that the locus of the fooi of all oonics whioh touch the 
four lines a!:=±a and)/=:±6 ia the hyperhola a?-y^=a'-R 

12, Given the centre of a conio and two tangents; prove that the 
loctis o( the fooi is a hyperbola. 

[Take the tn^o tangents as axes, their inclination heing a; let 
(^11 Vil ^^^ te' J/s) ^^ ^^^ to^, and {h, k) the given centre. Then 
a:j+3;j=2fcand);i + j(2=2ft; also, fay Art. 270 (/3), we have 
!/,i;sSin3u=a;iiiBinati = (semi-minor asisj^. 

From these equations, eliminating iCj and y^, we have 

13, A given ellipse, of eemi-axes a and b, slides between two 
pcrpendioalar lines; prove that the looua of its focus is the curve 

(a;Hj/^(a:y + i')=4*Vj/'. 

14, Oonios are drawn touching both the axes, supposed ohiique, at 
the same given distance a from the or^u. Prove that the foci lie 
either on the straight line x^y, or on the eicele 

x^+y^+isyeosui^aix + y). 

15, YmA thelocuaof the foci of conies which have a common point 
and a common director circle. 
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16. Find the locua of tho loaas of a rectangular hjperbola a 
diameter of which is given in magnitude and position. 

17. Through a fixed point chords POP' andQOQ' ate drawn at 
right angles to one another to meet a given conic in P, P', Q, and Q'. 

Pro,, U,.l p-ij.. +^gig^, L "".M- 

18. -A. point is taken on the major asia of an ellipeo whose abseisBa 
is ae-~-ij2 - e^; prove that the sum of the squares of the reoiprooala 
of the Eegmenta of any chord through it is constant. 

19. Through a fised point is drawn a line OPP' to meet a conic 
in F and P" ; prove that tlie locus of a point Q on OPP', such that 

oji = BP + 6Fi » ■°°""' °°""''""""" " "■ 

20. Prove Carnot'a theorem, yiz. : It a conie seotjou cut the side 
SC of a triangle ABC in the points A' and A", and, similarly, the 
side CA in B' and B", and AB in C ajid C", then 

BA' . BA" . CB' . CB" . AG' . AC'^GA' . GA" . AB' . AB" . BC . BG". 
[UscATtam.] 

21. Obtain the equations giving the foci of the general conio by 
mailing use of the fkot that, if S be a foona and PSP' any chord of 

the conic passing through, it, then -^ + - - , is the same for all direc- 
tions of the chord. 

22. Ohtam the equations for the foci also from the fact that the 
product of the perpendiculars drawn from them upon any tangent is 
^e same for all tangents. 

404. To Jmi the eqwiJAon to a conio, the axes of co- 
ordinates being a UtngmU and normal to the conic. 

Since the origin is on the curve, the equation to tlie 
curve must be satisfied by the coordinates (0, 0) so that the 
equation has no constant term and therefore is of the form 
ax^ + 2hxy + hy' -h ^gx + 2fy = 0. 

If this curve touch the axis of x at the origin, then, 
when y = 0, we must have a perfect square and therefore 
J = 0. 

The required equation is therefore 

aa^ + 2hxy + by' + 2fy=^0 (1). 

Ex. O is any point on a conic and PQ a chord ; prove that 
(1) if FQ subtend a nght angle at O, it Raises through a fixed 
point on the normal at O, aitd 
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{2) if OP and OQ be equally inclined to the norniiii at 0, tlK« 
PQpasses through a fixed point on the tangent at 0. 

Take the tangent and normal at as axes, so that the equation to 
the conio is (I). 

Let (he equation to PQ be y=mx-i-e (2). 

Then, by Ait. 129, the equation to the hnes OP and OQ ia 

fl(a^ + 2&»;y + 6(,=) + 3^(!/-m:K) = (3). 

(1) li the lines OP and OQ te at right angles then (Art. 66), we 
have ai; + i)c + 2/=0, 

i.e. c=-^L 

~a constant ior all positiona of ^Q. 

But e is the intercept of PQ on the axis of y, i.e. on the normal 
atO. 

The straight line PQ therefore passes ihroi^h a fixed point on the 



norma! at which is 



^fromO. 



This point is often called the Prfigier Point. 
(2) It again OP and OQ be equally inclined to the axis of y then, 
in equation (3), the ooeffioieut of xy must be aero, and hence 

97ic-9/m = 0, 
i.e. — ^^^constant. 

But — is the intercept on the axis of a of the line PQ, 
Hence, in this case, PQ passes through a fixed point on the tangent 
at 0. 

405. General equation to conies passing t!imiU(/h Jour 
given points. 

Let A, B, C, and D bo the four points, and let HA and 
CJ) meet in 0. Take OAB 

and ODC as the axes, and ,'"'" ~-, 

let Od = X, 0B^\', OS^ii, 
and 00 = ji!. 

Lot any conic paasing 
through the four points be u 

+ 'igx+%fy+c=G...{V). 

If we put y = in this 

equation the roots of the 

J equation, must be k and /V. 




^y 
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Hence %g = ~-a{k + X') and c = «XX', 

c , „ A + y 

i.e. » = TT7i and 3o — — c — ,-, , . 

Similarly 6 = A , and 2/= - c ^-^ . 

On substituting in (1) we have 
iUfiV + "iihxy + X\y — 11.)!.' (A + X') 3] 

— XX'{li. + li.')y + X\'ji.jji' = (1), 

-where, k = h — '^^'— . 

Tliis is the required equation, h being a constant as yet 
undetermined and depending on which of the conies through 
A, B, G, and Z).we are considering. 

406. Aliter. We have proved in Art. 383 that the 
equation JcLIf= MR, k being any constant, represents any 
conie circumscribing the quadrilateral formed by the four 
straight lines Z = 0, jl/= 0, N-f), and B = Q taken in this 
order. 

With the notation of the previous article the equations 
to the four lines AB, BC, CD, and DA are 

V = 0, ^, + ^-1=0, r» = 0, 
X /I 

and ^+J^_l = 0. 

X /I 

3 circumscribing the quadri- 

tV + xy (x^' + xy — kW/xi/) + xxy 

— jx/i.' (X + X') ix - XX' (/A + p.')y -^ hX'/i-iif - 0. 
On putting \ji + X'/i — /M-'ii/i.' equal to another constant 
l we have the equation (I) of the previous article. 
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407. Oidy one conio can he drawn throitgh a/wy Jive 
points. 

For the general equation to a conic through, four points 
is (1) o£ Art. 405. 

If we wish it to pass through a fifth point, we substitute 
the coordinates of this fifth point in this equation, and thus 
obtain the corresponding value of h. Except when three of 
the five points lie on a straight line a value of A will always 
be found, and only odo. 

ttx. Find the equation to the eonic section which passes through 
the five points A, B, G, D, and E, tolioae coordinates are (1, 2), (3, -4), 
i-l,S),{-2,-3),and{S, 6). 

The equations to AB, BC, CD, and DA are easily found to be 
y + Sx-5=Q, 4.y + ^x~5 = (i, Gm-y + ^-O, and 5x-5y + l~<}. 
The equation to aoy conio through tlie four points A, B, O, and D 
is therefore 

{y + 3x-5){ex.-y + Q) = \{iy + 7x-B){53:~3y + l) (1). 

If this oonio paae through the point S, the equation (1) must be 
eatlflfied by the valuea a = 5 aa3 y — &. 

We thuB have \=^ and, on auhsUtutioii in (1), the re([uirecl 
equation is 

22Sx'-SS:^ -l23y^-nU + S3y + 350=0, 
which represents a hyperbola. 

408. To jmd the general equation to a aonia section 
whieh tov/ikes fov/r given straight lines, i.e. which is inscribed 
in a gioen quadrilateral. 




y Google 



THE CONIC ijtf = ip-. 381 

Let the four straight lines form the sides of the quadri- 
lateral ABCD. Let BA and CD meet in 0, and take OAB 
and ODC as the axes of x and y, and let tlie equations to 
the other two sides EC and DA be 

l^x + m^ —1=0, and l^x + •m^ -1 = 0. 

Let the equation to the straight line joining the points 
of contact of any conic touching the axes at P and Q be 
«a; + 6?/-l = 0. 
By Art. 38.^, II, the equation, to the conic is then 

2X»5.(m + Ss-l)' (1). 

The condition that the straight line BC should touch 
this conic is, as in Art. 374, found to be 

X-2(<.-«(6-m,) (3). 

Similarly, it will be touched by AD if 

X=2(<i-4)(6-mi,) (3). 

The required conic has therefore (1) as its equation, the 
values of a and & being given in terms of the quantity \ by 
means of (2) and (3). 

Also X is any quantity we may choose. Hence we have 
the Byatem of conies touching the four given lines. 



|2) and (3), WB obtain 



26 - (T»i + Mig ) ^ _ 9a-(ii+_y ^ ^ / 



409. The eonie LM^W, where i = 0, M^O, and 
fl = are the equadotta of straight lines. 

The equation LM= represents a conic, viz. two straight 

Hence, by Art. 385, II, the equation 

LM'^R' (1), 

represents a conic touching the straight lines i = 0, and 
M - 0, where R~-() meets them. 
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Thus X = and J/ = are a pair of tangents and ^ = 
the corresponding chord of contact. 

Every point which satisfies the equations M^jj^L and 
E —^L clearly lies on (1). 

Hence the point of intersection of the straight lines 
M—fi^L and R = ii.L lies on the conic (1) for all values of 
/n. This point may be called the point " ji." 

410. To find the equation to the straight line joining 
ttoo points " jj. " and " i^ " and the equation to the tamt/ent at 
the point " IX." 

Consider the equation 

aL+bM+B^.O (1). 

Since it is of the first degree and contains two constants 
a and h, at our disposal, it can be made to represent any 
straight line. 

If it pass through the point " ju. " it must be satisfied by 
the substitutions Jf = p-^L and H = /xL. 

Hence (H-6/ + ;i = (2). 

Similarly, if it pass through the point " /i' " we have 
(6 + V^ + / = (3). 

Solving (2) and (3), we have 

IX/I. II. + IK 

On substitution in (1), the equation to the joining line is 
Lii.i>: + M-{p. + ii:)E=.D. 

By putting /n'-/i we have, as the equation to the 
tangent at the point 'Vi" 

i/i' + iy-S/iS^O. 
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EXAMPLES. XLV. 

1, Prove tliat the loons of the foot of the perpoudiouliu: let fall 
from the origin upon tangents to the conic as^ + 2hxy-hbii''=23:ia the 
curve (jV-tt6Ki^4-^')Ha(«3+/){6a;-%)+)/»=0. 

2. In the couic ojc^ + Hixy + by^=^iy, prove that the rectangle 



06- ft"' 



contained by the focal distances of the otigia if 

3. Tangents are drawn to the conio ox'^+2}i!iy + hy^=ix from 
two pointB on the asia of x equidistaJit from the origin; prove that 
their four points of InterBeotion lie on the conio by^+h3)]/=x. 

If the tangents be drawn from two points on the axis of y eq^ui- 
distant from the origin, prove that the points of interseotion are on a 
straight line. 

4. A system of conies is drawn to pass through four fixed points; 
prove that 

<1) the polars of a given point all paas through a fixed point, 
and (9) the loena of the pole of a given line is a conio section, 

5. Find the equation to the conio passii^ through the origin and 
the points (1, 1), ( - 1, 1), (2, 0), and (3, - 2). Determine its speoiea. 

6. Prove that the loous of the centre of all conios circumscribing 
the quadrilateral formed by the straight lines y=0, x — 0, x + y~l, 
and^-a:=2iatheoonio2ic'-V + *=^y + %-2=0. 

7. Proye that the loous of the centres of all conies, which pass 
through the oentrea of the insorihei and escribed circles of a triangle, 
is the circumscribing circle of the triangle. 

8. Prove that the loons of the estremities of the principal asea of 
all eonioa, which can be described through the four poinlB { ± o, 0) and 
(0, ±6), is the curve 

9. A, B, G, and-D are four fined points and AB and CD meet in 
O ; any straight line passing through meets AD and BO in E and 
E' respectively, and any conio passing through the four given points 
in S and S'; prove that 

OB''' OB' "OS "''OS'' 

10. Prove that, in general, tw 
four points, and that either two, c 

'e have ft= * a/a?i>^'.] 
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11, Prove that the locus of the centrea of the conioB cirouniBorib- 
ing a qnadrilateral ABGD (Fig. Art, 406) ia a eooio paesing through 
the vertioea 0, L, and M of the quadrilateral and through Ihe middle 
pointa of AB, AC, AD, BC, BD, and GD. 

Prove also that its asymptotes are parallel to the axes of the 
parabola.B through the four points. 

[The rec[uired loeus is obtained by eliminating h from the ecina- 
tions 2mi.'x + 2hy~iiii'i\ + \')~0, and 27ix + 2U'j/ -AV (w + /:'') = 0.] 

12. By taking the ease when XX'= -nn' and when AB and. GD 
Bra perpendicular (in whioh oaae ABC ia a triangle having D ae ita 
orthocentre and AL, BM, and CO are the perpendioulars on ita 
sides), prove that all coniea passing throngh the vertioea of a triangle 
and ita orthocentre are rectangular hyperbolas. 

From Es. H prove alao that the loons of ita centre is the niae 
point circle of the triangle. 

13, Prove tlmt the triangle OML (Fig. Art. 405) ia auch that eaoh 
angnlar point ia the pole of the oppogite aide with respect to any 
conic passing through the angular points A, B, 0, and D of the 
qnadri^teral. 

[Such a triangle ia called a Self Conjusate Triangle.] 

14. Prove that only one rectangular hyperbola can bs drawn 
through four given points. Prove alao that the nine point circles of 
the four triangles that can be formed by four given poiats meet in a 
poiut, viz. , the centre of the rectangular hyperbola passing through 
the four points. 



A system of conios is inscribed in the same quadrilateral ; prove 
that 

16, the loeaa of the pole of a given straight line with respect to 
this system ia a straight line. 

17, the looua of their oeatres is a stra^ht line passing through the 
middle pointa of the diagonals of the quadrilateral, 

18, Prove that the triangle formed by the three diagonals OL, 
AG, and BD (S'ig. Art. 408) is such that each of its angular points is 
the pole of the opposite side with respect to any conic inscribed in the 
quadrilateral. 

19, Prove that only one parabola can be drawn to touch any four 
given lines. 

Hence prove that, if the four triangles that can be made by fonr 
lines be drawn, the orihocentrea of these four straight lines lie on a 
straight Une, and their oiroumoiroles meet in a point. 
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CHAPTER XVII. 



MISCELLANEOUS PROPOSITIONS. 



411. Let the equation to tlie conic be 

Ax^ + Bf^l (1). 

3 an ellipne ; if one be 
a. hyperbola.] 
II to the normal at any point (x', y') of the 



If this normal pass through the given point (/», k), we 

i,e, {A-£)xy + My'-~Akx' = (3). 

This is an equation to determine the point la:', y') such 
that the normal at it goes through the point (h, k). It 
shews that the point (ic', y') lies on the rectangular hyper- 

{A - B)xy -i- Bhy - Akx^O (3). 

The point (ic', y') is therefore both on the curve (3) and 
on the curve (1). Also these two conies intersect in four 
points, real or imaginary. Tliere are therefore four points, 
L, 25 
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386 COORDINATE GEOMETRY. 

in general, lying on (1), such that the normals at them pass 
through the given point {h, k). 

Also the hyperbola (3) passes through the origin and 
the point (A, k) and its asymptotes are parallel to the axes. 

Hence From a given point fowr normals oar 
he drawn to a given central eomo, and their feet all lie oi 
certmn rectangviar hyperbola, which passes through the 
gioen point and the centre of the conic, and has its asymptotes 
parallel to the aaxs aftlte given conic. 

412. To find the conditions that the normals at the 
pomts where tuio given straight lines meet a central conic 
•may meet in a point. 

Let the conic be 

Ax'^£f=l (1), 

and lot the normals to it at the points where it is met by 
the straight lines 

i,^ + m^-^i (a), 

and If^ + m^y = 1 (3) 

meet ia the point (A, /c). 

By Art. 384, the equation to any conic passing through 
the intersection of (1) with (2) and (3) is 
Aa? + By^-l + \ (l,x + m^y ~ 1) {l^x + m^~l) = 0...(4). 
Since these intersections are the feet of the four 
normals drawn from (A, k), then, by the last article, the 

(A^ B)<>!^ + £/i'g - Akx^O (6) 

passes through the same four points, 

Por some value of X it therefore follows that (4) and (5) 

Comparing these equations, we have, since the co- 
efficients of of and y' and the constant term in (5) are all 

A + A?i4 = 0, -B + Xm^wh = 0, and - 1 + X ^ 0. 
Therefore A ■-- 1, and hence 

IJ^^-^A, and m^m^-^-B (6). 
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The relations (6) are the required conditions. 
Also, comparing the remaining coefficients in (4) and (5), 

X (^iTOj + I^ttIt} _ ~ X (?! + Jj) _ — X (mil + ""h) 

othat /.= .,±^ --L±3. (7), 

_ ^i + ^ii 
Cor. 1. If the given c< 



and k- — —. — ^ ■ - '- - ■ j ■ ■ (8). 



^ — -^ and B — ~. 

The relations (6) then give 

aXl, = b-'nHiii^ = -l (9), 

and the coordinates of the point of concurrence are 
1 - fc'V 



and A; = — ■■ ■ „ — -j ^ — ~ /% (a^ 






Cor. 2, Tf the equations to the straight lines be given 
in the form y — nue + a and y = m'x + e', we have 

h 1 , 4 , , 1 

m = - — , c= — , m. =-—, and c --^^ — . 

The relations (9) then give 

«.«t'=- and cc' = -i= 

418. If the normala at four points P, Q, R, wild S of an elHpie 
Vteet in a point, the sum of their eccentric angles is equal tu an iiiid 
vmUipie of two right angles. [Cf. Art. 393.] 

25—2 
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[, p, 7, and 5 be the ecoentrio angles of the tour points, the 



'{wn 



■414. Esc 1. If tlie normaU at the points A, B. C, and D of an 
ellipse meet in a point 0, prove that SA . SB . SG . SD=:1^'.S0\ viliere 
S ii one ojf the foci and \ is a constant. 

Let the equation to the ellipse be 



and let lie the point (A, k). 

As in Art. 411, the feet of the corinals drawn from U 
hjperbola 



H'^P-i^O- 



i.e. ah^xy = a''hy--h''kx (2). 

The coordinates of the points A, B, C, and D are therefore found 
bj solving (1) anct (2), 

From (2) we have y= a;i,_ 'T>' 

Snbetituting in (1) and simplifying, we obtain 

3;'aV-3fta»e'a'+i'(aW + 65i'-aVH-2teVfl:-aW = 0...(3). 
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Cj, sTj, and x^ be tta roots o£ this equation, we have (Art. 

BftoS ^ n=ft= 



If S te tlie point ( - as, 0) we liave, by Art. 251, 
SA^a + ex^. 

~ ~a { C* + oe)' + '''} I on substitution and simplification, 



Aliter. If p stand for one of the quantifcias SA, SB, SG, or SD 

Substitating this value in (3) wa obtain aji aqaatioa in the fourth 
degree, and easily have 

PiPsPsPi— ■^[{'!+''«}' + '^']i as before. 

Bx. 2. If the normaU at four points P, Q, M, and S of a central 
conic iJMcJ in a point, and if PQ pass through a fixed point, find the 
loetis of the middle point of BS, 

Lot the equation to PQ ba 

y = m,x + Ci (1), 

andthat tofiff y^m^ + e^ (2). 

If the equation to the givea oonio lie J2' + J!j/^=1, we then have 
(by Act. 412, Cor. 2) 



If (/, g) be the fixotl point through whioh PQ pi^ea, wo have 

5 = 'ni/+«i |5)- 

Now the middle poiut of Jii? lies on the diameter conjugate to it 
i.e. by Art, 370, on the diameter 



..by(3), y=-m,^ {(.). 
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Now, from (4) and (5), 

so that, by (3), the equation to SS is 

^-B^^-m^f^) '"■ 

Eliminating m^ between (6) and (7), we easily have, as tba equation 
to the required locus, 

Cor. From oquatioa (6) it toUows that the diameter oonjogata to 
RS is eiiually inclined with FQ to tke axis, and henca that the points 
P and 4 and the ends of the diameter oonjv^ate to BS are oonoydlc 
(Art. 400), 

EXAMPLES. XLVI. 

1. I£ the Bum of the squares of the four normals drawn from a 
point to an ellipse be constant, prove that the looua of is a conio. 

2. n the sum of the reoiprooals of the distances from a foous of 
the feet of the four normals drawn from a point O to an ellipse ba 
Y-r 7 ' prove that the looua of O is a parabola passing through that 

3. If four Hovmala be drawn from a point to an ellipse and if 
the sum of the squares of the reciprocals of perpendioulers from the 
centra Upon the tangents drawn at their feet be constant, prove that 
the locus of O is ' 



5, If the normals to a central conic at four points L, M, N, and 
P be concurrent, and if the circle through L, M, and N meet the curve 
again in J", prove that PI" ia a diameter. 

6, Shew that the loens of the foci of the rectangular hyperbolas 
which pass through the four points in which the normals drawn from 
any point on a given straight line meet an ellipse is a pair of oonios. 

7, If the normals at points of an ellipse, whose e< 
are h, (3, and y, meet in a point, prove that 

sin(^ + 7) + ain(v+a) + sin(o + ^) = 0. 
Hence, hy page 235, Ex. 15, shew that if PQR b 
triangle inscribed in an ellipse, the normals at P, Q, and S s 
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8, Prove that the normals at the points where the straight liaa 
—?^ + :r-^— — 1 meets the ellipse ^ + |i = 1 i^eet at the point 



10, Tangents to the ellipse — 2+p = l aco drawn from aay point 
on the ellipse -j + ^j^i; prove that the normalB at the points of 
contact meet on, the ellipse a'i= + 6 V = i ("° - ^^Y- 

11. Any tangent to the rectangular hyperbola ixy^ah meets the 
ellipsB— , + ^=1 in the points P and Q; provs that the aoimals at P 
and Q meet on s. fised diameter. 

12, Chords of an ellipse meet the major ask in the point whose 
distance from the centre is a \J -t\ prOTa that the normals at its 
ends meet on a circle. 

13, Prom any point on tho normal to the ellipse at the point 
whose eeoentric angle is a two other normals are drawn to it ; prove 
that the locus of the point of intersection of the corresponding 
tangents is the curve 

ay + 61 sin a+ay cos o=0. 

14. Shew that the locus of the intersection o£ two perpondionlar 
normals to an ellipsa is the curve 

15. ABC is a triangle 



16. The normals at four points of an ellipsa meet in a point (ft, t). 
Find the equations of the axes of the two parabolas -whiuh pass 
through the four points. Prove that the angle between them is 

2 tan-' - and tliat they are parallel to one or other of the equi-oon- 

jugates of the ellipse. 
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the ellipB9 -j + ^ = l, the normsla at whioh pass through the point 
(a, (9), is the point 

18. Prove that the product of the three normals drawn from any 
point to a parabola, divided by the product of the two tangents fcom 
the same point, is ec[nal to one (Quarter of the latus rectum. 

19. Prove that the conic Qaky — {2a-]i)y'' + iaic^ infersecta the 
paratola y^—iax at the feet of the normals drawn to it from the point 
(ft, k). 

20. JVora a point (ft, k) four normals are drawn to tlie reefangular 
hyperliola xy — c'; prove that the centre of mean position of their feet 
is the point ( T , 7 ) I and that the four feet ace such that eaoh is the 
orthocentre of the triangle formed by the other three. 

Confbcal Conies. 

415. Def, Two conies are said to be confocal when, 
they have both foci common. 

To find the equation to conies -which wi'e confocal ivith 
the ellipse 

5-^' (')• 

All conies having the same fooi have the same centre 

The equation to any eonic having tho same centre and 
axes as the given conic is 

J4^> ^ » 

The foci of (1) are at the points {±V(i*-5', 0). 
The foci oE (2) are at the points {^Ja~B, 0). 
These foci are the same if 



•-^B~b^ = X (say). 
4- A, and B = b^ + X, 
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CONFOCAL CONICS. 
The equation (2) then b 



which ia therefore the requii'ed equation, the qua^ntity A 
determining the particular confocal. 



416, For different values of X to trai 
by the equation 



+ \ ¥ + \ 



.(1). 



First, let k be very great; then o' + A and 6^ + X are 
both very great and, the greater that A is, the more nearly 
do these quantities approach to equT.ht> A eiicle of 
inBnitely great radius is therefore a crnfocal tf the 

Iiet A gradiially deciea^e from infinity to zero the 
semi-major axis Ja' + X graduaDy decreases ftom infinity 
to a, and the semi-minoi ixis fiom infinity to b "When A 
is positive, the equation (1) theiefore lepre ents i,n elhpse 
gradually decreasing in size fiom in infli ite lii le to 
the standard ellipse 



This latter ellipse is marked / in the figure. 

Next, let A gradually decrease from to - b\ The 
semi-major axis decreases from a to 'Ja" — b', and the semi- 
minor axis from b to 0. 

For these values of A the confoeal is still an ellipse, 
which always hes within the ellipse /, it gtadualiy 
decreases in size until, when A ii a quantity very shghtly 
greater than —6', it is an extremely nariow ellipse very 
nearly coinciding with the hne SH, ^hicli join? the two 
foci of all curies of the system 

Next, let X be Jess than —b^ thp ".emi mmoi axis 
•Jb^ + X now becomes iinaginaTy and the cui\e ii a hyper- 
bola; when A i-, \*-ty slijhtly Ih'.s thin - &' tlie Lune ia a 
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hj^erbola, very nearly coinciding with the straight lines 
SX and HX: 




of the hyperbola 
s into the infinite 



[As A, passes through the value — i' it will be no «d that 
the confocal instantaneously changes from the lint?«llipse 
SS to the line-hyperbola ,SX and HX'.] _ 

As \ gets less and less, the serai-transyerse axis */«' + X 
becomes less and less, so that the ends of the transverse 
axis of the hyperbola gradually approach to C, and the 
hyperbola widens out as in the figure. 

When A, = — a', the transverse s 
vanishes, and the hyperbola degenei 
double line YOY'. 

"When X is less than — a', both semi-axes of the conic 
become imaginary, and therefore the confocal becomes 
wholly imaginary. 

417, TJi/rongh amy point in the plane of a given conic 
there can he drawn two conies confocal -with it ; also one of 
these is an dlipse and the other a hyperbola. 

Let the equation to the given conic be 

and let tfie given point be (_/, g). 
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Any conic confocal with the given coi 


nicia 


a^ + K'^b^ + X-^- 


(1)- 


I£ this go through the point (/ g), w. 


e have 




» 


T}iia is a quadratic equation to deter 
fore gives two values of A. 


mine X and there- 


Put b'^ + \ — ix, and hence 




a'+A = jii. + a'-6' = /i + a 


iV. 


The equation (2) then becomes 




p. + aV ,x 




U. ^H/.{aV-/'-ir«)-srVe 


' = (3). 


On Ji.pplying the criterion of Art. 1 i 


ye at once see that 



the rooiB of this equation are both real. 

Also, since its last term ia negative, tlie product of 
these roots is negative, and therefore one value of ^ is 
positive and the other ia negative. 

The two values of V + X are therefore one positive and 
the other negative. Similarly, the two values of a^ + X can 
be shewn to be both positive. 

On substituting in (2) we thus obtain an ellipse and a 
hyperbola. 

418. Confocal conias cwi at right angles. 
Let the confocals be 



-=I. 



- I y 

+ Ai^j= + Xi '' """ ffi' + Aa h'^-i-X^" 
and let them meet at the point {x', y'). 

The equations to the taagents at this point ai 

^ + jl_ ^ 1 and -^— + y^' -- 
ffl^ + Ai 6' + X, ' a' + Xj 6^ + Xj 
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These cut at right angles if (Art 69) 

But, since (a;', y) ia a, common point of the two confocals, 

By subtraction, we have 

"pTX,)"{a^ '^) + (6^TaJ(6= "+ A,) = '* ^^*- 

The condition (1) is therefore satisfied and hence the 
two confocals cut at riglit angles. 

Cor. Prom equation (2) it is clear that the quantities 
J° + X, and 6^ + Xj have opposite signs ; for otherwise we 
should, have the sum of two positive quantities equal to 
aero. Two confocals, therefore, which intersect, are one an 
ellipse and the other a hyperbola. 

419. Orm eonia and only one conic, coifocal with the conie 
-j + ^ = l, can be drawn to tonch a given straight line. 
Let tlie equation to the given straight line be 

■: .».. + ■, Bin,.,) (1). 

Acy eonfocal of the Kjstem is 



The straight line (1) touohes (3) if 

!)==(«' + X)eoB=a + (6=4-X)HiD=n(Art. 264), 
.e. if }i=jf= ~ a=eoB= o - 6=Kin= a. 

Thia only gives oce value for \ and therefore there is only o' 
onio of the form (2) which toaohes the straight line (1). 

Also X + a'=^'+{a'-6')am'a=a real quantity. The oonic 
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EXAMPLES. XLVIL 

1, Prove thnt the difiereace of the squares of the j. pan! ula s 
drawn from the centre upon parallel tangents to tw g a to a\ 
bonioB ia constant. 



3. Prove that tlie loans of the points lying on a system of confocal 
ellJpEes, vihioh have the same eccentric angle a, is a oonfooal hyperbola 
whose asjrmptotes are inolined at an a.ngle 2a. 

4. Shew that the looas of the point of contact of tangents drawn 
from a given point to a system of eonCocal eocica ia a cubic curve, 
which passes through the given point and the foci. 

If the given point be on the major axis, prove that the cubic 
rodnoes to a circle. 

5. Prove that the loouB of the feet of the normals drawn from a 
fised point to a aeries of oonfocals is a oubio curve which passes 
throu^ the given point and the foei of lie oonfooals. 

6. A point P ia talten on the eonio whose equation is 



7. Two tangents at right angles to one another are drawn from 
a, point P. one to each of two eontocal ellipses ; prove that P lies on 
a fixed elfcle. Shew also that the line joining the points of contact ia 
bisected by the line joining P to the common centre. 

8, From a given point a pair of tangents is drawn to each of a 
given system of confocals ; prove that the normals at the points of 
contact meet on a straight line. 



prove that the locus of such p 
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10, Normals are drawn from a giTen point to eaeh of a Bystem ol 
ooofooal conice, and tangents at the feet of these normals ; prove that 
tlie loaus of the iniddle points of the portions of these tangents 
intercepted between the axes of the contooala is a straight line. 

11. Prove that the loeua of the pole of a given straight line with 
teapeot to a series of oonfooala is a straight line which is the normal 
to that oonfooat whidi the straight line touches. 

12 A secies of parallel tangents ia drawn to a Bjstera of oonfocal 
1 th t th 1 f tl p t f t t ta a 1 

hSP b 1 

Sh 1 th t th 1 f th t f th tftugul 

hvp tola f a fi t 1 t f th t t th 

2fl wh 2 tl d t b tw th f f tl 

t a 

13 Th 1 f th p 1 f J t 1 1 f 1 with sp i 
to any 1 wl i ttl f It d df dt 
be a circle ; prove that, if the circle corresponding to each confooal fae 
taken, Ihey are all coaial. 

14, Prove that the two conies 

ax' + 2hjcy + l)y^—l and a'x'' + 2h'xy + b'y^ = l 
can be placed so as to be confocal, if 

{a-b) ' + 4ft= _ (a'-bT + ih'" 
(ab-h^f ~ {a'b'-h'^)' ' 

Curvature. 

420. Circle of Curvature. Def, If j", Q, and Ji 

be any three points on a conic section, one circle and only 
one circle can be drawn to pass throiigli them. Also this 
circle ia completely determined by the three points. 

Let now the points Q and Ji move up to, and ultimately 
coincide with, the point i* ; then the limiting position of 
the above circle is called tbe circle of curvature at P ; also 
the radius of this circle is called the radius of curvature at 
P, and its centre ia called the centre of curvature at P. 

4:21, Since the circle of curvature at P meets the 
conic in three coincident points at P, it wiU cut the curve 
in one other point P'. The line PP' which is the line 
joining P to the other point of intersection of the conic and 
the circle of curvature is called the eomoion chord of 
curvature. 
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We shewed, in Art. 400, that, if a circle and a conic 
intersect in four points, the line joining one pair of points 
of intersection and the line joining the other pair are 
equally inclined to the axis. In our case, one pair of 
points is two of the coincident points at P, and the line 
joining them therefore the tangent at P; the other pair of 
point3 is the third point at P and the point F', and the 
line joining them the chord of curvature PP'. Hence the 
tangent at P and the chord of eurvaPure PP' are, in any 
conic, equally inclined to the axis. 

422. Tofind the equation to the eirrcle of ou/foatwre and 
the length of the radius of curvature at any point (at', 2ai) 
of the •parabola y" — iax. 

If 5=0 be the equation to a conic, 2' = the equation 
to the tangent at the point P, whose coordinates are «/' and 
2at, and L=0 the equation to any straight line passing 
through P, wo know, by Art. 384, that S + X.L.T^O is 
the equation to the conic section passing through three 
coincident points at F and through the other point in which 
£ = 0meets5=0. 

If X and £ be so chosen that this conic is a circle, it will 
be the circle of curvature a,t P, and, by the last article, we 
know that £ = will be equally inclined to the axis with 

In the case of a parabola 

S=i^-iax, and T = ty-M-at\ (Ai-t. 229.) 
Also the equation to a line through («f , 2ai) equally 
inclined with ^"=0 to the axis is 

t{y~'iai)-¥x-at^ = (i, 
so that L = ty-V3i- Za&. 

The equation to the circle of curvature is therefore 
y^~^ax-v\{l,y-x- ai*) {ty + x- 3«(^) = 0, 

where 1 + A,(' = — X, i.e.X = — — -j. 
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On substituting this value of X, we have, aa the required 
equation, 

i.e. [x~a{2 + 3(')J + [3/ + 2a.tJ = ia^ (1 + ij. 

The circle of curvature has therefore its centre at 
the point (2a + ^at\ — 2af) and its radius equal to 
2o,(l -^-ff. 

Cor, If S be the focus, we have SP equal to a + af, so 
that the radius of curvature is equal to — ■--. — . 

423, To find the equation to tfte circle of curvatttre at 

the point P(i:(cos^ 6sin^) of the ellipse ^ + ^3 = 1. 

The tangent at the point P is 

- cos ^ + I sin ^ = 1 , 

The straight line passing through F and equally inelined 
with this line to the axis is 



r ( 


'x-a«ei,) 


--=^(, 


- b ein ^) = 0, 




i.e. 


l„,-l, 




12.^ = 0. 




The equati' 
the form 


on to the ci 


ircle of oil 


irvature ia therefore of 


i4 


--E« 


,s,.|.„ 


..->] 






ge...- 


■!■'"*- 


co.2,f].0... 


...(1). 


Since it is 
equal, so tliat 


a circle, tiie coefficients of 3^ and f 
1 , cos'f 1 ^Bin'* 


muat be 






a?~V 
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On substitution in (1), the equation to the circle of 
curvature is 

+ (»'-»')[^'»«"*-^"o"'/>-^*(l + "»2« 

+ »!2*(l_„.2,« + c„,2,/,].0, 

i... .. + ,._(„._ J.) p_^-?&Ey] 

+ a' (cos^ ^ - 2 ain^ <^) - i' (3 cos^ ^ - sin^ 4,} = 0. 
The equation to the circle of curvature is then 



I'^ti'i 



e reduction. 



The centre is therefore the point whose coordinates are 
/ cos^ ^ ^ — sin' 1^ 1 and whose radins is 

(^sin=*_+6;^co5^_^3_ 

Cor. 1. If CD be the semi-diaaieter which is conju- 
gate to CF, then D is the point (90° + <!>), so that its 
coordinates are — tssini/) and 6 cos ^ (Art. 28S.) 

Hence C2J= = a? ein^ ^ + 6^ cos^ 4,, 

and therefore the radius of curvature p = — ;— ■ 

Cor. 2. If the point F have as coordinates a/ and ^' 
then, since x'~a aos 4> and y' = S sin if>, the equation to the 
circle of curvature is 

(^-^^^j H^^"T~^7 =^ ■ 

L. 26 
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Cor. 3. In a similar manner it may be shewn that the 
equation to the circle of curvature at any point (a/, y') of 

the hyperbola -^ - ^ = 1 is 



424. If a circle and an ellipse intersect in four points, 
the sum of their eccentric angles is equal to an even 
multiple of tt. [Page 235, Ex. 18.] 

If then the circle of curvature at a point i*, whose 
eccentric angle is d, meet the curve again in Q, whose 
eccentric angle is 4>, three of these four points coincide at 
F, so that three of these eccentric angles are equal to 0, 
whilst the fourth is equal to <p. We therefore have 

3S + 1^ =: an even multiple of tt = 2w7r. 

Hence, if if> be supposed given, i.e. if Q be given, we 



Giving n in succession the values 1, 3, and 3, we see 
that equals —^, — g"^- or " s"^' 

Hence the circles of curvature at the points, whose 
eccentric angles are — ^ — , — s— ^i and — ^ — , all 
pasiB through the point whose eccentric angle is ^. 



—^ + — j-^ -I- — 3-- - + ^ = ^TT = an even multiple of tt, 

. 2fl- — ^ 'Itt — d) Gir-d. 

we see that the points — - — , ■ ■ ■ , — 5—- , and <j> 

all lie on a circle. 
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403 



Hence through any point Q on cm ellipse cam 6e drawn 
three circles which are the circles of civrvatv/re at three 
points Pi, Pj, and P^. AIbq the four points P^, Pj, i'j, and 
Q all lie on another circle. 

4S5. Svolute of a Curve. The locus of the 
centres of curvature at different points of a curve is called 
the avolufce of the curve, 

^6. Ewihde of the parabola y'^iam. 



Then £ = a{2 + 3i') and ^ = - 2al^. (Art. 422.) 
.■. (x-2a)'^27aH' = ^'-af, 
?.. the locus of the centre of curvature is the curve 

This curve meets the axis of x in the point (2li, 0). 
It also meete the parabola 



lid 



^{x-2aY, 



and therefore 

Hence it meets the parabola at 
the points 

(8«, *4V2«). 

The curve is called a semi- 
cubical parabola and could be shewn 
to be of the shape of the dotted curvi 




1 the figure. 



427. Evolute of the ellipse -^ + tj= I- 

I£ (k, §) be the centre of curvature corresponding to the 
point (a cos i}>, h sin ^) of the ellipse, we have 

-*' ■ 3 , 






26—2 
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Hence 

Hence the locus of the point (*, §) is the curve 

This curve could be shewn to 
be of the shape shewn in the figure 



CZ = GL' - 



-6' 




H,nd GM=CM' = ^^. 

The equation to the evolute of 
the hyperbola would be found to 
be 

K)» -(%)* = (<.= + if. 

428. Contact of different orders. If two conies, 
or curves, towch, i.e. have two coincident points in common 
they are said to have contact of the first order. The 
tangent to a conic therefore has contact of the first order 
with it. 

If two conjcs have three coincident points in common, 
they are said to have contact of the second order. The 
circle of curvature of a conic therefore has contact of the 
second order with it. 

If two conies have four coincident points in common, 
they are said to have contact of the third order. No 
conies, which are not coincident, can have more than four 
coincident points; for a conic is completely determined if 
five points on it be given. Contact of the third order ia 
therefore all that two conies can have, and then they are 
said to osculate one another. 

Since a circle is completely determined when three 
points on it are given we cannot, in general, obtain a circle 
to have contact of a higher order than the second with a 
given conic. The circle of curvature is therefore often called 
the osculating circle. 
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In general, one curve osculates another when it has the 
highest possible order of contact with the second curve, 

429. Equation to a cojmc oaaviating another eonia. 

If S-0 be the equation to a conic and r=0 the 
tangent at any point of it, the conic S=XT^ passes through 
four coincident points of .S'=0 at the point where 2'-0 
touches it. (Art. 385, IV.) 

Hence iS'= Xf is the equation to the required osculating 

Ex. The equiition of any aomo osculating the oonie 

ax^+2hxy + ly^-2fy-(i (1) 

at the origin is 

a3^ + 2!ta:y + by^-2fy+\y'' = (2). 

For the tangent to (1) at the origin is y—0. 

If (2) ba a parabola, we have W-aib + X), so that its equation is 

(a2 + %)=-2«/y. 
If (2) be a rectangular hyperbola, we have a + h + \-0, and iha 
equation to the osoulating rectangular hyperbola is 
alx^-y^) + 2hsy-2fy=^0. 

EXAMPLES. XLVni. 

1. If the normal at a point P of a parabola meet the directrix in 
L, prove that the tadins of ouryaime at P la aqual to 2Pi 

2. If ft and p3 be the radii of curiature at the ends of a focal 
chord, of the parabola, prove that 

„-•+„ -=12.) • 

3. PQ 13 the common chord of the paiabola and its centie of 
onrvature at P ; prove that the ordinate of Q is three times that of P, 
and that the locus of the middle point of FQ is another parabola 

4. If p ana (/ he the radii of curvature at the ends. P and D, of 
conjugate diameters of the ellipse, prove that 

and that the locus of the middle point of the line joining the eentrea 
of curvature at P and D is 
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5. is the centre of curvature at any point of an ellipse, and Q 
and R die the feet of the other normals drawn from 0; prove that the 

looufl of the interseotion of tangents at Q and R is -5+ -3 = !. aad 

that the line QR is a normal to the ellipse 

6. If four normals l>a drawn to an ellipse from any point on the 
evolute. prove that tlie loous of the centre of the rectangular liypertiola 
through their feet is the curve 



©*- 



p that th re are aiii points on an ellipse the 
t wh h t as through a given point 0, not on the 
ti 11 p why 18 the number of oirclea of 
th h t ly four' 



Th lea f t 


tthi r t £ 


Up 


P th P 


th t (1) tl 


1 t fl 


t m t th mal d 


vm t th tl 


I t th 


gl P M ) tt 1 


f tl p t 


f t 


t p Sit f P la tl 


111 





diff 

9. Prove that the eq^uation to the oiroie of our^atui* 
(a', !/') of the rectangular hyperbola x^-y^ — a^ is 

0= (3:2+ y^) - Ikk" + 4yj/" + 3a!'{^ + y'^) = 0. 

10. Sliew that the equation to the oh 
rectangular hyperbola xy = i? at the point "t" is iy-K^=c{l + l*), 
and that the centre of curvature is the point 

/ 1 + 3^ 3+^X 
V 2(3 ' 2i } 
Prove also that the loons of the pole of the chord of ourvature is 
the curve 1^= 2c= sin 20. 

11. PQ is the normal at any point of a rectangular hyperbola and 
meets the ourve again in Q ; the diameter through Q meets the curve 
again in R ; shew that PH is the chord of curvature at P. and that 
PQ is equal to the diameter of ourvature at P. 

12. Prove that the equation to the circle of ourvature of the conia 
ax^+ihiry + by^—2y at the origin is 

13. If two contocal eonica intersect, prove that the centre of 
curvature of either curve at a point of intersection ja the pole of the 
tangent at that point with regard to the other ourve. 
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Prove also that its directrix bisects, and is perpendi 1 t th 
radius veotoc of the hyperbola from the oentre to the point f t t 

15. Prove that the equation to the parabola, which pa thi ^ 
h igm and haa niaxi h aeeoud order with th. p h lai 

iax a, h p in (at 2 ) 

( 3)4 (3fl!-2(^)=0. 

16 Pr tha h qna 
onac h h d d w 

( 3 ) 

2 j^ 2 (3 3(=) - SaCi/ + a!H^=0. 

Prove also that the loous of the centres ot these hyperholaa is an 
equal parabola having the same axis and directrix as the original 
parabola. 

17. Through every point of a circle is drawn the rectangular 
hyperbola of closest contact; prove that the ceutrea of all these 
1 ,._i__,^ ^-■■- circle of twice its radius. 



18, A rectangular hyperbola is drawn to have contact of tbe third 
order with the eUipae 'j + Ij = 1 i find its equation and prove that the 
loous of its oentre is the curve 

U' + W ^«^^'6=' 

envelopes. 

430, Consider any point P on a circle whose centre 
is and whose radius is a. The straight line through P 
at right angles to OP is a tangeut to the circle at P. 
Conversely, if through we draw any straight liae OP of 
length a, and if through the end P we draw a straight 
line perpendicular to OP, this latter straight line touches, 
or envelopes, a circle of radius » and centre 0, and this 
circle is said to be the envelope of the straight lines drawn 
in this 



Again, if iS" he the foous of a parabola, and PY be the 
tangent at any point P of it meeting the tangent at the 



y Google 



408 COORDINATE GEOMETRY, 

vertex in the point Y, then we know (Art. 311, S) that 
STI^is a right angle. Conversely, if S be joined to any 
point F on. a given line, and a straight line be drawn 
through F perpendicular to SY, this line, so drawn, always 
touches, or envelopes, a parabola whose focus is S and such 
that tbe given line is the tangent at its vertex. 

431. Envelope. Def. The curve which is touched 
by each of a series of lines, which are all drawn to satisfy 
some given condition, is called the Envelope of these 

As an example, consider the series of straight lines 
which are drawn so that each of them cuts off from a pair 
of fixed straight lines a triangle of constant area. 

We know (Art. 330) that any tangent to a hyperbola 
always cuts off a triangle of constant area from ita asymp- 
totes. 

Conversely, we conclude that, i£ a variable straight line 
cut off a constant area from two given straight lines, it 
always touches a hyperbola whose asymptotes are the two 
given straight lines, i. e. that its envelope is a hyperbola. 

432. If the equation to a/ny curve involve a variable 
pwrarmeter, in the first degree only, the curve dlwaye passes 
throuffk afiaxd point or points. 

For if A be the variable parameter, the eijiiatioii to the 
curve can be written in the form &' + X.S' = 0, and this 
equation is always satisfied by the points which satisfy 
iS=0 and S'~0, i.e. the curve always passes through the 
point, or points, of intersection oi S~0 and S' -0 [compare 
Art. 97]. 

433. Curve touched by a variable straight line whose 
equation vnmolves, in the second degree, a variable parameter. 

As an example, let us find the envelope of the straight 
lines given by the equation 

m'x-my + a^O (1), 

where nt is a quantity which, by its variation, gives the 
aeries of straight lines. 
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If (1) pass through the fixed point {h, k), we have 

m'h-mk + a^0 {2}. 

This is an equation giving the values of m correspond- 
ing to the straight lines of the series which pass through 
the point (A, k). There can therefore be drawn two 
straight lines from {h, A) to touch the required envelope. 

As {A, k) moves nearer and nearer to the required 
envelope these two tangents approach more and more 
nearly to coincidence, until, when (A, h) is taken on the 
envelope, the two tangents coincide. 

Conversely, if the two tangenta given by (2) coincide, 
the point (A, k) lies on the envelope. 

Now the roots of (2) are equal if k^-iah, 
so that the locus of (A, k), i.e. the required envelope, is the 
parabola y' = iax. 

Hence, more simply, the envelope of the straight line (1) 
is the curve whose equation is obtained by writing down 
the condition that the equation (1), considered as a quad- 
ratic equation in m, may have equal roots. 

By writing (!) in the form 

it is clear that it always touches the parabola y' = iacc. 

In the next article we shall apply this method to the 
general case. 

434. To find the envelope of a straight line whose 
eqviotion iwoole^, in the second degree, a variable paraineter. 

The equation to the straight line is of the form 

X=P + X0 + 5 = (1), 

where X is a variable paraineter and P, Q, and R are 
expressions of the iirst degree in x and y. 

Equation (1) may be looked upon as an equation 
giving the two values of A corresponding to any given 
point T. 
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Tlirough. this given point two straight lines to touch the 
required envelope may therefore be drawn. 

If the point T be taken on the required envelope, the 
two tangents that can be drawn from it coalesce into the 
one tangent at y to the envelope. 

Conversely, if the two straight lines given by (1) 
coincide, the resulting condition ■will give ua the equation 
to the envelope. 

But the condition that (1) shall have equal roots is 

g==4P^ (2). 

This is therefore the equation to the required envelope. 

Since -P, Q, and R are all expressions of the first degree, 
the equation (2) is, in general, an equation of the second 
degree, and hence, in general, represents a conic section. 

The envelope of any straight line, whose equation 
contains an arbitrary parameter and square thereof, is 
therefore always a conic. 

435. The method of the previous article holds even if 
F, Q, and E be not necessarily linear expressions. It 
follows that the envelope of any famUy of curves, whose 
equation contains a variable parameter X, in the second 
degree, is found by writing down the condition that the 
equation, considered as an equation in X, may have equal 

438. Bx. 1. Find the emrelope of the straight line which cuts og 
from tioo given straight lines a triangle of constant area. 

Let the given ati^aight lines be taken aa the exea of coordinates and 
let them be inclined at an angle a. 

The equation to a straight line cutting off inteccepta / and g from 
the aiee ia 

7-?- '"■ 

If the area of tlia tiiaiigie out oH be constant, we have 

i.e. fii^eonBt.-K^ (2). 

On substitution for g in (1), the equation to the straight line 
beeouiea /V-/-E= + £%=0. 
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Bj tlie last Bctiole, the envelope of this line, for different values of 
/, is given by the equation 



Bz. 2. Find the envelope of the stTaight line which if stich that 
the pi'odjict of the perpendiculars drawn to it from tico fixed points is 
constant. 

Talis lie middle point of the line joining the two fised points as 
tJle origin, the Une joining them as the axis of x, and let the two 
points be (d, 0) and | -d, 0). 

Let the variabla straight line have as eqnation 
y=raa; + c. 

The condition then gives 

md + e -md+i 

so that e^-m^^^^A (1 4-mS). 

The equation to the variable straight line is then 

y-m!>; = e-J{A + d:')m' + A. 
Or, on squaring, 



i.^{i^-A- d^) - 2mxy + {y''-A)^( 
Bj Art. 435, the envelope of this is 

{ixyf=.i{x'~A-d^){y^~A), 



+ d^'^ A^ 

lose axes are the axes of coordinates and 



Let the eUipse ba — ^ + ?■, = 1- 

If the tangents intersect at right angles, their point of 
P must lie on the director circle, and henc e its ooordinatei 
the form {c cos fl, c sin 9), where c = ^a=+ 6*. 

The chord is than the polar of P with respect to the 
hence its equation is 
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Let (^tan - . Then Biiioe 
the equation to the line is 



Tlie enyelope of this is (Art. i34), 



Sinoa -^ — p — r~yi~''^''~^^' ^^'^ equation representa a conic 
coDfooal mth the given one. 

Bk 4. The normals at fow points of an ellipse meet in a point ; 
if the line joining one pair of these points pan throagh a fixed point, 
prove that the line joining the other pair envelopes a parabola tchieh 
touches Ihe axes. 

Let the equation to the ellipse he 

S+S-' m. 

acd let the equation to the two paiia of lines through the points be 

Ix+nsy — l (2), 

and l^x+m{g = l (3). 

By Art. 412, Cor. (1), we then have 

ll, = ~-3 and mmi=-- (4). 

If the Bti'aight line (3) pass through the fixed point (/, g), we have 
IJ+m,g==l. 
so that, by (4), -^ - ,-f- = l, 



and therefore 



_/ mb'' 
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If tliis ralne o! I be Bubstituted in (S), it becomes 
mWftSj, + ^ (asj^ _ tyj, _ a'fts) - a's = 0. 
fie envelope of wliioh. ie 

(o=3!/ - 6yx - o=6=)== - 4(i»s . a'b'hj, 

i.e. (a?gy-b'^f:^f + 2a'=b''{byx + a^gy)-i-a*b'^0 (5). 

This is a parabola BJiioe tte terms of the Eeeond degree form a 
perfect sfiuare. Also, putting in snecesBion x and y ei^ual to zero, we 
get perfect squares, so that the parabola touches both ases. 

437. To find the envelope of the straight line 

lx + iny + n = Q (1), 

where the quantities I, m, and n are connected hy the 
relation 

«^= + &m= + cra^ + 2/»m + 2(?jii + 2^;ni = (2). 

[Equation (1) contains two independent parameters - 

and — , whilst (2) is an equation connecting them. "We 

could therefore solve (2) to give - in terms of — ; on sub- 
stituting in (1) we should then have an equation containing 
one independent parameter and its envelope could then be 
found. 

It is easier, however, to proceed as follows.] 
Eliminating n between (1) and (2), we see that the 
equation to the straight line may be written in the form 
aP + hm? + c (Ix + myf ~ 2 {/m + yl) {Uc + my) + 2hlm. ^ 0, 

i.e. {a.-2ga: + cs?)[^ +2{cxy -gy-fx + h)-^ 

The envelope of this is, by Art, 435, 
ipxy - gy -f^ + '0^ ^-{a- 2?* + ca?) (6 - 2/y + cj/'), 
i.e., on reduction, 

<^(hc-r)+f{_6a-f) + 2^{fg~e}i) 

+■ 2ai (/A - 6ff) + 23( (?A - (/) + c*& - A= = 0. 
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The envelope is therefore a conic section. 
Cor. The envelope is a, parabola if 

i. e. if c - 0, or if abc + 2/ffh -af- bf - ch? = 0. 

438. Bx. Find the eivoelope of all clwrdi of the parabola y''=iax 
which subtend a given angU a at the vertex. 
Any straight Hue is 

lx+my+n=0 (1). 

The hEes joiamg tha origin to ita intersections with the parabola 
are, (by Art. 122), »i/'= -iax(lx-hmy), 

i.e. ny' + iamxg + ialx'^Q. 

If a be tbe angle between these lines, we have 
_2-JiaW-4:ain 

i.e. 10a=;'-16a=oot!iamHn' + 8i((n(l + 2eot'a) = O. 

With this oonditjon the envelope of (1) is, by the last article, 
a'( - IBa' oot= «) + s(= [16a= - (4<t + 8a coy o)2] 

+ 2a:.16a=cot2.t(4a + 8ocot'n}-256aicot=a=0, 
i.e. theelUpse 

[it - 4ci (1 + 2 cot= a)]H 4 cosecii a . s^^ fi4 eot= a . 00Bec= o. 

EXAMFIJiS. KLIX. 

Find the envelope of the straight line - + -^ = I when 
1. aa + bp^c. 2. a-+^+>^a^^=i:. 



Find the envelope of a stra^ht hue which moves bo that 
4. the sam of tbe intercepts made by it on two given straight 
lines ia constant. 

IS of the perpendioulars drawa to it from 

Q. tbe difference of these squares is constant. 

7. Find the envelope of the straight line whase ec|uation is 
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[BXB, XXiIX.] ENVELOPES. EXAMPLES. 415 

8, Circles a^e described tonching ecoh of two given straight lines; 
pFove that the polars of a. given point ivith respect to these circlea all 
touch a parabola. 

9, From, any point P on a parabola perpendiculars PM and FN 
are drawn to the a7:is and tangent at the vertex ; prove that the 
envelope of MN is another parabola. 

10. Shew that the envelope of the chord which is common to the 
parabola ^' = 4aa! and its circle of curvature ia the parabola 

11. PerpendionlarB are drawn to the tangents to the parabola 
y^—iojc at the points where tliey meet the straight line x — b ; prove 
that the; envelope another parabola having the same foons. 

12. A variable tangent to a given parabola cuts a fixed tangent in 
the point A ; prove that the envelope of the straight lice through A 
perpendicular to the variable tangent is another parabola. 



16. If the lines joining any point P on an ellipse to the fooi meet 
the curve again in Q and E, prove that the envelope of the line QB is 
the concentric and coaxal ellipse 






17, Prove that the envelope of chords of the rectangular hyperbola 
xy — a', which subtend a constant angle a at the point (x", y') oa the 
ourve, is the hyperbola, 

s^x'^ + y'h/'^=2a''x'/ (1 + 3 cot^ a) - ia' eosec^ a. 

18. Ohords of a conic are drawn subtending a right angle at a 
filed point 0. Prove that tlieir envelope is a conic whose focus is 
and whose directrix is the polar of O with respect to the original oonio. 

19, Shew that the envelope of the polars of a fixed point with 
respect to a system of confocal conies, whose cenixe is G, is a parabola 
having CO an directrix. 

20. -A given straight line meets one of a system of confocal oonica 
in P and Q, and RS ia the line joining the feet o£ the other two 
normals drawn from the point of intersection of the normals at P and 
Q ; prove that the envelope of RS is a parabola touching the axes. 
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416 COORDINATE GEOMETRY. [Exs. XLIX.] 

21. ABCD is a I'uotangnlar sheet of paper, and it is folded over eo 
that C lies on the aide AB ; prove that the envelope of the crease bo 
formed is a parabola, whose foeua is the initial poeition of C. 

22. A eirtjla, whose centre is A, is traced on a sheet of paper and 
any point B is taten on the paper. If the paper he folded so that the 
circumference of the oirole passes throagh B, prove that the envelope 
of the crease so formed is a conic whose foci are A and B. 

23. Ill tliB oonio -=l-«co8fl find the envelope of chords which 
subtend a oonstant ai^;U 2a at the focns. 

24. Circles are described on chords of the parabola y''=ia3:, which 
are parallel to the straight line te+™y = 0, as diameters; prove that 
they envelope the parabola 

point on the circle 
2^ cMa the conic 

26. Chords of the oonio- = l-ecoae are drawn passing through 

the origin and on these circles as diameters circles are deseribed- 
6hew that the envelope of these circles is the two circles 



( n_ 
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I. (Pages 14, 15.) 
2. 13. 3. 3v7- 4. Jii^+bK 



5. 


Va= + efi» + c^-ao6-26c, 6. 2a^n-^^LJL. 




y. 

15. 
L8. 
20. 

21. 
22. 


(^,W- 16. (-2,^9). 17. (1, -i); ( 
(-5H, 3A); (-30i,34i). 19. (-4,0); 
(-S,S); (l,l)j«, -S). 

Vo + f n + 6 ^' V a-b ' a-bj- 
/kx^ + lx^+mxg Sj/i + Iys + mj'aN 

V ft + z+w • fc + ! + .« )■ 

II. (Pages 18, 19.) 


- 11. IB) 
-1,2). 


1. 


10. 2. 1. 3. 29- 4. 2ac. 




■; 


fi. 2«6sin?C^'!Em^^'6m^- 


_^i 



7. «*(mj-mj)(mj-mj)(m,-ms). 

8. iSa'(7B3~m3)(%-)ni)(ni,-«!a). 

9. Ja' (iBj- M's) (mil - Mil) (»h -'"2)^m,i!timj. 
13. 20^. 14. 96. 







in. 


(Pages 22, 23.) 






3. 2^5. 


13. 


V79. 


14 


J7a. 


16. 


i(8-3^ 


. ¥■ 


18 


i" 


V3- 




25. )■' 




26. c 


. i-=2aoo 


e. 28. 


eo8 9 


= 2a 


Binfl. 


29. roo 


e = 9rtsiE 


), ,■=-^=00 






31 


:ta 4- !,= = «". 




32. ?= 


J. *' + y'= 


IS. 






34. 


(^+2,=) 


= ia'xY 




. (it"+!fl" 


= 0=(3i= 


-y') 




36. 


«!, = a=. 


37 


^-!,s= 


. j/Hloa- 


=:4a2. 






39. 


4(^ + 3f')(^ + !/M 


«.T) = aV 


J. «»-8a^-l-&(2j/ 


y^. 


5Si'?/. 










L. 














27 
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n COORDINATE CiEOMETRY. 

IV. (Page 30.) 

8. 2ax + l^=0. 9. (n=-l)(3;= + !/=+n=) + 2as(ji= + l) = 0. 
10, 43;i'(o=-4a=) + 4cV=c3jca_4o,!). n (6a - 2c) D:=aP-c\ 
12. I/'-42/-aa; + S = 0, 13. % + 2a! + 3 = 0. 14. x + y = l. 
15. y=^. 16. !/ = 3^. 17. 15x^-y^ + 2as>^aK 

15. a^ + !(' = 3. 19. .i!' + /=4j(. 

20. 8a!= + 8i/3 + &F-36y + 27 = 0. 21. .■k^=%^. 

22. s:^ + 2ay^aK 

23. (1) 4s:2 + gj,2 + 2a!/-«^ (2) a^ - 3j/^ + 8«y=4«^ 

V. (Pages 41, 42.) 

1. t; = a: + l. 2. x-y-S = 0. 3. a: - 1/ ^8 - 2 ^3=0. 

4. 52/-3s + 15=0. S. 2a; + 3t/ = C. 6. 6ai-- 6j; + 30=0. 

7. (1) a+!^ = ll; (2)s-a; = l- 8. a;-l-;; + I=0; ;c-!/=3. 

9, aj' + ar'j/=2ai'j;'. 10. S0i;-9a: = 96. 15, ic+y=Q. 

16. v~h; = 1. 17. 7s + l(te = U. 
18, aii!-by=:ab. 19. («-26)a:-63 + B' + 3a6-a'=0. 
20. y{h+h)-^=^''hh- 21. (ii23/+^=»('i+<!)- 

22. a:ooBi(^i + 05) + j;BJni(0i + ^s) = «<!osi(*i-^). 

ja, ^oos 2 +6^ 2 '~° 2 ■ 

24. 63oa8j(^i-^s)-a];smi(ft + 02) = «6ot>a^(^, + ^a), 

25. x + 3y + l = 0;y-Sx=l; y+7!i:=U. 

26. 2»-Sj = 4; y-3a;=l; x + 2y = 2. 

27. ?/(o'-a}-i(6'-6) = o'6-fl6'; j/ («' ~ a) + :c (^ - 6) = «i'y - «6. 

23. 2ay~2b'x = ali-a'b'. 29. ;/ = G,i'; 2!( = 33!. 

VI. (Pages 43, 49.) 



8. iy+Sx= 18. 9, 7?^ - 8.1= 118. 10. iy H- 11.^:= 10. 

11, x + i.y + ie=0. 13. n.v + fii; = «l 

13. 2ic(a-«') + 2i/(6-6') = (t'-a'=4-6'-fc''. 

15, yx'-3:y'^t}i a)'s^'-lA(fy = {a^-b^]xy; xx'-yy'-x'^-y'K 

16, 121»/-S8l = 371; 83i/-24a;^1043. 

17, iB = 3; j)=4; 4J. 19. .t = ; )( -h v'3-i; = 0, 

20. y = k;(l-«t^{y-k)=2m{x-h). 

21. tan--'J|; Sa-72; = 1; 7a:+9!, = 73. 
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AWSWiiiKS. Ill 

VII. (Pages 53, 54.) 


I. 


ih 2, n- 3. 5A. 4. " +^^'^ 




V-Hfi^ 


5. 


""*<-«■ «• iii- 


9. 


(i(»*V«" + 'l, «}■ "• iC+VS)- 




Vnl. (Pages 61-65.) 


1. 


«'.S)- - (^..i?.)- 


3. 


fe.'"C^a- 


4. 


1aoo8j(^,-l-^s)seei(*j-*2). "sin^ (^i + ^Jseo^ (^j - ^Jj. 


5. 


/«(!.- 6') 265' S 130 
V 6 + 6' ' 6 + 6'/" °- IV'aSf" 


8. 


y = a; 3y = ix + 3a. 9. (1, 1); 45°. 


10. 


(i,i); tan-160. 11. (- I, -S) ; (3, 1) ; (5, 3). 


12. 


(2, 1); tan-'A- 13. 45"; ( - 5, 3) ; .i;- Sy-S; 2i-!/=8. 


14. 


3 and -J. 19. m,K-as) + "%K-''i) + "'3K-«B) = 


20. 


(-4,-3). 21. (H.-A)- 23. 43^-39j/=71. 


24. 


a!-j, = Il. 25. !/-3»^ 28. 3/=^. 


27. 


a'!/-Ji>j!=a6(«-6). 28. 3iC + 4»;=5a. 29. a + j/ + 2=0. 


30 


23jr + 23jf=Il. 31. 133!-33y = 64. 


33 


Am + By + G + \(A'x + B')j + C') = OviiBie\ is 


W4" <^)4. «-|l5^.-<'>-i?Tl^- 


37 


^ = 2; 1 = 6. 38. 99^ + 77!( + 7I=0; 7.i:-%-37=0 



1-2^ + 1 = 0; 2x + y-S. 
fl!(2J2-3)+yy2-l) = 4*/3-5; 
a(2V2 + 3)+y(v'2 + l) = 4V2 + 5- 
(j,-6)(m + m') + (a^-a)(l-mm')=0; 
(!,-6)(l-nm')-(^-a)(m + «,')^0. 
SSx+Qy^ai; 112ic- 64y + 141 = 0; 7j/-.i- = 18. 
is(3 + ,yi7) + !/(6+V17) = 16 + 4V17; 
3^(4+^10)+!/ (2 + V10) = 4ViO + 12; 
a;(3 V^-3V6) + ^ (734-5^5)^6 ^^- 15 VS- 
, J(i/-fe)-B(a-ft}=±(^3! + By+C), 
At au angle of 15° or 75° to the axia of ie. 
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iv coordika'it; (jeomrtry. 

IX. (Pages 72, 73.) 

I, (1) tan-i"^; (3) 15°. 2. tan 

7. y=0, y=x-a, iK=3o, y = 2a, i/ = .t + (1, .-c^O, y~x, a = u, iin3 

y = a, where a is the length of a Bide. 
10. y(6-V3) + ^(V3-2)=33-9^3. U. \. 

12. 10i/-lla; + l = 0; 3«r */!" ■ 

X. (Pages 78—80.) 

4. (-7,3). 5. (-U, S); m- 

/-85-^V5 2 V5^65 \ 35-V5 a 'M- '4 

D. \^ 120 ' 130 > • ISO ■ '■ ^*' "'' "■ 

„ J6 + ^/10 a + yiO ) / e-yiO 2-^10\ /8-VlO 16 + s/lON 

8. j^r-'~2— [=1, 3 ' 2 7' I,— 6—' 6 )■ 

9. (S.4). (2,12), (13,3), and (-.■!. -3); 1.^2,4^3, 4^2, and 6^3- 
10. (-134,191). 11. 4. 12. m. 13. f. 

14. ^-. 15. M''-'^)(=-'')('-6)- 

16, «' ("Is- nij) (mj-ijii) (?% - ^JlJ)-^2m,%l%n/. 

J.1. a\ 1 ii ■ \ 1 ■3' iu. 2 [ni^-mj 1113-?% nti-m^) 

23. (*,S)- 

24, HV + 32a: + 43=0; 253; + 2% + 5 = 0; 2/ = 5e + 3; 53.t + 80!/ = 47. 

26. (4+W3,*+s/3);(4+W3,t+W3)- 

XI. (Pages 85-87.) 

1. x^ + 2xyeoia-y^ = a^. 2. j;^ + Xa:==Xa2. 

3. {m+I)E = (»«-l)a.^ 4. (.n + >i)(3;S + !/^ + «')-2aA;{m-,0 = «=. 

7. a: + !/ = 2ocoseou. 8, ;/ -3; = 3(;coaeo«. 

9. k' + 23!)/ DOS u + ^2= 4c' OOBeO^ w. 

10. {a;' + J(^)oos«+^(l + oo9*a.) = .^(«oo.=!U + Z.) + v(6cos«, + a). 

II. a:{m + co3u)+!;(l+moosio)=0. 
12. (i) a! + s-a-6 = 0; 

(ji) y = ie. 19. A straight line.. 

20. A circle, centre O. 25, A straight liae. 

27. If J* be the point {h, i), the equation to the locus of .? ia 
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ANSWERS. T 

XII. {Page 94.) 
1. (;t-%)(:v-iy) = 0;taii-i^. 2. (ai'- lly}(2^-^j) = 0; tan"'*. 

3. y=±4. 6. (!/ + 4c)(y-23!)(s(-33:t=0;taii-i(-|)!tiui-i(}). 

7. i!(l-ame)+i,co8e = 0! a(l + Eilie) + »;co8e=0; 0. 

Xin. (Pages 98, 99.) 

1. (^. -¥)ii5°- 2. (3, 1) ; tan-i J. 3. {-'i, -i}; W. 

i, (-1, 1); tan-13. 6. -15. 7. 2. 8. -10or-17i. 

9. -13- 10. 6. 11. 6. 12. U. 13. -3- 

14. JorV^. 16. (i) c{a. + b)^0;(ii) e=0, 01 (ie = bd. 

17. ei; + 63; = 56; 5y-Qx=U. 

XV. (Page 112.) 

1. (1) y-^^ix'; (2) 2a^Hy'^=6, 

2. (1) a" + !/''=aea;'; (2) a/a+ya_2uj;'. 

4. (1) 2aiV + as=0i Bo's + 26;/'= =i 325; :c" + y'* = l. 

5. a/= + i/'s=r'; ii!''-y'i' = a'oos2a. 6. .'c"^-iy'- = ii'. 

8. ton-'?; ^C^^A^ + B'. 

XVI. (Page 117.) 

1. 2^'-^6y' + l = 0, 2. x"^ + s!^x'y' = l. 3, .i"J + y'^=e. 

XVn. (Pages 123—125.) 
1. ir'+v' + a3:-% = 4. 2. K!' + y=+iO.T + l% = 39. 

3. a!^+y^-2a^, + 2})y = 2ah. 4, a:^+;/^ + 2ifa; + 26j/-f S&^^O. 
5. (2,4); J61. 6. (|,l);i^A3■ 7. (I.o);^*- 
8. (..-/); V/H?. 9. (^jL^, -^J;. 

13. 163!2 + lV-9^* + le!/ + S5=0. 

14. 6(a:3 + J''~a^=i(6' + ft'-o=). 15. ^= + 9= - na: - b!/ = 0. 
16. 3:'+s*~32o;-4^ + 25 = 0. 17. .r'i+i/a-5a;-j/ + 4=0. 

18. 3o;'i+%'-29a;-19jF + 56=0, 

IB, 6(^2 + ^2)- (o' + 6»)i!! + (a-(i)(«Hi'') = 0. 
21, a;= + ;,a-3«-4y=0. 
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23. a!=+^=-te-ij/=0. 24. a;=+?/=±3yV«°-i'^=i^. 

25. 3:^+»(=-10*-10y + 25 = 0. 20. x^+y''-2a3:-2ay + a'-0. 

27, ^ + y'' + 2{5±Ji2)(x + y) + 57^10^JT2 = 0. 

28. ic2+5/-6a!+4if+9=0. 29. b{3^+y'')=x{Jf'+if). 

30. :cH!(^±6,^2^-ea! + 9 = 0. 

31. 3:=+/-33; + 2 = 0; Sx^^ + if-Sx-^Sy + H^O; 

33, (3;-l-21)= + (?; + 13)^=662. 34. S^+ey^-2ox-3y + lli=0. 

36. J!=+y= = «= + i^ a^ + i/-2(a + 6)3: + 2(a-&)j-ra= + 6^ = 0. 

XVIII. (Pages 134, 135.) 
1, 5a;-12!/=152. 2. 243i+10y+ 151=0. , __^ 

3. a + 2y=±2^6. 4. .i^ + 2j/ + + 2/=±^5V/+/=-«- 

8. Ii=40or-10. 9. acoa'a + bum^a-h^a^+b^sia^a. 

10. ^« + -B6 + C=±cV5H'M 

11. (1) y=m^± aji:+ ^^; {2) my + ^=^a ^JU^"; 
(3) a!0^yJW^^ = ab: (i) x + y^aJ2. 

12. 2 W^r^-^^g. 13, a3 + j,a±^2na: = 0; ,l;H1;=±^/2«y=0. 

14. « = &-«,»; e = 6-am± V(l + '«=)(''= + '^)- 

15. a?+^*-6a-%+||J=0. 

16. a!'+v^-2o3;-2q) + c2=0, ■wliera2c=a + l!i± V-'+h''. 

17. S!ii^ + 5y'-103; + SOj/ + 49=0. 18. i-^+j(=-2aT-2e?^4-c'=0. 
19. (,r-»')= + fe-;0'=y=. 20. .■^ + 2/=-2(t.i--2^i/-0. 

XIX. (Pages 144, 145.) 

1, a; + 2)/=7. 2. 8a; - 2j = 11. 3. x^d. 

4. 23s + Ey = 67. 5. I«/-a:E=a=. 6. (6,10). 
7. (I. -A)- 8. (1,-2). 9. (i, -i). 

10. (-20, -2i). 11. (6, ~^). 

12. 83-2a)=13; (-W.W)' 13. .(2, -1) . 14, x-^->ry'^^^o.\ 

18. is/48. 19. 9. 20. s/2ns+2a6 + i^. 21. (¥. 2);1- 
23, (1) 28a!«+33x!;-38s'-713K-19% + 4225 = 0; 

(2) 12aj^-64aj; + 3j/=-664a! + 226y + 763=0. 
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ANSWBKS. 

XX. (P^es 147, 148.) 

8. W + 2ac==l. 

XXI. (Page 149.) 

2. 30°; (8-6^/3, 13-4^3); ■y47 -34V3. 



/ g-/eo3 



r''+^/ac^/ + !/=-»(4 + 3^/a)-%(3W3) + 3(V2-l) = 0. 
5, s2 + ia + ;,i + lla;-l-l% + 13 = 0. 

XXII. (Pages 156—159.) 

4. A oircle. 5, A oirclo. 6. A circle. 

9, 3!' + j/^-2ii/oo3u= -— r — , the ^ven radii being tlie ases. 

11. Aoirole. 12. A circle. 

16, (1} Aoirole; (3) A circle; (3) The polar of 0. 

17, The curve r — a + acoa8, the fixed point being the origin and 
the centre of the oirole on the initial line. 

24. The same circle in each ease. 

33, 2ab-\-J^+b\ 35, aVil; '^ = ^'*i 633:-l-16j/ + 100o=0. 

36, (i) s:==0, 33: + 4j) = 10, !/ = i, and ^ = ix. 
(ii) j)=n(jc+e ^1 + m^ where 

,„^__±|5±£L or -^'^-"l 
Va=-(6 + c)^' Va^^(b-c)»' 

XXIII. (Pages 164, 165.) 

3. Sx" + V - 8.1^ + 39i( =0. 4. 15iC - ll!/ = li4. 

5. a+%-2. 6. 6«-7j;+I2=0. 7. {-f.'j)' 

8. (M,JS)- II. (X + l)(^=+!;=) + 2\(^ + 2;/)=4 + e\. 

13. (!/-";)''-o. 
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-vm COORDINATE GEOMETRY. 

XXIV. (Pages 172, 173.) 

8. .^^-s^+Sm-y^o. 12. S(3?+?fl4("-c)a-cfc=0. 

13. ^+./-e3!-6s + a=-0. 14. if' + y^-162!-18y-4 = 0. 

XXV. (Pages 178, 179.) 
1. (7s + %)2-570i + 760j/ + 2100 = 0, 

3. (-1,3); !/=2; 4;. (0,2). 4. (4, f); a^i; 2; (4,4). 

5. (ai|)i *="! 2o; KO). 0. (1,2); ^ = 2; 4; (0,2). 

8. (i)S; (ii) 4. 9. (2.6). 11. y^-2x;y-12 = m{^-^i]. 

12. (-3J-, -S); ^=— 3^— ■ 15. 9;/'=4«.. 

XXVL (Pages 186—187.) 
1, iy=33! + 12; 4i + 3y=34; 2. 4t;-3' = 34; ■ia: + j/=108. 

3, i/-3; = 3; i/ + a=9; E + y + 3 = 0; 3;-!/=9. 

4, y—x; a:+y = ia; j/ + x=0 ; iB-y^ia. 

5. %=^+28! (28,14). 6. (|, ^) . 

7. y + 3rE + l = 0; (i, -3); 3)/ = !i! + 8; (8,8). 

8. (3o,3^3a); {'|, -^aV 9. 4y = 9:c + 4; 4y = a + 36. 

13. (^^, aV3V6T2); t3«, 2V3a). 

14. i>V+»'^'+"^''^^o. 15. ^^0. 

XXVII. (Pages 197, 198,) 
4 4^ + 3y+l = 0. 5. 6% = 25. 

XXVIII. (Pages 203—205.) 
25 Tal e the general equation to the circle and iutrodtiee the 
coadjtion that the pomt (at^, 2at) lies on it ; the sum of the 
loott oi the reaulting equation in ( ia then fonnd to he aero. 
28 It can be shewn that the normals at the points "t/'and "t^" 
meet on the parabola when (](j = 2; then use the previous 
example 

XXIX. (Pages 209—211.) 
1 y-b 2. '■■v^c. 3. y=ad. 

4. y = {^~a)ta,n2a. 5. '/-Xx^ = 2a^. 

6. ^s=An(^ -«)'+!/']■ 19. y' = 2a(x-a). 
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20. y^-lai=2a(x-h). 21. J/=to'-2n.'C + 4a=)^-8(^^=0. 

23, j/' + 4a!(«{a-K)^16a% + n=|a = 0. 

24. Tie parabola i/ = 2a(3; + 2o). 

XXX. (Pages 214-216.) 
1. y^=^a(x-a), 2. y'^-iax- 3. 27iiy= = (ai; - ") [a:- 5a}2. 

4. A parabola. 5. A etraiglit line. 

6. 27a^^ - 4 (iT - 2a)' - constant. 

7, A straight line, itealf a normal. 

XXXII. (Pages 234, 235.) 

1. (a) 3e= + 6!/'=32; ((5) 33T= + 7i(= = 115. 

2, 20a;^+B6y==405. 3. ic= + 2y'=100. 4. ai;= + 9!;* = il62. 

5. (1) y; W6; (±|s/6,oV (2) ^; ^^/S; {O, ^^^5); 

|3) ¥i I; (0, 5) and (0, 1). 
8_ ^. 7, 7j;H3icy + 7j/' + 103:-10i/ + 7 = 0. 8. Without, 
g, s + 4^3i/=34V3; ll3;-4J% = 34v'3; 7andl3. 
U. (Ijtan-'-! (2) tan-i ^|; (3) 16°. 

12. s+s4- 

XXXIII. (Pages 245-248.) 

1, x + 3y-5; 9a: ~- Sy - S-O. 

2, 25x + 6y = m; 61-25^ + 30 = 0. 

3, ±3rV7±4i/ = 16; ±4w=F!/V7-iv'T. 

5. !/ = Sx±Wi^; {±A^/65, =fA-./195)' 
31. "Use Ai-ts. 145 and 260. 

XXXrV. (Pages 262—264.) 

1. a; + 2^=:4. 2. 2^-7!/ + 8 = 0; (-3, -i). 

3. 3x + 8y = @; 2a; = 3y. 

4. Ba:^-2ti^-4i/»+30a + 40!/-55=0. 

5. a^ + b'^x=0; a^-b'x^O; a^ + i%=0; a!( + ia: = 0, 

XXXV. (Pages 268—270.) 
1. aJ" - 33!^ oot 2a - j)*= a' ^ 6*. 2, ex^ - '^^'J = ^«^- 

3. iP(3;"-a''ti'=4(6''K= + ay-a^i!i3). 

4. X(a»-ai')8=2(iiV+*^+"V-'»^*^)- 
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X COOBUINATE GEOMETRY. 

5. (1*.+ y^ -ifi - b^)* = 4 OOt^ a {6=3;= + ahf - o?b^). 

6. ay = >Mtana. 7. h^x' + ii^y' = ia''b\ 

10, (i^iii' + oVV=c'(''*'^' + <'W 

12. i''a(a-ft) + aS!,fe-S) = 0. 

13. c=o*6=(fi'ic3 + a^a) + ([,s^ + ay-l)(6*aHaV^ = 0. 
li (6'aa + a'VV = a''^(^+J'*)- 

15. aW (aii' + ;/') = (aa + 6") (6%HaW- 

29. If the ohords be FK aad _FK', let the equation to KK' be 

?=:m3; + (; ; tcauBform the origin to P and, ty means of Art. 129, 
ad the condition that the angle KPK' is a right angle ; suhati- 
tuta for c in the equatioa to KK', and find the point of intec- 
Beotion of KK' and the normal at P. See also Art. 40i. 



16a 
6, 4 


XXSVI. 

-36j)= = 441. 
, (±</13, 0), 2t. 


(Pages 282-284.) 

2. 3S3T=-.144y 

6. 3x'^-y^=3 


= 900. 


^y=+2ixy--2Ux-eay + l5a^' = 0■. ( -^.^y, 12 


s:-9,j + 2'J,i=0 


(5, 
, y= 

. (1) 




9, 2ii;-30a! = 
16. 12Sx-i»y 


±V161. 
= 431. 


(3) 


a:=(a'4-Si'')-aV-3a'ra + nMffi3_(,5)-o. 




XXXVIL 

At the points (it, ±6^2) 


(Pages 29S, 296.) 





(2a^ + y + 2)(a + 2j; + l) = 0, (2rE + y + a)(.r + 2y + l) = oonst. 

3x' + 10a:j; + %= + 14a! + 2a/ + 7 = ; 
3ic' + lCtey + %' + 14i + 22y+93=0. 

XXXVIII. (Pages 302—305.) 
(±fVO<., =r4VG«l! (=ti^/6«, is/6«). 

SXXIX. (Pages 319—321.) 
Transform tlie equation of the previous eiample to Cartesian 
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XL. (Pages 331, 332.) 






A hyperbola; (3,1): <:'= - 26, 








Auellipse; (-J. -J); c'--i. 


3, 


A paittboLi. 












Two straight lines ; (-JJ, 1^; c' = 0. 








Ahyparbola; (-|i, A); «'=-AV 








(2a! + 3y-I)(4a-j, + l)=0; 8x^ + 10xy- 


-3f- 


2.r + 4i,=0. 




(^ + ^-S)(H-2^-3) = 0; !,= -^-9^^- 


-Sy + . 


ir+18=0. 




(ll3!-9j( + 4)(6i-l% + 4)=0; 








66a!2 _ laoan; + 20js + 64a! - 48;; + 82 = 0. 








19a!' + 24x»f+!/''-2aa~% + 4=0; 








19a;9 + 24CT/ + j('-323i-e!/ + 8 = 0. 








^s_y>=4„a. i3_ („^. 


-i^r-- 


= ("'-"=](«!/- 


M- 


{x-y)'-2{x+y} + 4:^0. 15. I.i;3^ + a6)ti 


mia,-^)^bx- 


-as/- 


5 + g^a^^oc.(.-^)..inMa-^). 




17. A point 




Two straight lines. 19. A straight liac and a paral)ola. 



A straight Ime and a rectangular hyperbola. 

A eirola and a rectangular hyperbola. 

A straight line and a oirele. 

Two imaginary straight lines. 

A oirclo and a straight line. 25. 

A circle. 27. A hyperbola. 

XU. (Pages 346—348.) 



A parahola, 
28, An ellipse. 



tanfl,= -^, tanBj^l, T-i~y/3, and r 
e,=45°, e^=U5°, ri=^2, and rj.=2. 
taiie, = 7 + flV3; tanea = 7-5^/9, 



y. 29. e'W3. 30. ^v*^. 



33. ^-IH^/G> J*J%/G); J^/S- 

34. (-i±W6. i±lV6); 2. 
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COORDINATE GEOMETJtY. 

XLII. (Pages 354, 355.) 

(I) 3; (2) 3; (3) 4; (4J 3; (5) 4; (6) 3; (T) 3. 

Ax + Hy=0 and Hx + Sy=^0; IP-AB, so that the conic is a 

pajr oi parallel straight lines. 

ar{a; + 3y)=0; (2»-%)'=0, 

XUn. (Pages 363, 364.) 
A oonie touching S — wliere T^O toaohea it and having its 
asymptotes paraflel to those of S=0. 

A conic snuli that the two parallel straight lines n— and 
u+ i = pasa through ite intersections with S = 0. 

XLIV. (Pages 375—377.) 
(-1,5) and (4, -3). 7. (-1,-11. 8. (i^- iS)' 
(-4, -4) and (-1, -1); n+y + 7^0 and a: + y + S = 0. 
If P he the given point, C the centre of the given director circle, 
and FCP' a diameter, the foons S is such that PS-FS is 
constant. 
, If PF' be the given diameter and S a focus then PS.P'S is 



XLV. (Pages 383, 384.) 
5. 6it= H- 12xy + 7y= - lar - 13i/ =0. 
17, The narrowellipae (Act. 408), whichis very nearly coincident with 
the Btcaight line BI), is one of the oonioB inscribed in the quadri- 
lateral, and its centre is the middle point of BD. This middle 
point, and similarly the middle points of AC and OL, theretbre 
lie on the centre-locus. 

XLVL (Pages 390—392.) 
7. Proceed as in Art. 413, and use, in addition, the second result 

of Art. 413, Coi'. 2. From the two results, thus obtained, 

eliminate S. 
9, Take l^x + ni^y-l-O (Art. 412, Cor. 1) as a focal ohord of the 

ellipse. 

14. If the normals are perpendicular, so also are the tangents ; the 
line liX + m,y-l = is therefore the polar with respeet to the 
ellipse of a point {s/a^ + ti''casd, ^a' + li'&in&) on the director 
circle. 

15. The triangle AEC is a masimum triangle (Page 235, Ex. 15) 
inscribed in the ellipse, 

20. Use the notation of Art. 333. 
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XLVII. (Pages 397, 398.) 

11. The looua can be shewn to be a straight line which is perpendi- 
cular to the given straight line; also the given straight line 
touches ona of the confocals aud its pole with respect to that 
confocal ia its point of contact ; this point of ooatact therefore 
lies on the locus, which is therefoce the normal. 

14, As in Ai't. 366. use the Invariants of Art. 135. 



XLVIII. (Pages 405—407.) 

Two o£ the normals drasvn fioin ooincicle, since it is a centre of 
curvaturo. The straight line tiX + m^y — l (Art. 412) ia therefore 
a tangent to the ellipse at some point ^ and hence, by Art. 412, 
the equation to QR can bo found in terms of ip. 



XLIX. {Pages 414-416.) 

1, (6;,-™-=)==4««^. 2. ,rH!/=- = (.r+iy) + '^ = 0. 

3. 13+ 2=1' 4. A parabola touching each of the two lines. 

5. A central conic. Q, A parabola. 7. a^x^ + b-y^ — e^. 

19. The line joining the foci is a particular ease of the confooals and 
the polar of O with respect to it is the major axis ; the minor 
axis is another pailiculai case, so that two of the polars are lines 
through C at right angles ; also the tangents at to the con- 
focals through it are two of the polars, and these are at right 
angles. Thus both G and O are on the directrix. 

21, The crease ia clearly the line bisecting at right angles the line 
joining the initial position of C to the position which C occupies 
when the paper ia foMecl. 
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